MTH224 - Metric spaces Tutorial 1 - Solutions

Exercise 1. ]

Show that axiom (Mo) in the definition of a metric space is not needed, i.e.
assuming that axioms (M1) to (M4) hold, prove that (Mo) has to hold.

Solution. Putting z = z into (M4) we obtain that d(z,z) < d(z,y) + d(y,x), for all
z,y € X. Using (M2) and (M3) implies that 0 < 2d(z,y) = d(z,y) > 0, for all
z,y € X. (]

,.[ Exercise 2. ]

Prove the triangle inequality (M4) for Euclidean n-space:
dg(iL‘,Z) <d2($,y)+d2(y,2), VSE,y,ZGRn,

by first letting r; := x; —y; and s; := y, — 2;. So we need to prove
n

(Z(” + si)z) < (irf)% + (i 312>5‘

=1 i= i=

[N

First show that this is equivalent to Cauchy’s Inequality:

Now prove Cauchy’s Inequality. Hint: You may want to consider that, for all
AeER, Z?Zl(ri +As;)? > 0.

Solution. To obtain Cauchy’s Inequality, square both sides of the equation to get
Yy

n 1

Z(fri—ksi)Q = irf +2§:risi+is? < ir?+2<irf)é<283>é —i—is?,
i—1 i—1

i=1 i=1 i=1 i=1 i=1 i=1
which yields the result. To prove Cauchy’s Inequality notice that, by the hint,
n n n
f()\) = )\228? + 2)\Zri3i + Z’r? 2 0.
i=1 i=1 i=1
Which implies that the quadratic equation f(A) = 0 cannot have two distinct real roots.
So the “discriminant” b2 — 4ac must be non-positive which gives the result.
For an alternative proof of Cauchy’s Inequality, one can use the Cauchy—Schwarz
inequality for the standard dot product on R™, see MTH107 Advanced Linear Algebra. W

Exercise 3. ]
J

Show that the following function defines a metric on R™:

doo (2, y) = max{|zy — Yy, .., [€n — Ynl}-
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Solution. The axioms (Mo) obviously holds. For (M1) and (M2), d.(z,y) = 0 if and
only if |z; —y;| = 0 for all 1 < i < n, if and only if z = y € R™. (M3) follows from
|z —y| = |y — z|. For (My4), for each 1 <1i < n,

lz; — 2] < |z; —yl + |y — 2] < doo(@,y) + doo (), 2),
80 doo (7, 2) < dog (T, Y) + do (Y, 2)- n

'_[ Exercise 4. ]

J 1

Determine whether or not the following functions d define metrics on the indicated
sets:

a. d(z,y) = |22 —y?|, for z,y € R;
b. d(z,y) = |22 —y?|, for z,y € [0,00) C R;

c. d(z,y) = (x; —y1)* + (z — yp)?, for z,y € R%

Solution.  a. No, since d(z, —x) = 0 for x # 0 which goes against (M2).
b. Yes. For the triangle inequality |22 — 22| < |22 — y?| + |y? — 22| for all z,y,2 > 0.
c. No. Notice that
4 =d((2,0),(0,0)) > d((2,0),(1,0)) +d((1,0),(0,0)) =1+1=2;
so the triangle inequality fails. [

'_[ Exercise 5. ]

Show that the British Railway® metric on R2, given by

d(z,y) dy(z,y), if z and y are linearly dependent;
I’ =
Y dy(z,0) + dy(0,y), otherwise,

satisfies the axioms of a metric space, where d, is the Euclidean metric on R2.

?Also known as the French Railway metric.

Solution. The axioms (Mo)—(M3) are easy to check. For (My), first notice that dy(x,y) <
dy(z,0) + dy(0,y), for all z,y € R2. If z and 2z are linearly dependent then

d(x7z) = dQ(xaz) < dQ(x’y> + d2(y7 Z) < d<xay) + d(y7 Z).

If z and z are linearly independent, then either {z,y} and {y,z} are both linearly
independent sets or y is dependent on either x or z. In the first case, (M4) is equivalent
to dy(0,y) > 0, which always holds, and in the second case (if we assume that x and y
are dependent) then

d($7 Z) = d2($,0> + d2(072) < d2($ay> + d2(y7 0) + d2(0az) = d(xay) + d(ya Z)‘ u
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Figure 1: Shortest paths for the British railway distance between two points in the plane.

We have d((2,1), (4,2)) = v/5 while d((3,1), (4,2)) = V11 + /20.

Exercise 6. ]

Given three points z,y, z € X in a metric space (X, d), show that

|d(=, 2) — d(y, 2)| < d(z,y).

Solution. It’s equivalent to —d(z,y) < d(z, z) — d(y,z) < d(z,y) and each inequality is
equivalent to the triangle inequality. [ |

'_[ Exercise 7. ]

Show that the following functions between metric spaces are continuous.

a. The identity function: Idy: (X,d) — (X,d), where Idx(z) := z, for all
z e X.

b. Inclusion: i: (W,d[ ;) — (X,d), where W C X and i(w) := w, for all
weW.

c. Constant function: f: (X,dyx) — (Y,dy ), where f(z) :=y,, for all z € X
and some fixed y, € Y.

d. Show that every isometry is continuous.

Solution. a. Take § = €.
b. Take § = <.
c. Take any § > 0.

d. Since dy (f(z), f(a)) = dx(z,a) we can take § = €. [ |
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,[ Exercise 8. ]

Suppose that f: (X,dyx) — (Y,dy) and g: (Y,dy) — (Z,d,) are continuous
functions. Show that the composition

gof: (X,dx) = (Z,dz),

where (go f)(z) := g(f(x)), for all x € X, is continuous.

Solution. Let € > 0 and a € X. We need to find § > 0 such that

dx(z,a) <6 = dz(9(f(2)),9(f(a))) <e.

Since g is continuous at f(a) € Y there exists §, > 0 such that

dy (y, f(a)) <8, = dz(9(y),9(f(a))) <e.

Also, f is continuous at a € X so there exists §; > 0 such that

dx(z,a) <ép = dy(f(2), f(a)) <4,

We can then take § = 0, to get what we need by setting y = f(z). [ |

'_[ Exercise g. ]

J

Let (X,dx) be a metric space and fix x, € X. Show that the function
[+ (X,dx) = (R,dg),

given by f(z) := dx(x,zy), for all z € X, is continuous (where dg is the usual
metric on R).

Solution. Let € > 0 and a € X. Then we need to find § > 0 such that dy(z,a) < =
|f(z) — f(a)| < e. This is equivalent to

dx(a,z9) — € < dx(z,z9) <dx(a,zo) +e.

Since for any z € X, dx(z,zy) < dx(z,a) + dx(a,zq) and dx(a,zy) < dx(a,z) +
dx(z,zy) we can just take § = e. [ |
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Exercises marked with a * are slightly harder bonus questions.

Exercise 1. ]

a. Compute d, (2%, ) in €[0,1] and d; (22, z) in £,[0,1].

sup

b. Assume that 1 < a < b in R. Compute d,,(z*,2 — 2?) in @[a,b] and
dy(z3,2 — 2?%) in L,[a, b].

Solution.  a. On [0,1] we have |22 — x| = 2 —x2. Moreover, d(xd;IZ) =1—2zis 0if and

. . d2 2
only if x = % Soz = % is a local extremum. Moreover % = —2 < 0 when
1 _ 1. : 2 _ 2\ _
T = 3,80 T = 5 is a local maximum. We conclude d, (7%, ) = SUP, (o 1] (x—z°) =

53— 1=17%in%[0,1].

For d; a direct computation gives us d; (z2,z) = fol (x —2?)dr = [%2 — %3](1) =
$—1-0=%in£y0,1].

b. Since 1 < a < b, we have 3 + 22 > 2 on [a, b] and it attains its absolute maximum

at  =b. So dg,(¢%,2 —z?) = b®> +b> — 2 in €[a,b]. In L;][a,d]
b 4 3 qb
d (25,22 = [ |28 402 =2 do = [ L+ 2]
1(z?, x?) a|.73 +z | dz 4+3—2a: o
. 4_,4 3_g3
which reduces to & 1 +bT—2(b—a). [ |

,_[ Exercise 2. ]

Let X := {0,1}*° be the set of all infinite binary sequences x = zyx;z, ..., where
z, € {0,1}, for n > 0; so x = 100110111 ... is a typical element. Show that the
following are metrics on X.

a.

5w, if n=min{m |z, #y,,}

0, ifz=uy;
dmin(x’y) = { 1

Nl
o =3 B
=0

Find two elements x,y € X such that d_;,(z,y) # d*(z,y).

Solution.  a. (M1)—(M3) are satisfied automatically. For (My), let d,;, (z,y) = 5 and
diin (¥, 2) = 7. S0 dyyin (7, 2) = 5=, where r = min{p, ¢} if p # ¢ and r > min{p, ¢}
if p = q. In both cases 2%4 < 2% + 2%, as required. If z = y or y = z, the proof is
trivial.
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b. Notice that the right hand side is bounded above by 2 and therefore converges.
The axioms (M1)—(M4) then follow by elementary properties of convergent series.
Taking z = 0100 ... and y = 100.... gives dy;, (z,y) = 1 and d*(z,y) = 3. [ |

’_[ Exercise 3. ]

Explain why neither of the following functions define a metric on the set of
continuous functions [0, 1] — R:

a. d(f,9) =1£(3)—9(3)l;

b. d(f,9) = sup, o, |F' (@) — ' (@)], where f(z) == L,

N[=

Solution.  a. Let f(x) =z and g(x) =1 —z. Then d(f, g) = 0 so axiom (M2) fails.

b. If f or g fails to be differentiable for some x € [0, 1], then d(f, g) is not defined!
But even so, the examples f(x) = 1 and g(z) = 0 show that d(f,g) = 0 so (M2)
fails again. |

Exercise 4. ]

Let X be the space of bounded sequences of real numbers. Show that the map

: X — R defined by |a|, = sup »| 1S a norm on X.

I floo nen @

Solution. Before verifying the norm axioms, we need to check that the map | - |, is
well-defined. This is the case as a bounded implies that the supremum exists (and belongs
to R).

“(No)” It directly follows from the definition that |af., > 0 for all a.

“(N1) and (N2)” ||la|, = 0 if and only if |a, | = 0 for all n, if and only if a is the zero
sequence.

“(N3)” [Aalog = 5D, g Ml = 5D, rg NIl = [N sup, o] = (NNl oo

“(N4)” Let a and b be two sequences of real numbers. For every n we have |a,, +b,,| <
la,| + [b,|. This implies that for bounded sequences |a + b|,, = sup, la, + b,| <
SUD, cpg | + 5D, g b = ] + [blc .

Exercise 5. ]

Let Y be the space of absolutely convergent sequences of real numbers. Show that
the map |- [;: Y — R defined by |a, =3 _\la,|is a norm on Y. (You may
need to revise your properties of absolutely convergent series.)

Solution. By definition, ) is the space of sequences a such that |af; is well-defined.
“(No)—(N2)” These are straightforward verifications, similar to Question 4
Before going further, let us recall the Rearrangement Theorem: The terms of an
absolutely convergent series can be rearranged in any order, and the series will still
converge to the same sum.
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“(N3)” Aaly = 5, g Maal = 5, e Al = N 5, ylan] = [AIAals.

“(N4)” Once again, for two sequences a and b of real numbers we have |a,, + b, | <
a, |+ |b,| for every n. This implies that for absolutely convergent sequences |a + b||; =

n n 1

S nddtn 40l <5l + 18,0 = X, il + 5, ool = laloo + [l

Exercise 6. ]

Show that for any norm | - | we have |z +y| > ||z — |y||-

Solution. This is equivalent to
—le £yl < llzl =yl < |z £ yl-

The right inequality is equivalent to |z|—|y| < |z £ y|. But this follows from the triangle
inequality applied to z = (z + y) F y and the fact that |—y| = ||y|. The proof of the left
inequality is similar. |

Exercise 7. ]
J

Sketch open balls of radius 1 around the origin in R? with the different metrics
dl’ d2 and doo

Solution.

1

For d;, the ball consist of all points (x,y) such that |x +y| < 1. The equation |z +y| =1
gives us 4 straight segments (depending on the positivity of z and y) between the points
(0,1), (1,0), (0,—1) and (—1,0). The open ball is the interior of the square delimited by
these segments.

For dy, the equation 1 = d((z,y),0) = \/x2 + y? defines a circle of radius 1.

For d.,, the equation 1 = d((z,y),0) = max(z,y) defines a square with corners
(£1,41).

,.[ Exercise 8. ]

Let B,.(x) and B.(x) denote open balls of radius r in R? with respect to the
Euclidean metric and the taxicab metric respectively. Find real numbers s and ¢
such that

By (z) C Bi(z) € B z(z) C Bi(z) C By(x).
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Solution. Each open ball B](z) has bounding line of greatest Euclidean distance r from

z and least distance r‘/TE =

5

Therefore,
s t
1<E<3<\/§<%<t<2.
So the only possible solutions are s = /2 and t = 2. [ |

Exercise 9. |

Sketch open balls of radius /2 and 31/2 around the point (2,2) in R? with respect
to the British Railway metric (see Tutorial 1, Question 5).

Solution.

If the radius r of the ball is smaller than the Euclidean distance from the center ¢ to 0,
then the balls consists of points p that are linearly dependent with ¢ and of distance at
most r to ¢. This is simply a line segment (on the line between 0 and ¢) of length 2r
centred at c.

If r > dy(c,0), then to the above line segment we can add B,_g,(.,0)(0;d3). Indeed,
once we have reach 0 we can go back in any direction, but not further away than
r —dy(c,0).
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Exercise 1o0.

Prove that if z,y € (X, d) are points in a metric space with d(z,y) = 2r > 0, then
B,.(z) and B,.(y) are disjoint. Is it possible that in a metric space X containing
more than one point that the only open sets are @& and X7

Solution. Since d(z,y) > 0 we know that = # y. Suppose that z € B.(z) N B,(y). Then
d(z,y) < d(z,z) + d(z,y) < 2r, which contradicts d(z,y) = 2r.

It is not possible since if z,y € X with z # y, then d(z,y) = 2r > 0, for some r € R.
Then we know that B,.(z) N B,(y) = & and both of these open balls are non-empty and
open in X. [ |

[ To go further

The same idea shows that if X is a metric space containing at least n points, then
it has at least n open sets different from & and X.

*Exercise 11.
Let X be the set of all closed intervals [a, b] of R. Show that

d([a,b], [c,d]) := max{|c — al, |d — b|}

is a metric on X.
Now consider the metric space (H,d, ), where

H = {(z1,2,) € R? |21 <25},
and show that it is isometric to (X, d).
Solution. The axioms (M1) and (Mz2) are satisfied because |c —a| = |d — b| = 0 if and

only if ¢ = a and d = b. Axiom (M3) is satisfied because |x —y| = |y —z|, for all z,y € R.
For (My), consider intervals I = [a,b], J = [¢,d] and K = [e, f] in X. Then

d(I,J) = max{|c —al,|d — b} < max{[c —e| +|e —al,|d = f| + |f —b]},

since |z —z| < |z —y|+|y—2|, for all z,y, z € R. Also, |c—e|+|e—a| and |[d— f|+|f—b]
are both less than or equal to max{|e — al|,|f — b|} + max{|e — ¢|, |f — d|} so

d(I,J) < max{|e —al, |f — b[} + max{le — |, [f — d|} = d(], K) + d(K, J).

We define a function f: X — H by f([a,b]) = (a,b). It is easy to see that f is a
bijection. Also, since

doo((xth)a (y17y2>) = max{]yl —xq], [y — $2|},

f gives an isometry between (X, d) and (H,d,). [ |
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,.[ Exercise 1. ]

Given any two subsets U,V C (X, d) of a metric space show that
a. UCV = U°C Vs
b. (U°)° =U"

c. U° is open in X;

d. U° is the largest subset of U that is open in X.

Solution.  a. If u € U°, then 3¢ > 0 such that B.(u) CU C V;sou € V"

b. By definition (U°)° C U°. On the other hand, if v € U°, then 3¢ > 0 such that
B_.(u) C U, so B.(u)° C U° by part a, but B.(u) is open by Lemma 1.5.12 and so
B_(u) = B_(u)°. Therefore, u € (U°)°, so U° C (U°)°.

g

c. This follows immediately from part b.

d. Suppose that U° C W C U, where W is open in X. Then W = W*° C U° by part a.
SoW CU°,and U° =W. [ ]

Exercise 2. ]

Show that an open subset U of a metric space is a union of open balls. ]

Solution. Since U is open, for every u € U, 3¢, > 0 such that B, (u) C U. Therefore,
U,y Be (v) CU. And since u € B, (u) we also have U C|J ., B (u). [ |

uelU =~ Eu

’[ Exercise 3. ]

Consider the set of binary sequences {0,1}°° with the metric d* from Tutorial 2,
Question 2. What is the maximum possible value of d*(z,y), and for which pairs
of sequences is this attained?

Describe the elements of the open ball B;/,(0) in {0,1}°°, where 0 denotes the
zero sequence 00 ....

J

o 1
j=0 27
pair of sequences which differ in every element; for example d*(0,11...) = 2.

By definition, B 3 (0) contains all  such that E;io 2% < 2. Thus z; = 0, otherwise

d*(z,0) > 1. If 2y = 0 and 2, = 1, then d*(z,0) = 3 + Zjiz %, so it is necessary that
zy =0 and 23z ... # 11.... On the other hand, if z; = z; = 0, then d*(z,0) < 3.
SoxzeB 3 (0) if and only if z = 00z for any sequence z, or x = 010w for any sequence

w # 11 .... The additional elements in P%(O) are 01011 ... and 01100.... [ |

Solution. The maximum possible value of d*(z,y) is > = 2. It is attained by any

10
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,-[ Exercise 4. ]
On R"™ check that

doo(x’y) < d2(m7y) < d1($7y) < ndoo($7y)

where d; is the taxicab metric, d, is the Euclidean metric, and d_, is the max
metric.

\. J

Solution. The first and second inequalities follow from the definitions; you may find them
easier to deduce by first considering the following observation:

2 2 2
The final inequality follows directly from the definitions. |

'_[ Exercise 5. ]

Let (X,dx) and (Y,dy) be two metric spaces and consider one of the metrics
d,,dy,d, on X xY.

a. Prove that the projection maps:
P X XY =X and py: X XY =Y

given by p;(z,y) = x and p,y(x,y) = y are continuous.

b. For some fixed z, € X and y, € Y prove that
Gy, X > X XY and i, : Y > X XY
0 0

given by i, () = (,yp) and i, (y) = (z(,y) are continuous.

Solution. Since d,, d;, and d, have the same open sets, continuity for d, is equivalent to
continuity for d,, and also to continuity for d,.

a. We will consider the metric d, on X x Y and prove that p; is continuous. Let
(z,y) € X xY and € > 0. Then

dx(p1(2,9),p1(2",y")) = dx(z,2") < dy((2,9), (¢",y")) = dx(z,2") + dy(y,9').

So we find that p; is continuous at (z,y) € X x Y by taking 6 = e. The proof for
Do is symmetric.

b. We will prove that i, is continuous taking the metric d, again on X x Y. Let
z € X and € > 0. Then

da(iyo (2), iyo (2")) = dq (2, 90), (@, Yo)) = dx(, z’) + dy (Yo, Y0) = dx (=, z’).
So by taking 6 = ¢ again we see that iy, is continuous at z € X. The proof for p,
is symmetric. |

11
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,[ Exercise 6. ]
Given a metric space (X,d), consider (X x X,d,).

a. Prove that the diagonal map
A: X - X x X
given by A(z) = (z,z) is continuous.

b. Show that the metric d: (X x X,d,) — (R,dg) is a continuous function.

Solution.  a. Let x € X and € > 0. Then
do(A(z), A(y)) = do((z,2), (3, 9)) = d(=z,y) +d(z,y) = 2d(z,y).
So we can take § = %5 in the e- definition of continuity.
b. Let (z,y) € X x X and € > 0. Then we need to find § > 0 such that
do((z,y), (z",y")) <6 = |d(z,y) —d(z’,y")| <e.

Suppose for an instant that d(z,y) > d(z’,y’). Then d(z,y) —d(z’,y’) > 0 and
thus we have

ld(z,y) —d(z',y')| = d(z, ) d(=’,y")
< (d(z,2") +d(2,y') +d(y',y) —d(2',y)
=d(z, )+d(y, )-

If d(z,y) < d(z’,y"), then

ld(z,y) —d(«",y")| = d(«,y ) d(z,y)

< (d@,y) +d(y',y) +d(y, 7)) — d(z,y)
= d(z, ) +d(y, ).
Since d,((z,y), (z",y")) = d(z,z") + d(y,y") we can take § = e. [ |

Exercise 7. ]
J

Suppose (X, d) is a metric space. Define d’(x,y) = min{1, d(z,y)}. Prove that d’
is a metric on X and then show that d and d’ are topologically equivalent. Give
an example to show that they may not be Lipschitz equivalent.

Solution. We have d’(z,y) < d(z,y) and 0 < d’(z,y) < 1, for all z # y € X. So for the
triangle inequality notice that

d' (z,z) = min{l,d(z, 2)} < min{l,d(z,y) + d(y,2)}
< min{l,d(z,y)} + min{1,d(y,2)} = d’(z,y) + d’(y, 2).

12
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The other axioms of a metric are straightforward to check.
In terms of open balls, notice that

B (z:d') B.(z;d), ifr<1;
z;d') =
" X, if r > 1,

so B.(z;d) C B,(x;d"), for all z € X and r > 0. Therefore, it automatically follows
that if U C X is d’-open, then it is d-open. Suppose now that U C X is d-open and
let w € U. Then Je > 0 such that B.(u;d) C U. Let ¢’ := min{l,e} < 1. Then
B./(u;d") C B.(u;d) CU so U is d’-open.

Obviously, for any metric space (X,d), we find that (X,d’) is bounded. But an
unbounded metric space cannot be Lipschitz equivalent to a bounded one by Lemma 1.10.5.
For a concrete counterexample, take X = R and d = dp its standard metric. If d and d’
were Lipschitz equivalent, then there would exist h, k € (0, 00) such that

hd'(z,y) < d(z,y) = |z —y| < kd'(z,y) <k, Vz,ycR.

Taking x and y to be further than distance k away from each other, for example,
=0,y =k+ 1, we find a contradiction. [ |

Exercise 8.

Prove that isometries and Lipschitz equivalences between metric spaces are contin-
uous.

Solution. Isometries are continuous by taking § = ¢ in the definition of continuity. A
Lipschitz equivalence f: (X,dyx) — (Y, dy) (using the same notation as in its definition)
is continuous at x € X by taking § = he since:

=E€. |

S| >

Ay (f(2), f0) < 7ix(o9) <

Exercise g.

Check that being an isometry defines an equivalence relation on all metric spaces.
Do the same for Lipschitz equivalences and homeomorphisms.

Solution. “X ~ X7 The identity map Id: X — X is bijective and an isometry as well as
being its own inverse. It is thus a Lipschitz equivalence and a continuous map.

“X~Y=Y~X"If f: X =Y is an isometry, respectively a homeomorphism, then
f~1: Y — X is automatically an isometry, respectively a homeomorphism. If f is a
Lipschitz equivalence, with parameters h and k, then

hdy (f(z), f(y)) < dx(z,y) < kdy (f(z), f(y))-

By letting w = f(z) and z = f(y) we have

hdy (w, z) < dx(f~H(w), f~(y)) < kdy (w, 2),

13
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which is equivalent to

1

zdx(f7H (), [7H(y)) <dy(w,2) < gdy(w, 2).

S

So f~! is also a Lipschitz equivalence (with parameters % and %)

“X~Y)Y ~Z= X~ Z” This follows directly from the composition of continuous
functions. |

Exercise 1o0. ]

In the proof that two Lipschitz equivalent metrics d and d’ on X are topologically
equivalent (Proposition 1.8.6) prove the statements regarding open balls.

That is, show that if f is a (h, k)-Lipschitz equivalence, then f(B),.(z)) C B.(f(x))
and f~1(B¢ (y) C B.(f1()).

Solution. Let y € By, (z;d). Then d(z,y) < he, which implies that d’(f(z), f(y)) <
+d(z,y) < e. This proves that f(y) € B.(f(z)) for any y € By,.(z).

The formula for f~! follows from the above formula and the fact that f~! is a
(%, %)—Lipschitz equivalence. [ ]

14
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Exercise 1. ]

Prove that the open annulus {z € R? |4 < 22 + 22 < 9} and the punctured
plane R? \ {0} are homeomorphic subspaces of R2.

Solution. The annulus 4 := {z € R?|4 < 22 + 23 < 9} lies between the circles of radius 2
and 3, so every a € A may be written as (rcos#,rsin@) for some r € (2,3) C R. By
Example 1.8.5, there exists a homoeomorphism ¢: (2,3) — (0,400) (for example, one
can take t(z) = tan(5 - x)). Define

h: A— R2\ {0} by h(a)= (t(r)cosh,t(r)sinf).

For a given 6, both rcos @ - t(r) cos @ and rsin @ + ¢(r) sin § are continuous function
from (2,3) to R. It follows that h itself is continuous. Also, h has a continuous
inverse h™1(scosf,ssinf) = (t~1(s)cosd,t71(s)sinf). For our concrete example, one
has t71(s) = 2 tan™ ' s. [ |

,.[ Exercise 2. ]

Let £! = (), d;) be the sequence space of absolutely convergent sequences (see
Definition 1.4.3) with the d; metric.

Find a distance preserving injection of the space ({0,1}°°,d*) (see Tutorial 3,
Question 4) into £!.

Find an example of a point a € ) such that a € (0) but a ¢ B%( ).

L
10

Solution. Consider the function i: {0,1}°° — Y defined by

. ! Tk
i(xgzy ... T .. ) = (20, 5 gk );

the right hand side is well defined, because

>[5 < X -2

keN

as required. Obviously ¢ is injective; it also preserves distance, because

ey = Y ol = 35 - | = drti. i

keN

A point a € Y satisfies the condition if and only if Zzozo|ak| = 5. Any example, such

1 1 1 1
(1—0,0,07...) or (%’E”W’)

will do. |

as

15
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'_[ Exercise 3. ]
Given any two subsets U,V C X prove the following:

a. U CV implies U C V;

<l

b. V=V;

<l

c. V is closed in X

d. V is the smallest set containing V that is closed in X.

\. J

Solution.  a. For every € > 0, if B.(z) N U is non-empty, so is B.(z) N V.

b. By definition, V C V. Conversely, if x € ﬁ, then B% (z) NV is non-empty for every
e > 0. So there exists w for which d(z,w) < § and w € V, which implies that
B (w) NV is non-empty; therefore B.(z) NV is also non-empty, by the triangle

inequality. Hence z € V and v C V as required.
c¢. This follows immediately from b.

d. Suppose that V C W, where W is closed. Then V.C W = W by a. So V C W,
showing the minimality of V. [ ]

i Exercise 4. ]

J

Determine whether the following subsets are open, closed, or neither in R (with
the standard metric):

a. [0,1);
b. Z;
c. {z €R|sinz > 0};

d. U2, [+, D).

J

Solution.  a. [0,1) is not open since 0 does not lie in the interior. It is not closed
because 1 is a closure point that does not belong to the set.

b. Z is closed in R because its complement is open as a union of open intervals.

c. {zeR|sinz>0} =) _, (2n«,(2n+ 1)x) is a union of open intervals in R, and
is therefore open.

d. UL[%’ 1) =(0,1) is open in R. .

16
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'_[ Exercise 5. ]

For a subset W C (X, d) of a metric space prove that

a. We =X\ (X\W),
b. W=X\(X\W).

\. J

bz €W < Ve>0:B(x)NW # @ < Ve >0:B.(r) L X\W
= ¢ (X\W)". [ ]

Exercise 6. ]

In a metric space (X, d) prove that every open ball is contained in a closed ball
and that every closed ball is contained in an open ball. Is it always true that
B,.(z) is B,(x)? Give a proof or a counterexample.

Solution. For any x € X and r > 0,
Bw(x) g Er(m) g B2r(x)'

It is not true that the closure of B,.(x) is always B,.(x). In a discrete metric space (X, d)
we the ball B, (z) = {z} is both open and close, so B, (z) = {z} as well. But B,(z) = X,
which is not the same as {z} if X contains more than one point. |

F[ Exercise 7. ]

Cousider a subset W C (X, d) of a metric space. Recall that a point z € X is an
accumulation point of W if, for every ¢ > 0, B,(z) N W \ {z} # &. Let Acc(W)
denote the set of all accumulation points of W. Prove that W = W U Acc(W).
Recall that w € W is an isolated point of W if there exists € > 0 such that
B_(w) N W = {w}. Let Iso(W) denote the set of all isolated points of W. Prove
that Iso(W) = W\ Acc(W).

. J

Solution. Let x € W. Then if z ¢ W we have have that B.(x) N W \ {z} # @, for every
€>0. So z € Acc(W). It is easy to see that if x € Acc(W), then z € W.

Let w € Iso(W). Then w € W by definition and B_(w) N W = {w}, for some £ > 0,
which implies that B, (w) "W\ {w} = @ so w ¢ Acc(W). Suppose that w € W\ Acc(W).
Then there is an € > 0 such that B, (w)NW\{w} = @& which implies that B, (w)NW = {w}

so w € Iso(W). [ |

17
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Exercises marked with a * are slightly harder bonus questions.

Exercise 1. ]

Prove that if Y C Z, where Z is a bounded subset of (X, d), then Y is bounded
and diamY < diam Z.

Solution. Since Z is bounded we know there exists £ € X and r > 0 such that Z C
B,(x) and since Y C Z we have that Y is bounded. Also, for each y,,y, € Y C Z,
d(yy,ys) < diam Z so diam Z is an upper bound for {d(y;,¥s)|y1,ys € Y} which implies
that diamY := sup{d(yy,vys) | ¥1,¥5 € Y} < diam Z. [ |

Exercise 2. ]
Prove that if Y, Z are bounded subsets of (X,d) with Y N Z # &, then

diamY U Z < diamY + diam Z.

Solution. If uy,uy € Y U Z both belong to Y, then
d(uq,uy) < diamY < diamY + diam Z.

If u;,uy both belong to Z, a interchanging the roles of Y and Z gives the desired result.
If uy € Y and uy € Z (or the the other way around) then take some o € Y N Z and

d(uq,uq) < d(ug, @) + d(a,uy) < diamY + diam Z.
Therefore, d(uq,uy) < diamY +diam Z, for all u;,u, € YUZ, which gives the result. W

Exercise 3. ]

For a subset W C (X, d) of a metric space, prove that OW = W N (X \ W).

Solution. € OW += z € WA\W*° <= (z € W&Ve >0: B.(2)N(X\W) # @) <
(zeW&kze (X\W)). [ |

Exercise 4. ]

Determine 85, S°, and S for each of the subspaces S := [0,1) U (2,3], S := Z, and
S := R\ Q of the Euclidean line.

Solution.
d[0,1) U (2,3] = {0,1,2,3}, ([0,1) U (2,3])° = (0,1) U (2,3),
[0,1)U(2,3] =[0,1]U[2,3].
02=12, (Zy=9, Z=217.
OR\Q)=R, (R\Qr=g, (R\Q) =R [

18
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Exercise 5. ]

Is Q" dense in R"? Let Z[1] := {2 | m,n € Z}. Is Z[}] dense in R? Is Z[1]"
dense in R".

Solution. To prove that Q™ is dense in R™ we must prove that Q™ = R™. It is sufficient
to show that every (zy,...,z,) € R" is the limit of a sequence in Q™. But we know that
Q is dense in R, so there exists a sequence (g; j)>1 converging to x; for every 1 <i < n.
Then (g, = (q1 > - ,qn’k))k> converges to x, because

n 1

dlw.r) = ()@ —04)?)” =0, ask— oo
i=1

Given any z € R, let z,, denote the truncation of its binary expansion after n digits,
for every n > 1. So z, € Z[5] by construction, and z, — z as n — co. So Z[3] is dense
in R. Using a similar argument as for Q™ shows that Z[%]n is dense in R™. [ ]

Exercise 6. ]

Show that a subset U C X of a metric space is open if and only if for every
sequence (z,,) of X that converges to a point in U, there exists K € N such that
z, €U, forall k> K.

Solution. “=” Suppose that U is open in X and that (z,) is a sequence in X that
converges to u € U. Since U is open, there exists ¢ > 0 such that B, (u) C U, and for this
e>0,3K € N such that k > K = d(xj,u) <e,ie z, € B.(u) CU, forall k > K.
“<" Let u € U and suppose u ¢ U°, that is, for every € > 0, B.(u) N (X \U) # @.
Choose z; € B1(u) N (X \U). Then (z,,) is a sequence in X such that lim, z,, = u but
2, ¢ U, for all k € N. n

'_[ Exercise 7. ]

Let 2[0,1] C €0, 1] be the subspace consisting of all polynomials functions. By
constructing the sequence

2 n

x i xr
fal2) =14 S+ 4+ 55 € 2[0,1],

show that [0, 1] is not closed in €]0, 1].

Solution. Let f(z) = (1 — %)~ in €[0,1]; then the Binomial Theorem implies that
f@) = fu(@) =200 57 < 5 for z € [0,1]. So
1
dsup(fnaf): sup |fn(x)_f(x)|:2_n—>0, as n — 00,
z€[0,1]

and f,, — f in €[0,1]. But f is not a polynomial, so &[0, 1] is not closed. [ ]
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Exercise 8. ]

Given the sequence space ({0,1}>°,d*) (see Tutorial 3 Question 4), consider
f1:{0,1}>° — {0,1}°° defined by inserting 1 at the beginning of every se-
quence. Prove that f; is continuous and decreases the distance in the sense
that d*(f,(z), f1(y)) < d*(z,y).

Solution. By definition f;(z) = lzyz; ... and f;(y) = lypy; -... So

o0
y] 1 1
> = 5d*(z,y).
1 )
20 27 2

d*(fi(z), f1(y)) = Zw - %

Jj=1 Jj—

In particular, d*(f;(z), f1(y)) < d*(z,y), with equality only if x = y.
It also follows from d*(f,(z), f1(y)) = 3d*(z,y)that f, is continuous by choosing

0 < 2¢ in the e-6 definition of continuity. [ ]

Exercise g. ]

Show that if A C R"™ is a bounded subset, then A C [a,b]™ for some a,b € R. ]
Solution. Since A is bounded, it is contained in a closed ball B, (z) for some point
z = (zy,...,2,) € R" and some radius r € R. Let a := min{z; —r[i € {1,...,n}} and let
b:=max{x; +r|i € {1,...,n}}. Then one easily verify that the ball B, (x ) is contained
in [a,b]™ and hence A C ET(I) C [a, b]™ as desired. [ |

,_[ Exercise 1o0. ]

Give examples of:

a. a nested sequence of non-empty closed sets V,, C (0,1) with diamV,, — 0, as
n — oo, but (| _V, =&;

b. a nested sequence of non-empty sets U,, in R with diamU,, — 0, as n — oo,
but [ Un =&

c. a nested sequence of non-empty closed sets W,, C R with ﬂneN W, =a.

Solution.  a. (V,) = ((0, %])n>2;
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*Exercise 11.

Suppose that X is a compact metric space and V; O V; D --- is a nested sequence
of closed subsets of X. Prove that

diam (ﬂ Vn) = inf{diam V], | n € N}.
n=1

Solution. If, say, Vo, is empty, then ﬂ:;l V., = @ and its diameter is 0 by definition.
Likewise in this case diamV,, = 0 so inf{diamV,, [n € N} = 0 also. Suppose now
that all the V| are non-empty. (We already know that their intersection is then non-
empty.) Now ﬂzozl V, C V, for any m € N so diam (ﬂzozl V;L) < diamV,,. Hence
diam (ﬂzozl Vn> < inf{diamV,, | m € N} = m, say.

Conversely m is a lower bound for the diameters of the V,, so for any ¢ > 0 and
any n € N we know that diam V,, > my —e. Hence there exist points z,,,y,, € V,, such
that d(z,,,z,) > my —e. Since X is sequentially compact (x,,) has a subsequence (z,, )
converging to a point x € X, and then (y,, ) has a subsequence (y,, ) converging to
a point y € X. Since (z,, ) is a subsequence of (z,, ) it too convergess to z. Also, by
continuity of the metric, é(xnr +Yn, ) = d(z,y) as s — oo. Hence d(z,y) > mg —e.
Also, z,y € V,, for each n € N since VS;L is closed in X. Since this is true for all n € N we
have z,y € ﬂzo:1 V,,. Hence diam ﬂ:;l V,, > my —e. But this is true for any € > 0, so
diam ﬂzo: 1 Va 2 myg. The above taken together proves the result. [ ]
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Exercises marked with a * are slightly harder bonus questions.

Exercise 1.

Which of the following subsets of R? are connected? Which are path-connected?

a. By((1,0)) U B, ((—1,0));

b. B;((1,0)) U B, ((~1,0));
c. B1((1,0)) U By((—1,0));
d. The “rational comb” C = {(q,y) € R?|¢ € Q,y € [0,1]} U (R x {1});

e. The set of all points in R? with at least one coordinate in Q.

Solution. a. This is a disjoint union of two open sets. It is thus not connected and
therefore not path-connected.

b. This is a union of two path-connected sets (the two balls) with non-empty intersec-
tion (it contains (0,0)). It is therefore path-connected, and hence connected.

c. The two balls are path-connected. For z in B;((—1,0)) the line segment between
0 and z stays inside B;((1,0)) U B;((—1,0)) and is thus a path from 0 to z. We
conclude that B;((1,0)) U By ((—1,0)) is path-connected, and hence connected.

d. A point of the form (¢,y) (¢ € Q,y € [0,1]) is connected by a (vertical) path to
(¢,1), which is connected by a (horizontal path) to (0,1). All points of the form
(r,1) are connected by a path to (0,1). We conclude that C is path-connected, and
hence connected.

e. Any point (p,r) with p € Q is connected by a vertical path to (p,0), which is
connected to (0,0) by a horizontal path. Similarly, any point (r,q) with ¢ € Q is
path-connected. We conclude that our set is path-connected, and hence connected.

|

Exercise 2.

Suppose that A | B is a partition of a metric space X and that f: X — Y is a
function to another metric space Y. Prove that if the restrictions f| 4 and f | p are
both continuous, then f is continuous.

Solution. Let U be an open subset of Y. Set Uy := f~1(U)N A and Ug := f~1(U) N B.
Since both f| , and f|, are continuous we find that Uy = (f\A)*l(U) is open in A and

U = (f\A)_l(U) is open in B. Since A | B is a partition of X both Uy and Ug are also
open in X. Therefore, f~1(U) = U, U Ug is open in X. [ |
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Exercise 3. ]
J

Suppose that for each i € {1,...,n} that A, is a connected subspace of a metric
space X, such that A; N A;,; # & for each i € {1,...,n — 1}. Prove that U?’: A;
is connected. Does this result extend to an infinite sequence (A4;) of connected
subsets?

Solution. Suppose f: U:_L:l A; — {0,1} is continuous. The restriction f|, : A; — {0,1}
is continuous and therefore constant since A, is connected. Let us write c; for the value
fl, (@) (for any z € A;). Since the intersection A; N A;,, is not empty, then ¢; = ¢;
for all 5. We conclude that all the c; are equal and thus that f is constant.

The infinite case is also true, with the same proof. [ |

Exercise 4. ]
J

Show that a metric space X is connected if and only if for every W C X such that
W # @, X, the boundary OW is non-empty.

Solution. A metric space X is connected if and only if the only subsets which are both
open and closed @ and X. But W is both open and closed if and only if W = W*, if and
only if OW = &. ]

Exercise 5. ]

If X is a connected metric space containing more than one point, show that X is
infinite.

Solution. Since X is a metric space, all singletons {y} are closed. If X is finite, then
X\ A{z} = Uy 9£x{y} is a finite union of closed sets and is therefore closed. Therefore,
{z} = X\ (X \ {z}) is both open and closed and X cannot be connected (unless
X = {z}). [ |

Exercise 6. ]

Prove that any continuous function f: [a,b] — [a,b] has a fixed point, that is, a
point z such that f(z) = x.
Hint: Consider the function g: [a,b] = R given by g(z) = f(z) — z.

Solution. The function ¢ in the hint is a continuous function from a closed interval to R
and, therefore, its image is a closed interval. Since a < f(z) < b, for all z € [a, b], we

have
0<g(a)=f(a) —a<b—a and a—>b<g(b)=f(b)—b<0.

So if f(a) # a, then g(a) > 0, and if f(b) # b, then g(b) < 0. So by the Intermediate
Value Theorem, there exists = € (a,b) such that g(z) =0, i.e. f(z) = z. [ |
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'_[ Exercise 7. ]

a. Prove that if X is a connected metric space and there exists a non-constant
continuous function f: X — R, then X is uncountable.

b. Prove that a connected metric space containing more than one point contains
uncountably many points.

.

J

Solution. a. If f takes two real values a < b, then by the Intermediate Value Theorem,
it takes on all values in [a, b], which is uncountable, and hence so is X.

b. Apply part a to f: X — R given by f(x) = d(z,a) for a fixed a € X. [ |

24



MTH224 - Metric spaces Tutorial 7 - Solutions

Exercises marked with a * are slightly harder bonus questions.

Exercise 1. ]

Show that there is no continuous injective function f: R? — R.
Hint: Consider a triangle in R2.

Solution. Consider a triangle ABC in R2. Then BC and BA U AC are both connected.
So both f(BC) and f(BAUAC) contain [f(B), f(C)] by the Intermediate Value Theorem.
|

,_[ Exercise 2. ]

a. Suppose that f: X — Y is a continuous function between metric spaces and
that X is path-connected. Show that f(X) is path-connected.

b. Suppose that X and Y are homeomorphic metric spaces. Show that X is
path-connected if and only if Y is path-connected.

c. Show that the graph G} of a continuous function with path-connected domain
is path-connected.

J

Solution.  a. Let y;,y, € f(X). Then there exists z,,z, € X such that y; = f(z;)
and y, = f(z5). Since X is path-connected, there exists a path g: I — X from x;
to x5. The composition feog: I — Y is continuous, as a composition of continuous
functions, and therefore gives a path in Y from y; to y,.

b. Suppose that f: X — Y is a homeomorphism. By the first part, if X is path-
connected then f(X) =Y is path-connected. Similarly, if Y is path-connected then
X = f~1(Y) is path-connected.

c. Recall that the graph G; of a continuous function is homeomorphic to its domain.
Therefore, if the domain is path-connected, then G; is path-connected by the first
part. |

Exercise 3. ]

J

Given two compact subspaces A and B of a metric space X, prove that AU B and
AN B are compact.

Give an example showing that infinite union of compact subsets are not necessarily
compact.

Solution. Let U be an open cover of AU B. Then U is an open cover of both A and B
so there exist finite subcovers U4 and Uy of A and B respectively. So U 4 UUp is a finite
subcover of U.

Now A N B is closed subspace of AU B since A and B are both closed being compact.
Therefore A N B is a closed subspace of a compact space AU B, and therefore compact.
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The intervals [—n, n] are compact subsets of R, but their union is R which is unbounded,
hence not compact. For an other example, one can take the intervals [%, 1] which are all
compact but whose union is (0, 1] which is not closed, hence not compact. Finally, the
singletons {z} are always closed compact, but their union Ua:e +{z} = X does not need
to be. |

Exercise 4.

Prove that a discrete metric space is compact if and only if it is finite.

Solution. Suppose X is discrete and compact. Then U := {{z} | z € X} is an open cover
of X and therefore has a finite subcover which implies that X is finite.

If a discrete space is finite then it is compact as {{z} |z € X} is a finite subcover of
any open cover of X. [

Exercise 5.

Let (X, d) be a compact metric space and suppose that f: X — X is a continuous
map such that f(z) # z, for all x € X. Prove that there exists e > 0 such that
d(f(x),x) > ¢, for all z € X.

Hint: Consider g: X — R, g(z) = d(f(z),x).

Solution. The function g: X — R given by g(z) = d(f(z),z) is continuous being a
composition of continuous functions (g = d o (f x Id) o A where A(z) = (z,z)). Since
f(z) # z, for all z € X, g(X) € (0,400). Since X is compact, g attains its bounds on X
and so in particular there exists € > 0 such that £ = inf g(X) which gives the result. W

*Exercise 6.

Suppose f,g: I — X are paths in a metric space X such that f(1) = g(0). Show
that

is a path in X from f(0) to g(1).

Solution. The map h is well defined, h(0) = f(0) and h(1) = g(1). We hence need to
show that it is continuous.

First, observe that if f: [a,b] — X is continuous, so are f.: [a +r,b+ 7] - X and
fri [Aa, Ab] = X for any r € R and 0 # X € R, where f,.(z) = f(z—7) and fy(z) = f(2).

Using the above observation, we want to show that if f: [0,1] - R and ¢: [1,2] = R
are continuous, then so is the map h: [0,2] — R defined by h(z) = f(z) if x < 1 and
h(z) = g(x) if z > 1. Let U be an open subset of X. Since h[0,2] = f[0,1] U g[1, 2] we
have h=1(U) = f~1(U) U g 1(U). The subset f~1(U) is open in [0, 1] by continuity of f.
It is thus a union of balls, that is of the form UieI(Bi N [0,1]), where the B; are open

intervals of R. This implies that f~1(U) is open in [0, 2] if and only if it does not contains
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1. A similar statement is true for g~ 1(U) = Uje ;(C;N11,2] for some open intervals C;. If

none of f~1(U) and g~ (U) contains 1, they are both open in [0, 2] and so is their union.
If one of f~1(U) or g71(U) contains 1 they both do and therefore therefore, for every B;
containing 1 there exists C; (also containing 1) such that (B; U C;) N[0, 2] is open; and
vice-versa for C; and B;. This implies that f~!(U) U g~ (U) is open in [0, 2]. [ |

*Exercise 7.

a. Let X be a metric space and show that: “x ~ y if there is a path in X from
x to y” is an equivalence relation.

b. Let 7(X) denote the set of equivalence classes (also known as connected
components). For any continuous function f: X — Y we define a function

w(f): 7(X) > w(Y)

by: if C(x) € m(X) is the connected component containing z € X, then

Show that m(f) is a well-defined function.

c. Given continuous functions f: X — Y and g: Y — Z show that the following
diagram commutes:

w(f) \ 2 (Y)

(X)
w(g% - A)

d. Show that if Id: X — X is the identity map of X, then n(Id): 7n(X) — m(X)
is the identity map of 7(X).

e. Show that if f: X — Y is a homeomorphism, then 7(f): 7(X) —» n(Y) is a
bijection.

Solution.  a. The constant path f: I — X, f(t) =« for all t € I, shows that z ~ z. If
f: I — X is a path from z to y, then g: I — X, g(t) = f(1—t), gives a path from y
toz;s0 x ~y < y ~ x. Finally, Question 6 shows that x ~ y&y ~ 2 = = ~ 2.

b. Suppose that y € C(z), i.e. z ~ y. We need to show that C'(f(z)) = C(f(y)). Since
x ~ y, we know that C := C(x) = C(y), where C is a connected component of X.
So f(z), f(y) € f(C) and f(C) is the continuous image of a path-connected space
and is therefore path-connected. Hence C(f(z)) = C(f(y)).
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c. For any z € X,

(m(g) e 7(f)(C(2)) = 7(9)(C(f(z))) = Clg(f(=)))

So m(g) e w(f) = w(go f).

d. For any z € X, we have 7(Id)(C(z)) = C(Id(z)) = C(z), so w(Id) is the identity
map of 7(X).

e. By the previous two parts,
n(f)en(f)=n(fof 1) =n(d) =1d,

and similarly, 7(f~1) o 7(f) = Id. So w(f~!) is the inverse to 7(f), and so 7(f) is
a bijection. [ |

*Exercise 8.

Suppose that f: [a,b] — R is a function such that |f~1(y)| = 2, for every y in the
image of f. Prove that f cannot be continuous.

Solution. Let f: [a,b] — R be a continuous function. Since [a, b] is a closed interval, its
image is also a closed interval, let us say [c, d].

Now, suppose that 4 < |f~1(c)| + |f~1(d)| < +oo. This implies two things. Firstly,
we have ¢ # d, as otherwise we would have |[a,b]| = |f*([c,c])| < oo, which is absurd.
Secondly, either f~1(c) has at least two different elements, and at least one of them is
not in {a,b}, or f71(d) has at least two different elements, and at least one of them is
not in {a,b}. Let us suppose that f~!(d) has at least two elements, at least one of them,
x being not in {a, b} (the proof for f~1(c) is similar).

Let us suppose for a moment that {z,b} C f~1(d). Let § > 0 be such that [z — &,z + ]
and [b — 0, b] are disjoint. Since the image of a closed interval by a continuous function is
a closed interval, we have

f(z—=6,2]) = [y, dl,  f(lz,x+0]) =[ya,dl,  f([b—0,b]) = [y3,d]

for some y;, ¥y and y;. Let y = max{y;,ys,y3}. Then the three disjoint intervals

[ —6,2), (x,z + 6] and [b— J,b] all contain a preimage of y. That is, |f~1(y)| > 3.
The cases {z,a} C f~1(d) is similar and we can also find y € [c,d] with |f~!(y)| > 3.
If |f71(d) \ {a,b}| > 2, an easy adaptation of the above proof show the existence of a

y € [c,d] such that |f~1(y)| > 4. [ ]

[ To go further

The above proof can easily been adapted to show that if f: [a,b] — R is continuous
with |f~1(y)| constant for all y € f([a,b]), then either |f~1(y)| =1 or |f1(y)] is
infinite.
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Exercises marked with a * are slightly harder bonus questions.

,_[ Exercise 1. ]

Prove that the following are equivalent:
I. X is compact;

IL if {V,, | e € I} is a collection of closed subsets of X such that () _,V, # @
for any finite J C I, then () _, V, # @.

J

Solution. “=" Suppose that X is compact. Let U, := X \ V. The proof is by contra-
positive. Suppose that ﬂae[ V, = &. We want to show that there exists a finite J C I
such that (| _, V, =@. We have X =X\ () _, Vo) =U,__; Us: i-e. {U, | € I} is an
open cover of X. Since X is compact there exists a finite subcover {U,, | € J}, for some
finite subset J C I, i.e.

x=Ju, = X\(UUa)zﬂVa=Q
aed aed aed

as desired.
“«<"LetU = {U,|a € I't be an open cover of X and V,, := X\U,. Then X ={J__, U,

and therefore X \ (J _,U,) =[) _,V, = @. So there exists a finite subset J C I such

acl ~¢ acl ¢
that () _,V, = &, which implies that X =] _, U,. So {U,|a € J} is a finite subcover

of X. |

Exercise 2. ]

Suppose that X is a compact metric space and {V,, | n € N} is a collection of
non-empty closed nested subsets of X, that is, V,,,; C V;, for all n € N. Then

Npen Vo # 9-
Find a counterexample with X non-compact.

Solution. Follows from the previous exercise.

Let X = (0,1] with the metric induced from the standard metric on R. Then the
subsets (0, %] are non-empty closed subsets of X which are nested, but their intersection
is empty. [ |

Exercise 3. ]

Finish the proof of Corollary 3.2.5. More precisely, shows that if f: S — R is a
bounded function (S any set, not necessarily a metric space), then sup f(X) and
inf f(X) are elements of f(X).

Solution. By Analysis 1, we have a converging sequence f(z,,) — sup f(X), which implies
sup f(X) € {f(z,) | n € N} C f(X). The proof for the infimum is similar. [ |
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,-[ Exercise 4. ]

Which of the following subspaces of R and R? are compact?
a. [0,1);
b. [0, 00);
c. QNJ[0,1J;

{(z,y) eR?|2? +y* =1}

[N

{(z,y) e R? | || + |y| < 1};

)
)
)
)

[¢)

Al
f. {(z,y) e R?|z? +y? < 1};
g {(z,y) ER?[2>1,0<y< 3}

. J

Solution. a, c and f are not closed, hence not compact.

b and g are not bounded, hence not compact.

d is the image of the compact set [0, 1rt| by the continuous function f(z) = (cosz,sinz),
hence compact.

e is the closed ball of radius 1 for the taxicab metric, and hence closed for the Euclidean
metric (by topological equivalence). It is contained in B;(0;ds) hence bounded. It is
thus compact by the Heine—Borel theorem. |

Exercise 5. ]

In the proof of the Heine-Borel Theorem we used the following fact: if A C R™ is
bounded, then there exists a,b € R such that A C [a,b]™. Prove this.

Solution. If A is bounded, then there exists r > 0 such that A C B,.(z), for some z € A.
Taking a = min{z; —r|i=1,2,...,n} and b = max{z; +r[i=1,2,..,n} we see that
B, (z) C [a,b]™. [ |

*Exercise 6.
Suppose that X is a compact metric space and suppose that f: X — X is a
continuous map. Let Xy = X, X; = f(X,) and inductively define X,, ; = f(X,,)
forn > 1.

a. Show that A ={ _ X, is non-empty.

Hint: Remember Question 2.

b. Show further that f(A) = A.

Hint: To show that a € A is in f(A) apply Question 2 to the sets V,, =
fa)nX,.
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Solution.  a. We show that the X, form a nested sequence of closed subsets of X.
Note that X; = f(X,) = f(X) C X,. Suppose inductively that X, C X,,_; for
some integer n > 1. Then f(X,) C f(X,_;) which says X,,.; C X,,. So by
induction X,, C X,,_; for all n € N. Also, since X is compact and f is continuous,
X, = f(X) is compact. Suppose that X,, is compact for some integer n > 0. Then
since f is continuous, X,,,; = f(X,,) is also compact. By induction X,, is compact
for all integers n > 0. So each X, is closed in X. Also, each X,, is non-empty by

inductive construction. Now by Question 2, A = ﬂneN X,, is non-empty.

b. The inclusion f(A) C A is straightforward: if a € A then a € X,, for any integer
n > 0, so f(a) € f(X,,) = X,,4, for any integer n > 0. But since Xy 2 X; D
-2 X, D -+, we have ﬂzozo Xpy1 = ﬂzozl X, = ﬂ;ozo X,, = A, and we see that
f(a) € A. To prove the other inclusion we follow the hint: for any a € A let
V., = f~1(a) N X,,. Since the X,, are nested so are the V,,. Then {a} is closed in
A, hence since f is continuous, f~!(a) is closed in X. Also each X,, is closed in
X as in a. So each V,, is closed in X. Moreover, for each integer n > 0 we know
a € X, = f(X,) so there exists + € X,, such that f(z) = a. This says that
V, = f1(a)nX, # &. Now by Question 2, ﬂ;ozo V., is non-empty. Let b be a point
in this set. Then b € V, = f~(a) N X,, for any integer n > 0. Also, b = f~!(a)
says that f(b) = a, and b € X,, for all integers n > 0 says that b € ﬂzozo X, = A.
So A C f(A). We have now proved that f(A) = A. [ |

*Exercise 7.

With the notation of Question 2 (so X is compact), suppose that U is open in X
and that ﬂnEN V., CU. Prove that V,, C U, for some n € N.
Hint: Consider the sequence of sets W, =V, N (X \U).

Solution. The W,, are closed in X and are also nested. Therefore, ﬂneN W, + @ by
Question 2, if the W, are all non-empty. But (| _ W, = (] _ Vo) N (X \U) which
implies that ﬂneN V., € U contradicting our assumption. Therefore, at least one of the

W,, must be empty implying that V, C U. [ |
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Exercises marked with a * are slightly harder bonus questions.

Exercise 1. ]

Suppose that f: (0,1) — R is continuous, monotonic and bounded on (0,1). Prove
that f is uniformly continuous.

Solution. Suppose that f is increasing. Then inf ¢ 1) f(2) exists by boundedness while
lim, 4+ f(x) exists by continuity. If f is increasing they are equal. So we have

lim f(z) = inf )f(:v) and lim f(z) = sup f(x).

z—0* xz€(0,1 z—1" z€(0,1)
We can now define f: [0,1] = R by

inf f(z), x=0;
f(@) = q f(z), z € (0,1);
sup f(z), x==1.

It follows from the above that f is a well-defined continuous function. Since it has a
compact domain, it is uniformly continuous. Thus f = f ’ ©0.1) is uniformly continuous. M

Exercise 2. ]

Show that two Lipschitz equivalent metrics are uniformly equivalent. ]

Solution. Suppose that d; and dy are Lipschitz equivalent metrics on X, i.e. there exists
h,k € (0,00) such that

hdZ(xay) <d1(l’,y><kd2($,y), Vﬂ%yex-

We want to show that they are uniformly equivalent: for every € > 0, there exists
01,09 > 0 such that

di(z,y) < §; = dy(z,y) <e and dy(z,y) <0y = dy(z,y) <e.

We can take §; = he and 0, = 7. |

Exercise 3. ]

d(z,y)

Show that for any metric space (X, d), the metrics d and d’(z,y) := Trdle.g)

are
uniformly equivalent but may not be Lipschitz equivalent.

Solution. We need to show that for all € > 0, there exists §,4” > 0 such that

d(z,y) <6 = d'(z,y) <e and d'(z,y) <d = d(z,y) <e.
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We can take d =€ and §’ = ﬁ since

, d (z, 5’
V(o) <dley) <5 and diay) = 1T < T

Note that 0 < d'(z,y) < d(z,y), for all z,y € X. On R, if d = dg and d’ were
Lipschitz equivalent then there would exist £ > 0 such that

d(z,y) = |z —y| < kd'(z,y) <k, VYz,y€R,

which is obviously false. |

Exercise 4. ]

Show that the metric on (0,1) given by d(z,y) := |z~ — y~!| is topologically
equivalent but not uniformly equivalent to the Euclidean metric on (0, 1).

Solution. Let dy denote the Euclidean metric on (0, 1). Since dy(z,y) = |z —y| < d(z,y),
if a subset U C (0,1) is dy-open, then it is d-open. In other words, the identity map is
(d, dy)-continuous (it is even (d, dy)-uniformly continuous).

Given a € (0,1) and € > 0, let § = min{%aze, $}. If |z —a| < 0, then

|lx —a| 2|z —a

dxz,a) =
(z,0) |zal a?
Therefore, the identity map is (ds, d)-continuous, i.e. if U is d-open, then it is dy-open.
So d and d, are topologically equivalent.

But the identity map is not uniformly (ds, d)-continuous, since taking ¢ = 1 it is not
possible to find a § > 0 such that |z — y| <  implies d(z,y) < 1. [ ]

Exercise 5. ]

Prove that if A C R is not closed, then there exists a continuous function f: A -+ R
that is not uniformly continuous.

Solution. If A is not closed then there exists a point z € A\ A. Define f: A — R by
flz) = ﬁ Then this is a continuous function that is not uniformly continuous. [ |

Exercise 6. ]

Prove that any Cauchy sequence in a metric space is bounded. ]

Solution. Let (z,,) be a Cauchy sequence in a metric space (X, d) and take ¢ = 1. Then
there exists N € N such that m,n > N = d(z,,,z,) <1. Let

M = max{d(z;,zy)|i € {1,...,N — 1}}.

Then d(z,,,zy) < max{1, M}, for all n € N, and so (z,,) is bounded. [ |

n
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Exercise 7. ]

Give an example of a metric space that is totally bounded but not compact.

Solution. The subspace (0,1) C R is not complete, hence not compact. It is totally
bounded (in general, bounded and totally bounded are the same in Euclidean space).
Indeed, for every ¢ > 0 there exists N such that & <e. Then {% [1<i< N —1}isa
finite %-net for (0,1), hence a finite e-net. [ ]

,_[ Exercise 8. ]

Find appropriate sequences that prove the following subspaces of Euclidean space
are not sequentially compact:

a. (—6,9) CR;
b. Z2 C RQ;
c. {xeR3| |z >2} CR3

d. {r € R*|zy297574 <0} C RL

Solution. In each subspace we need to find an infinite sequence with no convergent
subsequences (in that subspace!) The following are suitable examples (amongst others):

a. (—6+ 1): every subsequence converges in R to —6 ¢ (—6,9);

b. (n,n): any subsequence is unbounded, thus not Cauchy by Question 6;

- (
c. (3,0,n): idem;
d. (n,—1,1,1): idem. [ ]

*Exercise 9.

Suppose that X is a sequentially compact metric space and that U =
{U;,U,,...,U,} is an open cover of X. Put C; := X \ U;. Show that if U; = X, for
some i € {1,...,n}, then any € > 0 is a Lebesgue number for &. From now on,
assume that no U; is X.

a. Defining d(z,C;) = inf{d(z,c) | ¢ € C;}, prove that = +— d(z,C;) is a
continuous real-valued function on X all of whose values arc non-negative.

b. Defining f(z) = 1 Z?zl d(z,C;), show that f: X — R is continuous with a
positive value for each z € X.

c. Deduce that there exists e > 0 such that f(z) > ¢, for all x € X.

d. For any z € X, show that f(z) < max{d(z,C;) | i{1,...,n}}.
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e. For any z € X, show that B.(z) C Uy,), where k(z) € {1,...,n} is such
that d(z, C(,)) = max{d(z, C;)|i € {1,...,n}}. Deduce that ¢ is a Lebesgue
number for U.

Solution. We can just take U(z) = Uj, for all x € X, to show that any € > 0 is a Lebesgue
number if U; = X.

a.

Since C; is closed in X, it is compact, and for every € X, there is a ¢, € C; such
that d(z,C;) = d(z,c,). Therefore, d(z,c,) < d(z,c), for every ¢ € C;. Now let
z € X and € > 0. Take § = ¢ and suppose d(z,y) < . Suppose, without loss of
generality, that d(z, C;) > d(y,C;). Then

d(z, ) — d(y,C)| = d(z, ;) — d(y,¢,) < d(z,c,) —d{y,c,) < d(z,y) <5 ==,

So the function is continuous. Since d(z, C;) is the infimum of a set of non-negative
numbers it is also non-negative.

. By the composition of continuous functions, f is continuous. For z € X, x cannot

be in every C; since otherwise  would not be in any U; and U/ would not be an
open cover for X. Therefore, there exists k € {1,...,n} such that z ¢ C), and
d(z,C,) > 0. Therefore, f(z) > 0, for all z € X.

Since f is a continuous real-valued function with compact domain it attains its
bounds, in particular, its infimum. As it is positive everywhere, this implies that
there exists € > 0 such that f(z) > ¢ for all z € X.

. We have,

f(z) = %Zd(x,q-) < ! (n-max{d(z,C;) |i € {1,...,n}})

n

= max{d(z,C;) |i € {1,...,n}}.

. Suppose that y € B.(z), that is: d(z,y) <e. We need to show that y € Uy,

X\Cy(z)- We know that 0 < e < f(z) < d(z, Cy(y))- Iy € Cp(y), then d(z, Cyy)) <
d(z,y) < e providing a contradiction. [}
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Exercises marked with a * are slightly harder bonus questions.

,_[ Exercise 1. ]

Show that in any metric space
a. The union of two complete subspaces is complete.
b. The intersection of two complete subspaces is complete.

Hint: Use Lemma 4.1.7 for part a.

\. J

Solution.  a. Let X and Y be complete metric spaces and (a,,) be a Cauchy sequence
in XUY. Then (a,) has infinitely many terms in either X or Y (as an infinite
sequence). Suppose (a,,) has infinitely many terms in X, then these terms can be
considered as a subsequence of (a,,) in X which will converge to a point in X by
completeness. Therefore, (a,,) converges in X UY by Lemma 4.1.7.

b. The intersection X NY is a closed subspace of the complete space X, and is therefore
complete. ]

Exercise 2. ]

Prove that any discrete metric space is complete.

Solution. Let (x,,) be a Cauchy sequence in a discrete metric space X. Taking ¢ =1 in
the definition of a Cauchy sequence proves that (z,,) is eventually constant and therefore
converges. |

'_[ Exercise 3. ]

Which of the following are complete:
a. {Z|neN}u{o}
b. QN 0, 1];

c. {(m,y) €R2|x>0,y> %}

\. J

Solution.  a. Complete (as a closed subspace of R);

b. Not complete (take z,, to be the decimal development up to the n'™® place of ‘/75),

c. Complete (as a closed subspace of R?). ]

Exercise 4. ]
J

Show that the uniformly continuous image of a complete metric space is not
necessarily complete.
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Solution. Define f: [1,+00) — (0,1] by f(z) = . The space [1,+00) is complete as a
closed subset of R, while (0, 1] is not. One easily check that f is a bijection. It remains
to show that f is uniformly continuous. For any € > 0, for § = ¢ if |x — y| < ¢ then

(@) = fW)l = gyle—ul < gre <e -

Exercise 5.

Give an example of topologically equivalent metrics d and d’ on a set X and a
sequence (z,,) in X that is Cauchy in (X,d) but not in (X,d").

Hint: See Tutorial 9, Question 4 for an example of topologically equivalent metrics
that are not uniformly equivalent.

Solution. On (0, 1), take the standard metric dy and d(x,y) = |z~ —y~!|. These two
metrics are topologically equivalent by Tutorial 9, Question 4. Then the sequence (%) is
dy-Cauchy but is not d-Cauchy. Indeed, d(Z, 2) = |m —n|. So for e = 1, for every N

there exists n = N and m = N + 2 bigger than N such that d(n,m) =2 > e. [ ]

*Exercise 6.

Which of the following metrics on R give complete metric spaces?
a. d(z,y) = |2° —¢°|;
b. d(z,y) = |e” —eY|;

c. d(z,y) = |tan"*(z) — tan"*(y)|.

Solution. Let us label these metrics d,,dy, d

a. Then (R,d,) is complete. For let (z,,) be a d,-Cauchy sequence. Then (z3) is a

Cauchy sequence in the ordinary sense, so it converges say to y € R. Let x = y%.
Then (x,,) converges to z in the metric d,. This holds since

dy(z,,r) =23 —23| =23 —y| = 0, asn— cc.

b. This is not complete. Consider the sequence (—n). Then e™™ — 0 as n — 00, so
(e™™) is Cauchy in the usual sense, so (—n) is dy-Cauchy. But suppose that (—n)
converged to a real number z, in (R, d;). Then dy(—n,z,;) — 0 as n — oo, which
says that (e™™) converges to e”0 in the usual metric on R. But we know that (e™")
converges to 0 in the usual metric, so would have e*o = 0. But there is no such real
number z,, so (—n) cannot converge in (R, d,). Hence (R, d;) is not complete.

c. For similar reasons this is not complete either. Consider the sequence (n) in R. The
sequence (tan~'(n)) converges to I in the usual sense as n — co. So (tan™'(n)) is
Cauchy in the usual sense which says that (n) is d,-Cauchy. But suppose that (n)
converges to some , € R in the metric space (R, d,). Then (tan"'(n)) converges
to tan”!(z,) in the usual sense. This gives tan™!(z,) = 3. But there is no such
real number x,. So (n) does not converge in (R, d,) and this space is not complete.
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*Exercise 7.

Suppose that f: X — Y is a bijection between metric spaces such that f is
uniformly continuous and f~! is continuous.

a. Prove that if (z,) is a Cauchy sequence in X, then f(z,) is a Cauchy
sequence in Y.

b. Prove that if y,, is a convergent sequence in Y then (f~!(y,,)) is a convergent
sequence in X.

c. Deduce that if Y is complete, then X is complete.
d. Deduce that completeness is an invariant of uniform equivalence.

Solution.  a. Let ¢ > 0. Then, by the uniform continuity of f, there is a § > 0
such that dy(z,y) < d = dy(f(z), f(y)) < e. For this J, there is an N € N,

such that m,n > N = dx(z,,,z,) < ¢ since (z,) is Cauchy. Therefore,
m,n = N = dY(f(xm)af(xn)) <Eé.

b. Follows from the (sequential) continuity of f~1.

c. Let (z,,) be a Cauchy sequence in X. Then f(z,,) is a Cauchy sequence in Y by a
which implies that f(z,,) converges in Y since we are assuming Y is complete.
Therefore, by b, (f~*(f(z,))) = (z,,) converges in X and so X is complete.

d. If we suppose that f is now a uniform equivalence we immediately obtain that if Y
is complete, then X is complete. By considering f~! we also get the converse. W
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Exercise 1. ]

Let f: (0,%) — (0, ) be given by f(z) = 2. Show that f is a contraction without
a fixed point.

Solution. Firstly, f(0, %) C (0, %) so f is a self-map. Also, f is a contraction as

[f(@) = fy)l = 2? —y*| = (z+y) |z —yl < %Iw‘—yl-

It has no fixed point since 22 = z = z € {0,1} but neither 0 nor 1 is in (0, }). [ |

,.[ Exercise 2. ]
Let X = {z,y, 2z} and let d be the discrete metric on X. Define

d/(.'L',y) =2= d’(a:,z), d/(ya z)=1, and d/(.’L’,LZT) = dl(yvy) = d/('z?Z) = 0.

Show that d’ is a metric on X that is Lipschitz equivalent to d. Define f: X — X
by
fl@)=y, fly)=2 and f[f(z) =2z

Show that f is a d’-contraction but not a d-contraction.

J

Solution. It is easy to show that d’ is a metric on X. To show that it is Lipschitz
equivalent to d note that

1
§d’(a, b) < d(a,b) < d'(a,b) Va,be X.

By putting K = % we can see that f is a d’-contraction by checking that d(f(a), (b)) <
1d(a,b) for any elements a,b € X. Since d(f(a), f(a)) = 0 for all a and since d is
symmetric, we in fact only need to check this inequality for the three pairs (z,y), (z, 2)
and (y, 2).

To show that f is not a d-contraction observe that

Since K has to be less than 1, f is not a d-contraction. [ ]

'_[ Exercise 3. ]
J
Let f: X — X be a map of a compact metric space X such that

d(f(z), f(y)) < d(z,y)

for any distinct points x,y € X. Prove that f has a unique fixed point.
Hint: Show that inf{d(z, f(z)) | x € X} is attained, and get a contradiction unless
this inf is zero.
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Solution. Consider the composition
do(IXf)oA: X -5 XxX — XxX—R
z — (z,2) — (z, f(2)) — d(z, f(2))

Each map here is continuous so the composition, F' say, is continuous. Since X is compact,

F attains its lower bound [, say, on X. let p € X be an element such that F(p) = .

Suppose by contradiction that [ > 0, so d(p, f(p)) = I. Then p and f(p) are distinct,

so by assumption [ < F(f(p)) = d(f(p), f(f(p))) < d(p, f(p)) = I. This contradiction

shows that [ must be 0 and so f(p) = p and we have proved the existence of a fixed point.
Uniqueness: for distinct fixed points p # ¢ we would have

d(p,q) = f(f(p), f(@)) <d(p,q),
a contradiction. So p is the unique fixed point. [ ]

Exercise 4.

Suppose that A C R is of the form A = U;l A, and let (f,,: A — R) be a sequence
of functions. Suppose that for each i € {1,...,r}, the sequence (f,[, : A; & R)

is uniformly convergent on A,. Show that (f,,) is uniformly convergent on A.

Solution. Let g; be the uniform limit of fn\A_. We claim that if z € A; N A4;, then

9:(7) = g;(z). Indeed, g; being the uniform limit of the f,| , it is also their pointwise

A.
limit. So for z € A; we have g;(z) = lim,_, f,[, () = li;nn_>OO fn(x). This shows
that the function g(z) = g;(z) if x € A, is well-defined and is the pointwise limit of (f,,).
We will show it is also the uniform limit.

Let ¢ > 0. For each i € {1,...,r} the sequence (f,) converges uniformly on A4;, so
there exists N; € N such that |f,(z) — g(z)| < € whenever n > N, and =z € A;. Let
N = max{N;, N,, ..., N, }, let  be any point in A and let n > N. Then z € A, for some
ie{l,..,r}and n > N > N,, so |f,(z) —g(z)| < e. Thus (f,) converges uniformly
on A. ]

Exercise 5.

Let ACR and let f,,: A — R be a sequence of bounded functions. Show that
a. If (f,,) uniformly converges to f: A — R, then f is bounded;

b. If (f,) is uniformly Cauchy on A, then it is uniformly bounded. Meaning
that there exists M € R such that

/. (x)] < M, forallz e AandallneN.

40



MTH224 - Metric spaces Tutorial 11 - Solutions

Solution.  a. There exists N € N such that n > N = |f,,(z) — f(z)| < 1, for all
x € A. Let |fy(x)] < My, for all z € A. Then

If(z)| <1+ |fn(x)| <1+ My, VzeA

b. Using the same idea as in part a, we see that for € = 1 there exists N such that for
m=N
n>N = |f(@) <1+ |fn(@)| <1+ My, Voe A

For each n < N, we know that there exists M,, such that |f, (z)| < M,,, for all
xz € A. So we can take M := max{l + My, M, |n e {1,..,N —1}}. [ |

Exercise 6.

Which of the following sequences (f,,) converge uniformly on [0, 1]?

a. f'n(w) = 1_;,_%;

b. f,(z) = nze ",

c. f(x)=n2z(l—z)";
d. f,(z) = nz(l —22)"*;
e folz) =

f. f,(z) =n""z" cos(nx).

Solution. The pointwise limits are the zero functions except for e where the pointwise
limit is f(z) =0,z € [0,1), f(1) = 3, which is discontinuous and hence the convergence
is not uniform. Also non-uniform are b and d. Everything else converges uniformly. For
f, use [n"*z" cos(nx)| < %n on [0, 3], and |n~®z" cos(nz)| < n~2 on [3,1].

Below are the details. We will use extensively that for a sequence of functions
(f, : A — R) pointwise converging to the 0 function on A, the convergence is uniform if
and only if M,, :=sup{|f, (z)| | z € A} converges to 0. Let us justify this claim. On one
hand, suppose that M,, does converge to 0. So for every € > 0 there exists N such that
n > N implies M,, < e. But then, for every z € A we have |f,(z)| < M,, < ¢, which
shows the uniform convergences of the f,, to 0. On the other hand, let us suppose that
we have uniform convergence to 0. So for every € > 0 there exists IV such that n > N
implies | f,(z)| < 3¢ for all z. This inequality being true for all z we have M,, < e <e

and thus the M,, converges to 0.

a. Since 0 < 7%= < L for all z € [0,1] (including z = 0) it follows that the pointwise
limit of (f,,) here is the zero function. The same inequality shows that the maximum
M, of f, on [0,1] satisfies M,, < % so M, — 0 as n — oo and convergence is
uniform on [0, 1].
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b. Again the pointwise limit exists and is the zero function: for f,,(0) = 0 for alln € N,
and when z € (0,1] we have 0 < f, (z) < 28&; = # (using the first terms in the

(nz?)?
series expansion of e). But f, (z) = ne~"** — 2n2z2%e~"** which is zero when, and
onlywhen,xz,/%. Also, f) (z )>0f0rx<\/ and f, (z) <0 for z = %,

so the maximum M,, of f, on [0,1] is attained at |/5-. Hence M, = \/ge*%.
Since M,, does not converge to 0 as n — oo convergence is not uniform on [0, 1].

1), s
2(1—
):

c. Again f,,(0) = f,,(1) =0 for all n € N and f,,(z) > 0asn — 00 for x € (0
again the pointwise limit is the zero function Now fn( ) = n2 (1—z)" —
x)" 1. This has a unique zero: x = . Since f,, (n+1) > 0and f,(0) = f,(1
this is the maximum and we have

1
1 n2 n n
_fn<n+1>_n+l(n+1> =0

as n — 0o0. So convergence is uniform on [0, 1].

)
3
nz22

I

d. Again as before (f,,) converges pointwise to the zero function. The derivative is

fr(z) =n(l— :1:2)"2 —222n3(1 — xz)”z_l, which has a unique zero: z = \/ﬁ

As before we have

2
1 n n2 \" 1
M, = - N
" f”( 2n2+1> 2n2+1<2n2+1> V2e

as n — oo. Hence convergence is not uniform on [0, 1] in this case.

e. Here the pointwise limit function is discontinuous, it takes the value 0 when = € [0, 1)
but the value % when z = 1. Each f,, is continuous on [0, 1] so convergence is not
uniform on [0, 1].

f. The pointwise limit is again the zero function (we can argue separately for z € [0,1)
and for x = 1) The function f,, satisfies |f,(z)| < 2™ < 5% for z € [0 1], while
|fa(z)] < 2 for z € [3,1]. These give uniform convergence on [0, 3] and [1,1]

respectlvely hence we get uniform convergence on [0, 1]. [ ]

Exercise 7.

Construct a sequence of functions (f,,: R — R) none of which are continuous at
x = 0, but such that (f,,) converges uniformly on R to a continuous function.

Solution. Take

1 ,eqQ;
n@»:{g o .
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,.[ Exercise 1. ]

Let y(t) = e with t; = 0. Then calculate the first few Picard iterates ¢,,(t) of the
corresponding IVP

v =y

y(0) =1

and check that it is converging to the well-known series expansion of e.

Solution. We have y’ = f(y,t) for f(y,t) =y and y, = y(ty) = 1. So ¢y(t) =1 and

t t 2
t
cpl(t):1+/ds:1+t; @2(t)=1+/(1+8)ds:1+t+5;
0 0
t 82 2 t3
g03(t)=1+/(1+5+—)ds=1+t+—+—.
; 2 2" 6

We know that e” = 3°°° . [ ]

Exercise 2. ]

Determine whether or not the real numbers %, %, 0.296296296 ... , 7 and \/75 lie in
the Cantor Set K C R.

Solution. To compute the ternary expansion of x = 8%, write

(2x3)+2 0 0 2 2 ‘
since there are no 1s, it follows that 88—1 € K.

For the ternary expansion z = % = 0.2, 293 ..., note that x; are given by iterating the
following procedure: multiply z by 3, record the integer part, take the fractional part,
and repeat. So % =y - T9T3 ..., and so z; = 0; then x3 gives 2% = % =Ty T3Ty ..., SO
Ty = 2, and % = 0.z32,4 .... Repeating forever gives ;11 = 0.0202020 ..., which therefore
lies in K.

For z = 0.296296296 ..., note that 103z = 296 + z, so z = % = 2%. The ternary
expansion is given by
2x3)+2 2 2

—+ — =0.02200...
57 9-1-27 0.02200... ,

xr=

so 0.296296296 ... € K.

For x = 7 and \/7§, follow the same procedure as for %. Soz = 7 = 0.785398 ...
implies that x; is the integer part of 3z = 2.35619..., and x4 is the integer part of
3 x 0.35619... = 1.0685.... Since 7 is irrational, 3z, ... cannot give 22... as othrwise
one would have 7 = 0.22. Thus any ternary expansion of 7 begins by 0.21 ..., and thus

T ¢ K.
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Similarly, z = ‘/75 = 0.866025 ... implies that x; is the integer part of 3z = 2.59807 ...,
and x, is the integer part of 3 x 0.59807... = 1.7942.... Since ‘/75 is irrational, x5z, ...
cannot give 22.... Thus any ternary expansion begins by 0.21 ..., and \/Tg ¢ K. [ ]

'_[ Exercise 3. ]
The set Av C K of averages in the Cantor Set is defined by

Av::{a;b‘a,beK,a#b}ﬂKgR.

ProvethatAv—{3m|1 m,1<k<3™k#0 mod3}ﬂK.

Solutz’on Let a,b € K have ternary expansions 0.a;a, ..., 0.b;b, ..., where a # b. Because

# 1 for any n, it follows that = ;b" = 0,1 or 2, and therefore that the ternary
a+b a‘n""
2

’I"L’ n
expansion of ¢ := has c,, . Moreover, there exists a least value of m for which
a,, #b,,, and so c = 1. In other words, ¢ = ¢ ... ¢,;,_1 ¢, ... With the ¢; € {0,2} for j <
m. Since ¢ € K, it admits a ternary expansion Wlthout 1. ThlS is possible if and only if ¢ =
€l e Cry 1€ 222 ... = €1 ... ¢y 12000 ... 0. But then ¢ = & for k = 2+¢,,, 1 3+++¢; 3™}
not d1v181ble by 3 This shows that Av - {3m | 1< m, 1 kE<3™ k#0 mod 3} NK

For the other inclusion, let ¢ = =% be in K for some k not divisible by 3. In other
words, ¢ = 0.¢; ...c,,_; with ¢; € {0 2} and c,,, = 2. We now construct a and b by:

Obj: j=m
b; =2 j>m.

L & 0
|

By construction, both a # b both belong to K. Finally, their average is

0.cy...c,, 10222 ... + 0.cq ... ¢, 12222 ...
2

=0.cy...c,,_1122... =¢

'_[ Exercise 4. ]

Let (X,d) be a metric space with a non-empty subset B C X and a point z € X.
Recall that the distance between z and B is defined to be

d(z, B) := inf{d(z,b) | b € B}.
a. Find an example with = ¢ B but d(z, B) = 0.

b. Show that if B is compact, then there exists b* € B such that d(z, B) =
d(z,b*).
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Solution.  a. Take x =1 and B = [0,1) € R. More generally, any 2 € B\ B will do.

b. By definition of the infimum, for any € > 0 there exists b, € B such that d(z,b,) <
d(z, B) +&. We can hence construct a sequence (b,) with d(z,b,) < d(z, B) + L.
By compacity, this sequence admits a convergent subsequence with limit b*. We
have d(z, B) < d(z,b*) < d(z, B) + 1 for every n and thus d(z, B) = d(z,b*). W

Exercise 5.

Recall that for A C X and € > 0, the e-neighbourhood of A is given by
A ={z e X |d(z,A) <e}.

Show that for non-empty compact subsets of X we have dg (A, B) < ¢ if and only
ifAC B, and BC A,.

Solution. We have dy; (A, B) = max{d(A, B),d(B, A)}, where d(A, B) =sup__, d(a, B).
If d(A, B) < ¢, then d(a, B) < € for all a € A and therefore A C B,. For the converse,
if AC B_, then d(a,B) < € for all a € A and therefore d(A, B) < . The problem here
is that we would like to have d(A, B) < e. This is true if A is closed as in this case the
supremum is attained.
Similarly, one have d(B,A) < ¢ if and only if B C A_. The formula for d (A, B)
follows. [ |

[ To go further

It is important that A and B are closed. Indeed, for A = [0,1) and B = (—1,0] in
R we have dg (A, B) =1 while A C B; and B C A;.

Exercise 6.

Consider the following five points in (R?2,d,):
Ty = (_37 1)7 Lo = (_3’2)7 T3 = (_15 1)) Ty = (37_1)7 Ts = (352)

Perform the k-means clustering algorithm setting k£ = 2 by using z; and z, as
your initial means.

Solution. If we draw the points in the plane, we can guess that the optimal solution for
two clusters will be {z,, 24,25} and {z,, z5}.
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Ty y Ts5
Ty T3
x
Ty
Let us now apply our algorithm starting with m:(ll) = z; and m(21) = Z5. We have
S£1) = {z,, 25,24} and Sél) = {z,, x5}, which gives m(ll) =(—1%,1) and m(22) =(0,2).
T Y m(zz) Zs
Ty T3
(2)
my
x
Zy

We have S§2) ={z,, 23,24} = S§1) and Sg) ={zy, 25} = Sél), so we stop here. The
solution we obtained is not a global optimal, which we could have reached if we had chosen
(1) (1)

my =z and my’ = x, for example. The global optimal solution (for two clusters) can
indeed by computed to be S; = {z1,z3,2,} and Sy = {z4, x5} with respective means
my = (—%, %) and my = (3,0.5). [ |

Exercise 7. ]

Let X be the set of points in Question 6. Calculate the relative distance between
{1, 29, x5} and {zy, x5}

Solution. We have S| = {z;,z9,23} and Sy = {z,,z5}. The relative distance between
S; and S, is given by:

1
N S RD(z ||y
(S [[52) ]51"|S2|x€51zﬂ;€s2 v

1
= E(RD(% | z4) + RD(2q || 75) + RD(xy || 4) + RD(zy || z5)

+ RD(z3 || 74) + RD(z3 || z5)),
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where RD(z || y) = d(z,y) — ZzeX d(z,y) — d(z, z). Using the table from Question 6
we find:

RD(z, |yx4)=2\/1_—§(1+2+2«/1_0+x/§)
RD(x1|yx5)=x/§—1(1+2+2x/E+x/§)

= Ot

RD(:c2|]:c4):3\/5—g(1+\/5+3\/5+6)
RD($2|]w5):6—%(1+\/5+3\/3+6)
RD(xg||x4)=2\/3—é(2+\/5+2\/5+\/ﬁ)
RD(xS|yx5):\/ﬁ—é(2+x/5+2\/5+\/1_7).

Finally,

RD(S, ]\52)=%(6+11\/5+6\/1_0+3\/ﬁ+3\/§). ]

Exercise 8. ]

Let C[0, 1] denote the metric space of continuous real-valued functions on the closed
interval [0, 1] equipped with the d,, metric. Show that the function 7: C[0,1] — R

defined by I(f) = fol f(x)dz is continuous.

Solution. We will prove that using the e-§ definition of continuity. Suppose that
dsup(f,9) < & for some 6. This implies that |f(z) — g(z)| < § for all z € [0,1] and
hence that

dup I(1),1(9)) = sup / UROLY
:z:e[O 1]
< sup / |f(t) —g(t)] de
z€[0,1]
< sup /5dt sup 6 =96
z€[0,1] z€(0,1]
We just proved that for any f € €[0, 1], I is continuous at f (by taking § = ¢). [ ]

'_[ Exercise g. ]
Let g € C[0,1] and let F': C[0,1] — C[0, 1] be defined by

1
Ply)(z) = g(a) + 5 / sin(at)y(t) dt.
0

Show that F is a contraction mapping and deduce that the equation y = F(y) has
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a unique solution in C[0, 1].

Solution. First of all, the continuity of y and g on [0, 1] (and of sin) implies that F(y) is
also continuous. So F' is a well-defined self-map. Now, let y; and y, be two functions in

%[0,1]. We have
z € [0, 1]},

where we used the fact that sin(zt) > 0 for all  and ¢ in [0,1]. Since we also have

sin(zt) < 1, we conclude that
z €0, 1]}
which shows that F is a contraction (with Lipschitz constant 1).
Since €[0, 1] is complete, we can use the Banach’s Contraction Mapping Theorem
to conclude that F' has a unique fixed point. In other words, the equation y(z) =

9(z) + 3 fol sin(zt)y(t) dt has a unique solution in €0, 1]. [ |

1
Asup(F (Y1), Fys)) = sup{§ / sin(zt)|y, (t) — yo(t)| dt
0

1
dsup(F(y1)7F(y2)) < dsup(y17y2) : Sup{/ Sin(xt) di
0

N~ N~

dsup (yl » Yo ) )

<
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