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Foreword

These notes are a work in progress. They are still plenty of typos (and hopefully few
mistakes). If you see some, please let me know by email or directly via learning mall and
I will correct them.

Things might be presented in a slightly different way than what was done in class, or
in a different order.

[ To go further L

In these notes, you will see a few black boxes like this one. These are meant for
the interested reader that wants to know more and can be skipped without harm.
They are not necessarily be meant to be read in a first reading, but are here to
provide more details if you come back to read these notes in the future.

The content that is written inside these “To go further” boxes will NOT be in the
exam.

,[ Theorem o.1. ]

Blue boxes are for theorems.

,_[ Definition o.2. ]

Green boxes are for definitions.

Standing assumption

Yellow boxes are for standing assumptions for chapters.

Remark o.3. ]

Red boxes are for remarks.

Some passages are designed to forewarn the readers against serious errors, where
they risk falling; these passages are indicated in the margin with the “dangerous
bend” sign.

I am indebted to Hang Chen for his careful proofreading of this manuscript. Pietro
Sgobba, Luca Demangos, Yanlin He, Yifan Chen, Gaoming Zhang, Yu Lu, Ziheng Yu,
Jiahe Hai, Lyutong Lu, Qinfan Song and Haopeng Yang also contributed to significantly
reduce the number of typos. These notes would not have been the same without their
comments. The above list is likely not exhaustive and I apologise to those I have omitted.
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Symbols

N natural integers including 0: N ={0,1,2,...}
Z relative integers: Z ={...,—2,—1,0,1,2,... }
Q rational numbers: Q = {% ‘ p,q € Z,q+ 0}
R real numbers
C complex numbers: C = {a + bi| a,b € R,i*> = —1}
F field (for example: Q, R or C)
Table 1: Important sets.
a,A alpha v,N nu
B,B beta £, =2 xi
v,I'"  gamma 0,0 omicron
6,4 delta w, II pi
e, E epsilon p, P rho
(,Z zeta 0, sigma
n,H eta 7,7 tau
0,0 theta v, upsilon
t,I  iota p,® phi
k,K kappa X, X chi
A, A lambda Y, ¥ psi
w, M mu w, {2 omega

Table 2: Greek letters. Except for X' and I (to denote respectively sums and products),
we will not use the capital greek letters, only their lower case versions.
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1 Reminders about sets and functions

In this chapter we will see a few reminders about sets and functions (also called maps).
These notions should be familiar to you, at least naively, but maybe not in a formal way.

1.1 Sets

Set theory is one of the cornerstones of modern mathematics, and algebraic objects
are often defined as sets with some extra-structure on them. Modern set theory is an
axiomatic theory that might seem impressive at first sight, and which is indeed complex.
Hopefully for us, we will not need the full strength of set theory and a naive set theory
will be enough for our project to understand vector spaces.

Let us fix a few notations as well as some important concepts. Heuristically, a set is a
collection of object. We write z € X to say that z is an element of the set X, or that =
is in (belongs to) X. By definition, two sets X and Y are equal if and only if they
have the same elements. In formula:

(X=Y) < [Vz:zeX < z€Y]

We use the notation {x} to describe the set consisting of exactly the element z, and more
generally {z,,...,z,} for the set containing the elements z, to z,,.

One important point to remember, is that sets are unordered collections and cannot
contain multiple copies of the same elements. So {1,2} = {2,1} and if we add 1 to the
set {1,2}, we still have {1,2}.

Sets can contain any mathematical object, not only numbers. For example, {f: z > 2z,
m,1,y,N} (where f is a function from R to R) is a perfectly well-defined set. Sets can
even contains other sets! For example, {1,{a,b,c}} has two elements: 1 and the set
{a,b,c} (which itself has 3 elements).

There exists a specific set with no-elements: the empty set

zi={}.

Remark 1.1.1. ]

The notation z := y means that we are defining the left-hand side has being equal
to the right hand side. In particular, the symbol := can only be used if the left-hand
side of it was not already defined.
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Definition 1.1.2. ]

J

If a set X is finite, we define its cardinality #X = |X| to be its number of
elements.

The empty set is the only set with 0 elements.
If we are given two sets, we can compare them. We say that X is a subset of Y if
every element of Y also belongs to Y:

(XCY) < (Vz:zeX = z€Y).

One easily shows that for any sets X, Y and Z one have

1. X C X, (reflexivity)
2. X =Y if and only if both X CY and Y C X; (antisymmetry)
3. If both X CY and Y C Z, then X C Z. (transitivity)

So C is what we call an order relation. The empty set has the particularity to be
contained in every set: @& C X for any set X. In other words, & is the smallest element
for the relation C.

[ To go further L

In view of the above, it is natural to ask: does there exist a set V containing all
sets? Equivalently, does there exists a biggest elements for the relation C? A first
guess would be to define V' has the “collection” of all sets.® Sadly, this does not
work as V' is too big to be a set. The proof of this is done by contradiction, but
needs a bit more of formal set theory to be carried out.

*V is called a von Neumann universe, which is named after John von Neumann (1903-1957).

Not only can we compare sets, we can also make operations on them. Given two sets
X and Y, we can construct their intersection X NY which is the set containing exactly
the elements that are both in X and in Y:

(xeXNY) < (zeXandzey).

We can also construct the union X UY which is the set containing all elements of X
and all elements of Y:

(zeXUY) < (z€eXorzeY).

Union and intersection are conveniently represented by Venn diagrams." See Figure 1.1

Example 1.1.3. Let X = {0,2,4,6,...} be the set of even integers and let Y =
{0,3,6,9,...} be the set of non-negative multiple of 3. Then X NY = {0,6,12,...}
is the set of non-negative multiple of 6, while X UY ={0,2,3,4,6,8,9,10,12,14,... }.

'From the mathematician John Venn (1834-1923).
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XxXny XUY

Figure 1.1: Intersection and union of two sets.

Exercise 1.1.4. Let X = {1,z, f} and let Y = {=,{1},1,z}. Write the elements of
XUY andof X NY.

Remark 1.1.5. ]

J

For any sets X and Y we always have XNY C X C X UY.

It is useful to be able to construct new sets from old ones. An easy way to do this, is
to start with two sets X and Y and construct the new set {X,Y} whose elements are
exactly X and Y. One can of course repeat this construction for any finite numbers of
sets. That is start with X, .., X,, to construct {X,..., X, }.

Another powerful way to construct a new set is to start with a set X and with a
“property” ¢(x) that can be true or false of its elements and to look at the subset of X
containing all elements x such that ¢(z) is true. This new set is denoted by {z € X |
o (@)}.

(ye{reX|p(x)}) < (y€ X and ¢(y) is true).

For example,
{neN|JaeN:a®>=n}=1{0,1,4,9,16,25,... }

is the set of squares of integers.

Another useful way to produce new sets is the product operations. Before introducing
it, we need a new notation. (x,y) represents an ordered pair. The most important
property of ordered pairs is that

((z,y) = (a,b)) < (z=aand y="0).

So (z,y) # (y,x), unless z = y.

Definition 1.1.6. ]

Let X and Y be two sets. Their product (also called Cartesian product?) is
the set

XxY: ={(z,y)|ze X,yeY}.

2Named in honour of René Descartes (1596-1650).
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[ To go further L

Other operations on the sets X and Y are possible: X minus Y: X\Y := {z € X|
z ¢ Y}), Y\ X and the symmetric difference X AY := (X \Y)U (Y \ X).

X\Y Y\X XAY

By looking at the Venn’s diagram of X and Y, we see that we have 23 = 8
possibilities for the result of an operation on X and Y. These 8 possibilities are
realised by @, X, Y, XUY, XNY, X\Y, Y\ X and X AY. So our list of
operations on two sets is exhaustive.

1.2 Functions

Now that we have a rough idea of what is a set, it is time to understand what is a
function between two sets.

,[ Definition 1.2.1. ] <

Let X and Y be two sets. A function, or map, f from X to Y is a procedure
that attribute to every element z € X a unique element f(z) € Y. The set X is
the domain of f and Y is its codomain.

The subset

Im(f) = f(X) = {f(z) |z € X}
={yeY|IrxeX: flr)=y}CY

is called the image (or range) of f.

To denote a function f, we often use one of the following notations

[+ X—Y or Xi>Y

To save vertical space, one also write f: X — Y,z f(z) for the above function. We
can also represent a function f by a picture. For example, for X = {1,2,3,4} and
Y ={a,b,c}.
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Figure 1.2: The function f: X — Y defined by f(1) = f(2) = a and f(3) = f(4) = b. No
element of X is sent onto c.

,.[ Remark 1.2.2. ]

A function f: X — Y is defined by 3 things: its domain X, its codomain Y and
by what it does on elements of X. That is, two functions f and g are equals if
they have the same domain X, the same codomain Y and if for all x € X one have
f(@) = g(a).

For example, the functions f;: R — R,z = 22, f,: R.g > R,z 2 f3: R—
R,z z? and fy: Ryy — Ry, z = 22 are not equal because they do not have
the same domain and codomain. This is very important and has real consequences.
Indeed, f, is bijective, f; is surjective but not injective, f, is injective but not
surjective and f; is neither injective nor surjective. See Definition 1.2.11 for a
formal definition of injectivity, surjectivity and bijectivity.

As we have seen, sets cannot contain multiple copies of the same element. If we want
to allow for repetition, we need to use families, or lists, which we can describe using
functions.

Definition 1.2.3. ]

J

Let X be a set. A family of elements (z,),c; of X is a function a = z,, from a
set I (called the index set) to X. If I = {1,...,m} then this is simply the ordered
list (z1,...,2,,)-

Observe that in a family (z,),c;, the z, are not necessarily distinct. Whenever the
x,, are pairwise distinct, we sometimes identify (z,),c; and the set {z,},c; € X. We
will often make the slight abuse of notation and say that x is an element of the family
(o) qer to mean that there exists an index o € I such that z = z,,.

If X CY, then we have a special function called the inclusion defined by

1 X —Y
x> 1(z) =z,
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Since the empty set is a subset of every set X, we always have a function v: @ < X.
If f: Y — Z is a function and X C Y is a subset of Y, then f is also defined on X.
We can therefore define the restriction of f to X as the function

flyX—2Z2
7 f] (@) = f(@).

The only difference between f: Y — Z and f| i X — Z is that they do not have the
same domain.

Example 1.2.4. The function
f+Z—R
n+ 2n

is the multiplication by 2 on relative integers. So f(13) = 26. Observe that the domain
of f is Z. In particular, f(0.5) and f(w) are not defined! The function

T+ 2x

is also the multiplication by 2 (same “rule” as f) but is this time defined on all non-negative
real numbers. So g(7) is well-defined, but not g(—2). If we define

h: R— R
T — 2x,

then we have f = h[, as well as g = h|, .
>0

'_[ Remark 1.2.5. ]

In general a function does not need to be described by a nice rule as in the above
examples and can be an arbitrary assignment.

,[ Definition 1.2.6. ]

f g
Given two functions X — Y and Y — Z we can define their composition go f
as the function

gof: X —Z

z = (go f)(z) = g(f(x)).
We can summarise this by saying that the following diagram commutes

xt1syv_92y7

\_/r

gof
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Restriction of a function can also be described in term of composition of function. See
the following commutative diagram.

y L2

In other words, we have f| x = f ot where t: X & Y is the inclusion function.

'_[ Remark 1.2.7. |

J

Commutative diagrams are important tools of algebra. They allow us to easily
visualise equalities between functions.

A diagram is a directed graph of sets and functions between them. A diagram is
said to be commutative if for any two sets X and Y, any two directed paths p
and ¢ from X to Y are equal: p = q. For example, in the above diagram there
are two paths foi and f| X from X to Z. For any other two choices of sets D, E
in {X,Y, Z} there is at most one path from D to E. So this specific diagram is
commutative if and only if foi = f| <

Observe that g o f is defined only if the codomain of f is equal to the domain of g. In
practice, if the codomain Y’ of f is contained in the domain Y of g we will sometimes
make a slight abuse of notation and write g o f for g|Y, of=gotLof:

,.[ Remark 1.2.8. ]

Be careful about the order: (go f)(z) = g(f(z)) means we first apply f to = and
then we apply g to f(z).

This is especially important as the composition of functions is not commutative.
Firstly, the fact that g o f is well defined does not imply that f o g is. Indeed,
let f: R? - R, (z,y) — = be the projection onto the first coordinate and let
g: R — R,z — 2x be the multiplication by 2. Then go f: R?> = R, (z,y) — 2z,
but f o g is not defined.

Secondly, even if both go f and f o g are well-defined they do not need to have
the same domains and codomain. For example, let f be as above and let h: R —
R?,z + (z,z) be the diagonal embedding. Then ho f: R? = R2, (z,y) — (z,z)
while foh: R - R,z .

Finally, even when go f and f o g are well-defined and share the same domain and
codomain they do not need to commute. For example, let g be the multiplication
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by 2 as above and let k: R — R,z + z+ 1. Then both gok and ko g are functions
from R to itself. However, (gok)(z) = 2(z + 1) = 2z + 2 while (ko g)(z) =2z + 1.

The composition of function is associative: (hog)o f is defined if and only if ho(go f) is
defined, in which case they are equal. Indeed, both ((hog)e f)(z) and (ho(ge° f))(z) are
equal to (h(g(f(z)))). When (hog)o f (equivalently ho(go f)) is defined, we simply write
hogo f for it. Associativity of composition of functions is equivalent to the commutativity
of the following diagram:

he(gef)

Definition 1.2.9. |

J
For any set X we have a special function, the identity function Idy: X — X
that does nothing: Id y(z) = z for every z € X.

The identities functions are identities for the composition of functions as demonstrated
in the following lemma.

Lemma 1.2.10. For every function f: X — Y we have foldy = f =1Idy of.

Proof. Let = be any element in X. Then (f o Idy)(z) = f(Idy(z)) = f(z) while
(Idy o f)(z) = 1dy (f(2)) = f(x). O

Lemma 1.2.10 is equivalent to say the following two diagrams are commutative:

x o x foy oaad xSy My

~_ ~_

f !

We can even summarise the two equalities f o Idy = f =Idy of in a single commutative
diagram:
f

> X > Y > Y.

\—/ Idy

The following are important properties that a function can possess or not.
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,.[ Definition 1.2.11. ]

Let f: X — Y be a function. It is injective (or one-to-one) if for every z; # z,
in X we have f(x;) # f(z,). This is equivalent to say that if f(z,) = f(x5) then
x, = x4. Equivalently, for every y € Y, there exists at most one x € X such that
f(z) =y. We usually use the notation f: X < Y for injective functions.

The function f is surjective (or onto) if for every y € Y there exists at least one
xz € X with f(z) = y. Such an z is called a preimage of y. We usually use the
notation f: X —» Y for surjective functions.

Finally, the function f is bijective if it is both injective and surjective. This
is equivalent to say that for every y € Y there exists a unique z € X such that
f(z) = y. To denote a bijective function, we naturally use the notation f: X <» Y.
We write X ~ Y to say that there exists a bijection between X and Y, without
having to specify the function.

\. J

An injective function is sometimes called an embedding. If X is a subset of Y, then
the inclusion function ¢: X < Y is injective.

,.[ Definition 1.2.12. ]

A function f: X — Y is invertible if there exists a function ¢g: ¥ — X such that
go f=1Idyx and fog=1dy. Such a function g is called an inverse and is written

.

\. J

'_[ Remark 1.2.13. ]

J

For g to be an inverse of g both equalities go f = Idy and f o g = Idy need to be
satisfied.

Example 1.2.14. Let f: R2 = R, (z,y) = z and h: R — R2,z > (z,z) be the maps
from Remark 1.2.8. Then foh =Idg but ho f # Idg2. So h is not the inverse of f.

Inverses satisfies the following useful properties.
Lemma 1.2.15. If f: X — Y is invertible, then

1. f has a unique inverse;

2 (fY) =1

8. If f+ X >Y and g:' Y — Z are two invertible functions, then go f: X — Z is
invertible with inverse (go f)™' = flog™t: Z — X.

Proof. Suppose that g, h: Y — X are two inverses for f. Then go f o h is a well defined
function from Y to Y and we have

g:gOIdXIQOthZIdYOhZh

The second statement directly follows from the definition.
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The last statement is a straightforward verification: (go f)o(flog™!) = goldyog™! =
gog ! =1Id, and similarly (f1og1)o(gof) =1Idy. O

Whenever there exists an invertible function f: X — Y we consider them similar as
sets, as any “set property” that is true for X is also true for Y and vice-versa. For
example, {1} and {2} are not equal (they do not have the same elements), but they
behave similarly for any set property (they both have exactly one element, if Z is a set
then there exists an injection Z < X if and only if there exists an injection Z < Y',...).

In view of the above, invertible functions are fundamental and it is important to
understand them. Luckily, it turns out that they are nothing more than bijections.

Theorem 1.2.16. ]

A function f: X — 'Y is a bijection if and only if is invertible.

Proof. “=7"By bijectivity of f, one can define a function g: ¥ — X by
g(y) := the unique x such that f(z) =y.

This directly implies (feog)(y) =y forally € Y and (go f)(x) =z for all z € X, so g is
the inverse for f.

<"Let y be any element of Y. Then f~!(y) belongs to X and f((f*(y)) = y, proving
surjectivity of f. Now, let z; and x, be two elements of X such that f (xl) ( 5)- By
applying f~! on both sides we obtain z; = (f~1o f)(z;) = (f ! o f)(x4) = 25, proving
injectivity of f. O

For finite sets, we have a useful characterisation of bijectivity.

Lemma 1.2.17. Let X and Y be two finite sets with the same cardinality #X = #Y,
and let f: X =Y be any function. The following are equivalent:

1. f is bijective;
II. f is injective;
III. f is surjective.

Proof. By definition f is bijective if and only if it is both injective and surjective. So all
we have to do is to show the equivalence of II and III.

Let f: X — Y be any function between any sets. For any y € Y, define S(y) := {z € X|
f(z) = y}, the preimage of y (S(y) is empty if y is not in the image of f). We have
Uer S(y) = X, because every element of X is mapped to some element of y. Moreover,
since f is a function, S(y) N S(y’) = @ if y # ¥’ (every element has a unique image). So
the union is a disjoint union: Uer S(y) = X Let N(y) = #S(y), so N(y) is the number
of elements in X that are mapped to y. By the above, Zer N(y) = #X.

Surjectivity of f is equivalent to N(y) > 1 for all y € Y, while injectivity is equivalent
to N(y)<lforallyeY.

10
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If #X = #Y, then EyEY N(y) =#Y. So N(y) > 1 for all y € Y if and only if they
are all 1, if and only if N(y) <1 forally €Y. O

Remark 1.2.18. ]

Lemma 1.2.17 does not hold for infinite sets. For example, the function s: n — n+1
from N to itself is injective but not surjective. The function p: N — N defined by
p(0) =0 and p(n) =n — 1 if n > 1 is surjective but not injective.

If the codomain of a function f coincides with its domain, we can compose f with
itself.

'_[ Definition 1.2.19. ]

Let f: X — X be a function whose codomain is equal to codomain. For k£ € N
positive we define

fEi=fowof.
e
k times

This is still a function from X to X. We also define f*:=1dy.

J

It follows from associativity that for m and n in N we have (f™)" = fm*t" = frtm =
(fmm.

If f is an invertible function, it is unclear how to define f~2. We can choose to define
it as (f~1)? (the square of the inverse of f) or as (f?)~! (the inverse of f2). Luckily these
two quantities are equal.

Lemma 1.2.20. Let f: X — X be an invertible function and let g = f~1 be its inverse.
Then for any integer k, the function g* is the inverse of f*.

Proof. The proof is by induction.

The property is true for k = 0 (as both f° and ¢° are equal to Idy) and for k =1 (by
definition).

Now, suppose that k£ > 2 and that the proof property is true holds at £k — 1. Then
gofk =g lgffFl = g 1Idy A = gF 1 fEL = Idy. Similarly, f¥¢* = Idy. So ¢* is
the inverse of fk. O

Definition 1.2.21. ]

Let f: X — X be an invertible function whose codomain is equal to codomain.
For k € N positive we define

Fr= (= ()

Corollary 1.2.22. Let f: X — X be a function whose codomain is equal to its domain.
Then

1. Ymyn e N: (f7)» = fmn;

11



1 Reminders about sets and functions

2. If f is invertible, then VYm,n € Z: (f™)" = fm™n;

Since functions from X to Y play an important role, we gave a name to the set of all
such functions.

'_[ Definition 1.2.23. ]

If X and Y are two sets, then we define

YX:={f|f: X =Y is a function}

to be the set of all functions from X to Y.

The notation comes from the fact that if X and Y are finite sets, then #(YX) =
(#Y)#X),

[ To go further

The notation YX is one of the reasons for the convention 0° = 1. Indeed, we have
0 = # and there is a unique function from & to & (the empty function that does
nothing). So #(@?) = 1 and we want this to be equal to (#&)#2) = 00,

12



2 Vector spaces

The aim of this chapter is to define vector spaces and start the study of their properties.
We will start with reminders on R? and R3, generalise to R™ and finally see the definition
of an abstract vector space.

2.1 First examples

Before introducing the abstract definition of a vector space, we review some examples
from high-school and introduce some straightforward generalisations of them.

2.1.1 R™ as a vector space

You probably already now the spaces

e (i

It is natural to generalise this construction for any n € N:

x
ac,yER} and R? := Yyl |z,y,2z € R
z

L1
n ) .
R" := S|z, eRforiec{l,..,n}
x’n
In order to save space, we will sometimes use the notation [z,y]" := [5] and similarly

for elements of R® and R™.

Remark 2.1.1 (On the notation of vectors).

Some people prefer to use parenthesis instead of brackets and write (;) for [?ﬂ
It is also possible to use the horizontal (list) notation {(z,y) | =,y € R} for R2.
The horizontal notation (z,y) and the vertical notation [y] are of course equivalent
and both notations have their merits.

The vertical notation is useful for the matrix-vector product and is often used in
geometry. The horizontal notation agrees with Definition 1.1.6 (Cartesian product)
and with the notations for the forthcoming generalisations R™ and RS, see
Examples 2.2.9 and 2.2.10. We will usually use the vertical notation [;ﬂ = [z,9]",
but we might also use the horizontal one when more appropriate.

13



2 Vector spaces

Observe that R! ~ R, while R has only one element (the empty list). To simplify the
notation, we will sometimes simply write  to denote the element [z, 2, ...,,]" € R",
and we will call such an element x € R™ a vector. Some authors use the notation Z or
x (a boldface z) for the vector x.

So far, R" is just a set. To make it more interesting, we will endow it with some
operations. Given two elements [z, T, ..., 2,]T and [y;,Ys, ..., Y] in R™ we define their
addition by

Zq Y1 Ty + Y
Pltme| | = : ,
z, Yn, T, +Y,
Where the + on the right hand side is the usual addition of real numbers.

Now, if [z1,Zs, ..., 2,]" is an element of R and A € R is a real number, we define the

scalar multiplication by
xq Az
Apo| =1 ¢ |,

z, Ax,,

where the Az, are the usual multiplication of real numbers. Be careful that we only
defined X ‘gn [Ty, 29, ...,7,]" and that [z,,2,,...,7,]" g« A is not defined.

Remark 2.1.2. ]

In practice, we will often simply write + instead of +g . and - instead of -g». We will

even often simply omit - and simply write Az, Ty, ..., ®,]T for A\-gn [, Tg, ..., 7,] "

The operations + and - we just defined on R"™ generalise the familiar operations on R,
R? and R2.

For n € {1,2,3} we can interpret geometrically vectors of R™ as arrow in the Cartesian
line/plane/space. As demonstrated in Figure 2.1, we use {(z,y) | z,y € R} for the
Cartesian plane. A dot at coordinate (z,y) represents a point in {(z,y) | z,y € R}.
A vector [z] is represented by an arrow from the origin (0,0) to the point (z,y), see
Figure 2.1.

Figure 2.1: Representation of the vector [ﬂ as an arrow from (0,0) to (2,1).

With this representation, one can interpret geometrically the operation + and -, see
Figure 2.2. For A - v, simply take the arrow representing v and multiply its length by A.
In particular, if A < 0, then Av goes in the opposite direction as v. For v+ w, we complete

14



2 Vector spaces

the parallelogram formed by the arrow representing v and w and take the diagonal arrow
from (0,0) to the newly created vertex of the parallelogram.

T Yi| 4':1+L'/1
] B
2[21] = [52]
w| [ o ] =
. zq
T2 [i;] Ty [“’2]
(0,0) Y1 T 1+ (0,0) zy 21y

Figure 2.2: Addition and scalar multiplication (by 2) R2.

For n > 4, we cannot draw pictures anymore and it is thus not possible to visualise
vectors in the real world. But this does not mean that we cannot use R™ with n > 4
to solve real world problems. For example, modern machine learning use n > 1000
(n = 2048 for ChatGPT 3).

We have constructed (R",+,-) = (R™,4+gn, g»). The operations + and - satisfy some
useful properties that turns R™ into a real vector space.!

Proposition 2.1.3. The following properties hold for (R™,+,-).

1. Ve,y,z€ R": (z+y)+z=z+ (y+ 2); (associativity of +)
2. I0gr» € R, Vz € R" : Ogn + = = x; (existence of a neutral element for +)
3. VeeR", 3z’ e R": x + 2’ = Ogn; (existence of an inverse for +)
4. Ve,ye R":x+y=y+ux; (commutativity of +)
5. Vee R": 1 -2 =ux; (1 € R is the left identity for -)
6. Vi ue R Ve R": (A\u) -z =X (u-x); (compatibility of multiplication)
7. VNP ER VT ERY : (Adgpp) 2=z +gn - T; (right distributivity)
8 VAER,V,y € R" : X\ (T4+Rgny) = AT +ga A y. (left distributivity)
Proof. Let Ogn := [0,0,...,0]" and for z = [z,,...,2,]T € R" let 2’ := [~x{,...,—x,] .

Then the proof of the properties are just easy (but fastidious) verification. We will just
verify the first property and leave the verification of the other ones to the reader.
So let z = [zy,...,2,]" € R" and y = [y;, ...,4,,]" € R" be two vectors. We have

T+ Y+
r+y= : = : =y -+,
T, +Up Yn + Ty

*We will formally define vector spaces in Definition 2.2.2.
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2 Vector spaces

where the first and third equalities are by definition, and the second equality is the
commutativity of the addition in R. O

We will usually write 0 for Og» and —x for the element z’ in Item 3.

Remark 2.1.4. ]

One important moral of Proposition 2.1.3 is that the operations +z» and ‘g»
behave well with respect to the usual addition and multiplication on R. This is
what allows us to safely drop the index R™ and write + instead of +gx.

2.1.2 Getting complex: C"
Recall that the field of complex numbers is defined by

C:={a+1bi|a,beR},

where i is a symbol not in R. One can define addition and multiplication of complex
numbers by:
(a+bi) 4+ (c+di):=(a+c)+ (b+d)i
(a +bi) - (c+di) := (ac — bd) + (bc + ad)i.
As usual, we will usually drop the index C and simply write + and -, or even simply

(a + bi)(c + di) for the multiplication. By definition of the multiplication, we have
2=—1+0=—1.

[ To go further L

The addition of complex numbers is done component-by-component and is quite
natural. It correspond to the addition of vectors in R%. The definition of multipli-
cation might seem a bit bizarre at first sight. It has two justifications.

The first justification is the existence of a square root of —1. Indeed, if we impose
the relation i = —1, and want - to be distributive over the addition, then
(a + bi)(c + di) = ac + bd(i?) + bci + adi = (ac — bd) + (bc + ad)i. One can later
verify that (C, +,-) is a field, see Appendix 2.1.

The second justification is to start with R? and try to define a multiplication on
vector that generalises the scalar multiplication Av and behave “nicely”, that is
that turns (R2,+,-) into a field. It turns out that the only way to do this is to
define the multiplication as we did. This is known as the Frobenius® Theorem. If
n > 3, then it is not possible to define such a nice multiplication on R"”. But, see
Subsection 2.2.1 ...

“Ferdinand Georg Frobenius (1849-1917).

Given m € N, we define C™ := {[z,, ..., 2,,]" | z; € C for j € {1,...,m}}. Elements of
C™ are also called (complex) vectors. It is then possible to define 4+ the addition
of vectors and -o the scalar multiplication of a vector by a complex number A € C
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2 Vector spaces

similarly to what we did for +g~ and -gm. These operations turn (C™, +cm, -am) into
a complex vector space.> That is, (C™, +am, cm ) satisfies Proposition 2.1.3, except
with all instances of R replaced by C.

2.2 Definition and first properties

We will now generalise the previous examples and give an abstract definition of vector
spaces. We will then investigate a few properties that directly follows from the definition.

2.2.1 Abstract vector spaces

Most of the results we will learn are common to R and C. We will therefore use a
unified notation and write F for either of them. The letter F stands for field, which
intuitively is a set where we can “add” and “multiply” elements, but also “substract”
or “divide” (except by 0) them and where these operations are subject to some axioms
which ensure that they behave similarly to R and C. In particular, in a field addition
and multiplication are commutative and we always have a “0” element (0 + z = z and
0x =0 for all z € F) and a “1” element (1z = z for all x € F). For example, (R, +, ")
and (C,+, ) are fields, but (Q, +, ) is also a field.

Example 2.2.1. The following are NOT fields: (Z,+,-) (we cannot divide 2 by 3),
(R~g,+, ") (we cannot substract 7 from 5).

The vector space (R3,+,) is NOT a field. Indeed, one can naively try to define the
multiplication component-wise by [z, Zo, 23] [y, U2, ¥3]T = [¥1Y1, ToYs, 3y3] T, but then
it is not possible to divide by (the non-zero element) [1,0,0]".

[ To go further

The interested reader can find the formal definition as well as a few elementary
properties of fields in Appendix 2.1.

Given a field F, one can mimic the construction of (R™,+,:) and (C",+,-) and
construct (F", 4+pn, -pn) which will satisfy Proposition 2.1.3, except with all instances of
R replaced by F.

As we have seen, Proposition 2.1.3 is satisfied by all of (R",+,-), (C",+,-) and
(F™, +gn, -gn). We will use it to define an abstract vector space.

,.[ Definition 2.2.2. ]

Let F = (F,+p,g) be a field (for example, R or C). A F-vector space (or
simply a vector space) is a set V' endowed with two operations:

+y: VXV —=V viFxV —V
(v, W) F= v+ w (A, 0) = Ay v,

*We will formally define vector spaces in Definition 2.2.2.
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2 Vector spaces

satisfying the analog of Proposition 2.1.3. Formally, (V,+,,) is an F-vector
space if the following axioms are true:
(1) Yu,v,w €V : (u+y v) +y w=u—+y (v+y w); (associativity of +y,)
(2) 30y, e V,Yo eV : 0y +y v=u; (neutral element for +,)
(3) YoeV, I €V :v+y v =0y, (inverse for +y,)
(4) Vu,v e V:iv+yv=v+4y y; (commutativity of +,)
(5) VoeV 1 v v=u; (1g € F is the left identity for -y,)
(6) VA pueFYoeV:Agpp) o=y (uyo); (compatibility of -)
(7)) V\peFYveV :A+gpu) yv=Ayv+y p-yo; (right distributivity)
8) VAeF,Vo,weV: Ay (v+ypw)=A-pv+y A-pw.  (left distributivity)
Elements of V are called vectors (or points) and elements of F are called scalars
scalars. We say that 4, is an addition and -y, a scalar multiplication.

As usual, we will respectively write +, - (or simply Av), 0 and —v instead of +,, -y,
0y and v" from Axiom (4). When + and - are clear from context, we will write V' instead
of (V,+,-).

We will usually write v —w for v+ (—w), u+ v+ w for v + (v+w) = u+ (v+ w) and
Apw for (Ap)v = A(pw).

[ To go further

The fact that (V, +,,) satisfies Properties (1) to (4) means that it is a commutative
group. Commutative groups, and more generally groups, are very important
objects of abstract algebra.

Definition 2.2.2 might seem quite abstract, but it is its strength. Indeed, this allows us
to treat, in a unified way, many examples coming from various branches of mathematics
as the space of polynomials, the space of (continuous) functions from R to R, the space
of solutions of a given ordinary differential equation and many others.

Remark 2.2.3. ]

The base field F matters! Indeed, V = R is a R-vector space, but not a C-vector
space. On the other hand, V = C is both a R-vector space and a C-vector
space. However, will see later (Remark 2.4.42) that C has “R-dimension” 2 but
“C-dimension” 1.

In order to better understand the abstract definition of a vector space, we will now
present many examples.
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Example 2.2.4. For any field F, the set {0} is an F-vector space. It has only one
element, 0 and we have 0 +0 =0 and A0 =0 for all A € F.

Example 2.2.5. If F is a field and n € N a non-negative integer, then F"™ is an F-vector
space (with FO = {0}).3

Example 2.2.6. Let V and W be two F-vector spaces. Define + and - component-wise
onV xW:

(v, w1) + (vg, wy) := (V] + Vg, Wy + Wy)
A (v,w) = (Av, Aw).

Then (V x W, +, ) is an F-vector space, is called the product of V and W. We sometimes
write V @ W for this space, in which case we call it the direct sum.

We have F" x F™ >~ Fntm,

Example 2.2.7. For F a field, let FN := {(z4,2;,...) | z; € F for i € N} be the set
of infinite sequences of elements of F, with addition and scalar multiplication defined
component-wise:

(g, Ty, ) +En Yo, Y1, ) = (Tg + Yo, Ty + Y1, ),
)\ 'FN (mo,xl, ...) = (Axo,A./L'l, ...).

Then (FN, +,) is an F-vector space.

Remark 2.2.8. ]

Some authors use the notation F> for FN. However, other authors use F> for
F(™N) from Example 2.2.10. These two spaces, FN and F™N  are very different and
should not be confused.

Example 2.2.9. Let S be a set and let F be a field. Recall that F* = {f: S — F} is
the set of functions from S to F. We can endow F*° with point-wise addition and scalar
multiplication. That is, for f,g € F¥ and X € F, the functions f +ps g and X -ps f are
defined by
(f +rs 9)(s) = f(s) +r 9(s),
(A-ps f)(s) = Af(s)

for every s € S. Then (F¥,+,) is an F-vector space. We also use the notation [ s F for
this space and call it the product of copies of F.

Proof. Let us verify some of the axioms. For example, we need to prove the equality
f+9=g+ f. We know that two functions are equal if and only if their values agree on

3F0 >~ {0} means that the spaces F° and {0} are isomorphic, see Definition 3.1.40. Intuitively, it means
that they are similar as vector spaces.
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every element of the domain. For every s € S, we have

(f+9)(s) = f(s)+g(s) (definition of +ps)
=g(s) + f(s) (commutativity of +5)
=(g+ f)(s) (definition of gs)

and hence f+g=g+ f.

Let Ops: S — F be the constant function 0, that is 0(s) = O for all s € S. One easily
verify that for any s € S one has (f + Ogs)(s) = f(s) + 0 = f(s), so Ogs is the zero
element of F¥.

For f € FS, define —f: S — F by (—f)(s) == —p(f(s)). One can then check that for
every s € S we have

(f+ (=)= f(s)+—F(s)=0

and so f+ (—f) = Ops. The (elementary but fastidious) verification of the other 5 axioms
is left to the reader. O

If S is finite, then F¥ =~ F#9. In particular, F2 =~ {0}. If S is countable (for example,
S=11,2,...,}), then F¥ >~ FN,

Vector spaces of the form F* include all examples we have seen so far. But not all
vector spaces are of this form.
Example 2.2.10. For F a field, let F™N) := {(2y,2,,...) | Vj € N : r; € F,x; =
0 for all but finitely many j} be the set of finitely supported infinite sequences of elements
of F, with addition and scalar multiplication defined component-wise. Then FN)
F-vector space.

is an

Another important example is the space of polynomials. Let us recall its definition.

,.[ Definition 2.2.11. ]

Let F be a field. A polynomial (with coefficient in F) is an expression of the
form

p= p(w) =g+ ax + a2x2 + -+ a,z"

where n € N is an integer and z is a formal variable. The a; € F are called the
coefficients of p.

If p(x) = ag + ayz + -+ + a,2™ with a,, # 0, we define its degree deg(p) to be n.
We set the degree of the polynomial 0 to be deg(0) := —o0.

We write P(F) for the set of polynomials with coefficients in F. For a fixed
n € N U {—oo}, we write P(F),, for the set of polynomials of degree at most n.

J

To simplify the writing, we usually omit the component a,z* with 0 coefficient a;, = 0. In
particular, we make the identification ay+-+-+a, " + 02" +--+0z"t"™ = ay+--+a,z".
That is, we can erase trailing zeroes. For example, we write 1 + 2z2 for 1 + 0z 4 2z2. Let
p(z) = ag + -+ a,,z™ and g(z) = by + --- + b, ™ be two polynomials with a,, # 0 and
b,, # 0. They are equal if and only if m = n and a; = b, for all . One can add polynomials
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and multiply them by a scalar component-wise. For example (1 + 2z + x2) + (2 + 322) =
3+ 2z + 422 and 2(1 + 2z + x?) = 2 + 4z + 22%. It is also possible to multiply two
polynomials together, but we will not make use of this.

Example 2.2.12. The set P(F) endowed with polynomials addition and with multi-
plication by scalars is an F-vector space. For n in {—oo} UN, the set P(F),, is also a
vector space. We have P(F)___ = {0}, P(F), = F and more generally P(F), =~ F*!.
Finally, P(F) = F(™N),

[ To go further L

Using ideas from Examples 2.2.9 and 2.2.10, one can build the following ex-
ample. Let S be a set and let F be a field. Let F®) := {f: S — F |
f(s) = 0 for all but finitely many s} be the set of functions from S to F that
are 0 almost everywhere. Then F(9) is a subset of FS and we can look at the re-
striction of +ps and Ags to it. Endowed with these operations F() is an F-vector
space. Some authors use the notation (F*), for F(5). We also use the notation
b s F for this space and call it the direct sum of copies of F. If S is finite, then
the direct sum and the product agrees: € F= II s F-

It turns out that every F-vector space V is isomorphic to F(%) for some S. See
the Infinite dimensional spaces box on page 71.

[ To go further L

If (V))qer is & family of F-vector spaces, then it is possible to define their product
I, ; Vo ={(va)aer|Va € I:v, €V }. One then define their direct sum @__, V,,
as the subset of [ _, V,, consisting of elements (v, )¢ that are 0 for all but finitely
many o. Both [] _ V, and @ __, V, are F-vector spaces.

2.2.2 General properties of vector spaces

Let V be a vector space over a field F. Using only the definition (the 8 axioms) we will
prove some general properties of V.

Lemma 2.2.13. Let V be a vector space. The zero (additive identity of V') is unique.
That is, there exists a unique 0 € V' such that for every v we have 0 + v = v.

Proof. Suppose 0 and 0" are two additive identities in V. We need to prove they are
equal. We have

0=0+0 (0 is a zero)
=040 (commutativity of +)
=0. (0" is a zero)

So any two additive identities are equal, or equivalently there exists a unique additive
identity. O
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Lemma 2.2.14. Let V be a vector space. For every v € V the additive inverse is unique.

Proof. Suppose w and w’ are two additive inverses of v. Then
w=0+w=@w+w)tw=v+ W +w)=v+(w+w)=w+w) +w =0+w =,

where we used that 0 is the additive identity that w’ is an inverse of v, associativity,
commutativity, associativity once again, that w is an inverse of v and finally that 0 is the
additive identity. O

In the above proof, we have detailed every step explicitly. However, using commutativity
and associativity, it is fine to directly write the shorter (v + w’) + w = (v + w) + w'.

Lemma 2.2.15. Let v and w be two elements of a vector space. If v+ w = v, then
w = 0.

Proof. w=v+w—v=v—v=0. O

The previous lemma might seem to be a repetition of Lemma 2.2.14. This is not
the case, as we only suppose that w behaves like 0 for one vector v, but a priori not
necessarily for all vectors of V.

Lemma 2.2.16. Let V be an F-vector space. For every v € V and every A € F we have:
1. Op - v =0y;
2. X0y =0y
3. A =0 if and only if A\ =0g or v=_0y.

Proof. For teh first equality, we have O -v = (Op +0g) -v = Op - v+ 0g - v. By subtracting
O - v on both sides we obtain 0y, = O - v.

The proof of the second equality is similar, except that this time we use left distributivity
instead of right distributivity. We have A\ -0, = A- (0, + 0,) = A -0y, + A - 0y,. By
subtracting X - Oy, on both sides we obtain 0, = A - 0y,.

Finally, we already know that the condition A = 0 or v = 0 is sufficient for Av = 0.
We now prove the necessity. Suppose that A ## 0. We need to show that v = 0. Then,
since F is a field, there exists A~! such that A=\ = 1. By multiplying both sides of the
equation by it we obtain A1 - (A -v) = A71 -0 = 0. So we have

0=\ v=1-v=n. O

Lemma 2.2.17 (Tutorial 2, Question 1.). For every v € V we have (—1)-v = —v, where
—1 is the additive inverse of 1 in F and —v the additive inverse of v in V.

2.3 Subspaces and operations on them

In this section we introduce subspaces: the subsets of a vector space that are themselves
vector spaces. We will also investigate some operations on them.
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2.3.1 Subspaces of a vector space

Sets have subsets, and vector spaces have subspaces. Intuitively, a subspace is a subset
that is also a vector space itself. Studying subspaces of a vector space V helps us to
understand V' and can also produce new interesting examples.

Before seing the formal definition, let us look at some examples. For now, these are
just informal examples and we will come back to them later.

Example 2.3.1. Let V = R. Then V has only two subspaces: R and {0}.

Example 2.3.2. Let V = R2. Then the subspaces are R?, the lines containing the
origin (see the left part of Figure 2.3) and {[8]} (the zero vector).

Figure 2.3: On the left: a line containing the origin in R?. On the right: a plane and a
line containing the origin in R3.

Example 2.3.3. Let V = R3. Then the subspaces are R3, the planes containing the
origin, the lines containing the origin (see the right part of Figure 2.3) and {[0,0,0]"}
(the zero vector).

'_[ Definition 2.3.4. ]

Let (V,+, ) be a vector space and let U C V be a subset. Then U is a subspace
of V if (U,+,-) is itself a vector space.

'_[ Remark 2.3.5. ]
We have

+y: VxV—=V, viFxV —V.
If U is a subset of V, then U x U is a subset of V x V and F x U is a subset of
F x V. We therefore have the operations

vl UxU—V,

‘V‘ :FXU—>V.
UxU FxU

When we say that (U,+,-) is a vector space, this means that the im-

ages Im(+y|, ) and Im(-y|, ) are both contained in U and that

23



2 Vector spaces

(U, +v| satisfies the 8 axioms of a vector space.

UxU"V‘FxU)

The following simple result directly follows from the definition of a subspace.

Lemma 2.3.6. Let W be a vector space, V.C W be a subspace and X CV be a subset.
Then X is a subspace of V if and only if it is a subspace of W.

Let us use Definition 2.3.4 to show that some subsets are not subspaces.

Example 2.3.7. Let V=R and let X = {x} C V consist of exactly one point. Then
X is a subspace if and only if z = 0. On one hand, it is clear that {0} is a subspace.
On the other hand, we want + to be an internal operation, so  + z = 2z should be an
element of X. But this is possible if and only if 2 = z, that is if and only if z = 0.

Example 2.3.8. Let V = R? and let X; = {[{] |z € R}, X, = {[7] |z € Ry} and
X5 ={[3] | zeR}U{[%] | z € R} be three subsets of V. Then X, is not a subspace

as it does not contain 0y,. X, is not a subspace as - is not an internal operation. Indeed,
the vector H] belongs to X,, but [:ﬂ =-1 H] does not. Finally, X5 is not a subspace

as + is not an internal operation: both [ﬂ and [_ﬂ are in X3, but their sum [g] is not.

y y X, y
(0,2)

X5 X3

(1,1) (-1,1) (1,1)

T (1,-1) T T

Figure 2.4: Subsets of R? that are not subspaces. On the left, both the subset X; (the
line) and its elements (the arrows) are represented.

Example 2.3.9. For every m < n, the set P(F),, of polynomials of degree at most m
is a subspace of P(F),,. They are both subspaces of P(F)

Remark 2.3.10. ]

When talking about a subspace, we need to stat clearly of which vector space it is
a subspace. We also need F to be explicit, as it does matter.

Example 2.3.11. Let V = C be viewed as a complex vector space. Then U = R C V is
not a subspace. Indeed, 1 belongs to U, but i =i-1 does not.

However, if we decide to view V = C as a real vector space, then one can check that
U is a subspace.
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Definition 2.3.4 has the advantage of being natural: a subspace is a subset that is
also a vector space (for the restriction to U of the operations of V'). The disadvantage
of Definition 2.3.4 is that it is impractical: we need to check that 4+ and - are internal
operations and that they satisfy the 8 axioms of a vector space. Luckily, we can use the
following simple criteria to decide if a subset is a subspace.

Proposition 2.3.12. Let V' be an F-vector space and let X CV be a subset. Then the
following are equivalent:

1. X is a subspace;

II. The following three conditions hold:

1. 0y € X, (X contains 0)
2. Ve,ye X:x+y€ X, (+ is an internal operation)
3. VAeF Ve X: \x e X; (- is an internal operation)

III. The following two conditions hold:
1. 0y € X,
2. VieF Ve,ye X: e +ye X.

Proof. “1 = 11" If X is a subspace, then both the image of + and - are contained in X
by definition. Moreover, since X is a vector space, it contains at least one element: Oy,
the zero element for +x = +[, .. So 0y = O - Ox is also in X. Moreover, it follows
from unicity of the zero element that 0y = Oy,.

“II = I” Suppose that Properties 1 to 3 hold. Then we have a set X with two
operations, +: X x X — X and -: F x X — X (the restrictions of +y, and -/) and an
element 0Oy,. For every x € X, we have x € V and thus 0y, + x = z. That is, 0y, is a zero
element for + = + 5. There also exists an element —z € V such that 4 (—z) = 0, = 0.
Since —x = —1 - x it belongs to X by 3. It remains to check the 6 other axioms of the
definition of a vector space. They all follow from the fact that V is a vector space and
that + and - are the restrictions of 4+, and -y,. For example, for all z and y in X, we
have z,y € V. Therefore, t+xy =+ y = y+y = = y+x =, where the second equality
is the commutativity of +,.

“II = II1” Applying first 3 to A and = and then 2 to Az and y gives 2’.

“IIl = II” Property 3 follows from putting A = 1 in 2’, while if 1 holds, then 2 follows
from using y = 0 in 2’. O

All three conditions of Proposition 2.3.12.1T are important. The first one is basically
equivalent to X being non-empty, see Remark 2.3.13. In Example 2.3.8, the subset X,
is closed under addition, but not under scalar multiplication. The subset X is closed
under scalar multiplication, but not under addition.

While the three conditions of Proposition 2.3.12.11 are conceptually important, using
Proposition 2.3.12.11I allows for shorter proofs as we can check together that X is closed
under addition and scalar multiplication.
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'_[ Remark 2.3.13. |

Given either condition 3 or 2’, Condition 1 is equivalent to the fact that X is not
empty. Indeed, suppose X is not empty, therefore there exists x € X. Then if
condition 3 holds, taking A = 0 we have and Oz = 0 in X. If it is condition 2’ that
holds, then taking A = —1 and y = = we have (—1)z + 2z =0 in X.

’_[ Remark 2.3.14. ]

When checking that X is a subspace of V', you should not forget the “hidden
condition” 0: X is a subset of V. For example, R is not a subspace of R?, but
{[6] |# € R} is (and so are {[?] |z € R} or {[f’;x] ’:c € R})

Using Proposition 2.3.12, it is easy to provide plenty of examples and counter-examples
of subspaces.

Example 2.3.15. Let V be a vector space. Then
1. ¢ is NOT a subspace;
2. {0y} is a subspace;
3. V is a subspace.

For the first assertion, 0y, does not belong to @. For the second assertion, 0 +0 = 0
and A0 = 0, so (the restrictions of ) + and - are internal operations on {0y }. The last
assertion is tautologic.4

Example 2.3.16. Let b € F and define X := {[z,, 25, 75,74]" € F* |25 = 5z, + b}.
Then X is a subspace of F* if and only if b = Op.

Proof. “=>" If X is a subspace, then [0,0,0,0]" = Ops € X and so b = 0.
“«” Suppose that b = 0. Then Og. belongs to X. If [z, ¥y, T3, 2,]" and [y, ¥, ¥, Ys] "
are in X, then both x5 = 5z, and y; = 5y,. So for any scalar A we have

Ay, 2o, 3, 24]" + (Y1, Y2, Uz Ya) | = [AZ1 + 41, Ay + 4, A3 + 3, Az +1,]"
in X since Azg + y5 = A\bz, + 5y, = 5(Az, + y,). O

Example 2.3.17. P(F),, is a subspace of P(F),, if and only if m < n (so if and only if
PF),, CPF),). All the P(F),, are subspaces of P(F).
We therefore have an infinite chain of subspaces:

{0} = P(F) o, € P(F)y G P(F), C G P(F), C -~ G P(F).

Example 2.3.18. The set €°([0,1]) := {f: [0,1] — R | f continuous} of continuous
functions from [0, 1] to R is a subspace of RI%1.

4A tautology is a statement that is trivially true, by the fact of repeating essentially two times the same
thing. It comes from ancient greek towtohoyia: identical logic.
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Proof. Recall that f is continuous at z, if and only if lim,_,, f(z) = f(2,). The constant
zero function Ogo,1 is the zero element of R[%1. This is a continuous function and hence
belongs to €°([0,1]). Indeed, for every z, € [0,1] we have lim,_,, Ogpu(z) =0 =
OR[0,1] (ZCO)

Let f and g be two elements of €°([0,1]). Then for every scalar A and any z, € [0, 1]
we have

(\F +9)(0) = Af(o) + glg) = A Jim f(@)+ Jim gle) = lim (Af +9)(@)
and thus \f + g is in €9([0, 1]). O

Example 2.3.19. The set C}(R) := {f: R — R | f differentiable and f’ continuous} of
functions from R to itself that are differentiable and have a continuous first derivative,
is a subspace of RR. Actually, we have C'(R) C C°(R) € RR, with each member a
subspace in the next one.

Proof. We just need to check that the 0 function is differentiable, that the sum of two
differentiable functions is differentiable and that the scalar product of scalar and a
differentiable function is still differentiable. These are standard and easy results from
analysis and we will not write down their proof here. O

Example 2.3.20. More generally, for every integer n, one can define €™ (R) := {f: R —
R | f) exists and is continuous} of functions from R to itself that are n times differ-
entiable and have a continuous n'® derivative. We also define C*°(R) := {f: R - R |
Vn € N : f(™ exists} the space of smooth real functions. We then have an infinite
chain of subspaces

€>=(R) C - C C"(R) C - C €L(R) C €°(R) C RR

Example 2.3.21. Let b be any real number. Then the set X := {f € €((0,3)) |
f/(2) = b} is a subspace of €1((0,3)) if and only if b = 0.

Proof. We have 0 in X if and only if b = 0’(2) = 0. So, b = 0 is a necessary condition for
X to be a vector space.

It remains to show that if b = 0, then X is closed under addition and scalar multiplica-
tion. Let f and g be two elements of X and let A € R be a scalar. Then

Af+9)2)=Af(2)+4¢'(2)=X0+0=0.
So Af +gisin X. O

Example 2.3.22. The set U := {(x(, z,,...) € RN|lim, , .z, = 0} is a subspace of RN.
We even have R™N) C U C RN, with each member a subspace in the next one.

The proof is left as an exercise to the reader.

Exercise 2.3.23. Which of the following are subspaces of R2? Consider that the figures
extend in an obvious way to the infinity. For example, X; = {[i] € R?|z,y >0} and
X, ={[y] eR?*|zy >0}
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X,

Solution.  a. X, is not a subspace as (1,1) belongs to X;, but —1-(1,1) = (—1,—1)
does not. X, is not a subspace despite being closed under scalar multiplication.
Indeed both (2,1) and (—1,—2) are in X, but (2,1) + (—1,—2) = (1,—1) is not.

b. X; and X, are lines containing the origin and so are subspaces. Xy does not contain
(0,0) and therefore is not a subspace.
O

2.3.2 Sums of subspaces

Recall that if X C Z and Y C Z are two subsets, then X UY is again a subset of Z.
Furthermore, X UY is the smallest subset of Z containing both X and Y.

Question 2.3.24. What about subspaces U, W C V of a vector space? Is U U W also a
subspace?

Answer. The answer is no in general. For example, let V = R? and let U, = { [”5] ‘ T € R}
be the z-axis and U, = {[2] ‘ Yy € R} be the y-axis. Then both [(1)] and [(1)] belong to
U UW, but their sum [(1)] + m = H] does not. So U, U U, is not a subspace. |

Exercise 2.3.25. Let V be a vector space and let U, W C V be two subspaces. Show
that U U W is a subspace if and only if either U CW or W C U.
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Solution. If U C W, then U UW = W is a subspace. The situation is similar if W C U.

Suppose now that U € W and W € U. This is equivalent to the simultaneous existence
of some u € U\ W and some w € W\ U. We have both u and w in U UW | but we claim
that u + w is not in U U W. Indeed, suppose that v +w = «" € U. Then w = —u + v’ is
also in U which is a contradiction. Similarly, 4 + w cannot belong to W. O

We have seen that U U W is not the smallest subspace of V' containing both U and V.
Does such a subspace exist? If yes, how can we construct it?

’_[ Definition 2.3.26. ]

J 3

Let V be a vector space and let X;, X, .., X,, be non-empty subsets of V. Their
sum is the subset
n

Y X=X, + Xy + 4 X = {v, vy + 40, | Vi€ {l,..,n} v € X,}.
=1

'_[ Remark 2.3.27. ]

The operation Z:; | X; Is defined only if all the X; are subsets of the same vector
space V.

The sum of subsets satisfies some elementary but useful properties.
Lemma 2.3.28. Let V' be vector space and let X, Y be non-empty subsets of V. Then
1. X+Y=Y+X;
2. X+{0}=X;
3. X+V=V.

Proof. The proof is left as an exercise to the reader. See Tutorial 2, Question 6 for the
first equality. O

We have geometric examples of sum of subsets.

Example 2.3.29. Let X := {[2,0,0]" |z € [0,1]}, Y := {[0,4,0]" | y € [0,1]} and
Z ={[0,0,2]" | z € [0,1]} be initial segment of size 1 of the x, y and z-axes in R3. Then
X+Y ={[z,y,0]" |z,y € [0,1]}, X+Z = {[2,0,2]" |2,z € [0,1]} and Y+ Z = {[0, 5, 2] |
Y,z €[0,1]}. We also have X +Y + Z = {[z,y,2]" | z,y,2 € [0,1]}, a cube of size 1, see
Figure 2.5.

Finally, we present an algebraic example.

Example 2.3.30. Let U := {[z,z,2,2]" |2,z € F} and W := {[z,2,2,t]" | z,t € F} be
two subspaces of F4. Then U + W = {[z,z,2,t]" | z,2,t € F} = Z.
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z z24 z24
Y+ 7 N
Jr
Y Y e
x+vy Y Y Y
X X X
X X
P X+Y+2Z
1] Y
' (]
X
X

Figure 2.5: Sum of some subsets of R3.

Indeed, we have
U+W ={[a,a,b,b]" |a,b € F} +{[c,c,c,d]" | c,d € F}
={la+c,a+c,b+c,b+d]" |a,b,c,dcF}

By letting x :=a+c¢, z:=b+c¢, t := b+ d, we have U + W C Z. For the inclusion
Z C U+ W, we need to solve

at+c==x
b+c=y
b+d==z

for a, b, c and d in F. One possible solution is to take b=0,d =2, c=y and a =z — y.

[ To go further L

It is possible to define the sum of an infinite family of subspaces. The trick to
define an infinite sum is that we look only at combinations containing finitely
many non-zero vectors. Formally speaking, if (U,),c; is a non-empty family of
subspaces of a vector space V, we can defined its sum:

St { T

Va el :u, € U, and u, = 0 for all but finitely many a}.
acl acl

Observe that the sum of infinitely many subsets is well-defined only if all the U,
contain 0, which is the case if they are subspaces.
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We have defined the sum of general subsets of a vector space. The following result
shows that the sum of subspaces is particularly interesting.

Theorem 2.3.31. |

Let V' be a vector space and let (U, )qer be a non-empty family of subspaces. Then

the sum Zae[ U, is the smallest subspace of V containing all the U, .

Proof. We will write the proof for a finite family of subspaces (U, ...,U,,), the general
case is similar. We need to prove three things:

1. U:=U; +--+ U, is a subspace;
2. U contains all the Uj;
3. U is the smallest: if another subspace W contains all the U;, then U C W.

We have 0y, € U; C U, so U contains 0y,. Now let v and v be two elements of U and
let A be a scalar. By definition, there exists u;,v, € U such that v = u; + - + u,, and
v=wv; + - +v,. We have

AM+v=ANuy +-+u,) +v,++v,
= (Aug +vp) + -+ (Ay; + ;)

with the Au; 4+ v; € U;. This finishes the proof that U is a subspace.

For every u; € U;, we have u; =0+ -+ 0+ u; + 0+ -+ 0 € U since 0 belongs to all
the U;. We conclude that U contains Uj.

Finally, let W be a subspace containing all the U; and let u be an element of U. There
exists u; € U; C W such that u = u; + - + u,,. But then u is a sum of elements of W
and hence still in W. So U C W and thus U is the smallest subspace of V' containing all
the Uj. O

Inspired by Theorem 2.3.31 and because {0} is the smallest subspace containing &, we
define a sum over an empty family to be the {0} subspace: Zaeg U, := {0}. We also
define an empty sum of vectors to be the 0 vector: Zaeg v, = 0.

Before introducing our next definition, let us see one last example of the sum of

subspaces.

Example 2.3.32. Let U = {[z,9,0]" |2,y € F} and W = {[0,y,2]" | y, 2 € F}. These
are two subspaces of F? and we have U + W = F3.

In the above example, intuitively (see Definition 2.4.39 for a formal definition) both
U and W are of dimension 2, while F2 is of dimension 3. So we have the sum of two
subspaces of dimension 2 being equal to a space of dimension 3, not 242 = 4. The above
“dimension problem” is due to the fact that U N W = {[0,,0]" | y € F} is of dimension
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1.5 Actually, the problem steams from the fact that [1,1,1]T € F3 can be written in two
different ways:

[1,1,1]" = [1,1,0]" +[0,0,1]7 but also [1,1,1]T =[1,0,0]T +[0,1,1]T.

In order to overcome the above problem, we introduce a new definition.

'[ Definition 2.3.33. ]

Let V' be a vector space and let U ,..., U,, be subspaces. The sum U = U, 4----+U,, is
direct if for any v € U there exists a unique way to decompose v as u = u; +---+u,,
with u; € U;. In this case, we write U; @ Uy @& --- @ U, for U.

[ To go further L

It is not a coincidence if the name and the notation for the direct sum of subspaces
U, ®U, are identical to the ones for the direct sum of vector spaces of Example 2.2.6.
The former is sometimes called the inner or internal direct sum while the later is
called the external direct sum.

If U and V are two F-vector spaces, then U := {(u,0) | u € U} is a subspace of
U @&V, which is a copy of U. We similarly have a copy V of V inside U @& V. One
easily verify that U + V is an internal direct sum, equal to the whole space. That
is, the external direct sum U @ V is equal to the internal direct sum U @ V.

[ To go further L

One can of course define direct sums for an arbitrary family (U, ), of subspaces.
In this context, the sum U =3_ _ U, is direct, written @ __, U, if for any u € U
there exists a unique way to decompose u as u = Zae[ u,, with the u, € U, (and
with u,, = 0 for all but finitely many «).

'_[ Remark 2.3.34. |

The notation U = U; @ U, means two things. Firstly, that U = U; + U, and
secondly that for every u € U the decomposition u = u; + u, is unique.

As an example, the sum U + W = F? of Example 2.3.32 is not direct.

Example 2.3.35. Let U, , = {[z,9,0]" | z,y € F} and U, = {[0,0,2]" | z € F}. Then
F?=U,,®U,. It is trivial that U, , 4+ U, = F?, it hence only remains to prove that the
sum is direct. Let v = [a, b, c]” be any element of F? and let v =u +w € U,, tU, bea
decomposition with u € U, , and w € U,. So u = [z,9,0]" and w = [0,0, 2]" for some z,
y and z in F. Since v = u + w we have [a,b,c]T = [z + 0,y + 0,0 + 2]" and we conclude
that £ = a, y = b and z = ¢. That is, both v and w are uniquely determined by v, which
proves that the sum is direct.

5We will see in Theorem 2.4.51 that the correct formula for the dimension of R? in this example is
3=24+2-1.
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Example 2.3.36. Let n be a positive integer. For each i in {1,...,n}, let U; C F™ be
the subspace

¢ 1707 3
110
U=} ilz||zeF, CF"
i+1]0
L~ O] )

(all non i-coordinates are 0). Finally, let W = {[z,...,z]" | z € F} C F" be the diagonal
subspace. Then ¥F*" =U, @0 U, =U, &--0U,_; & W.

The proof of first equality is easy and left to the reader. So let v be any element of F™.
That is v = [z1, ..., x,]" for some z; € F (uniquely determined by v). Then

0,...,0]T+1[0, 2y —

v=[zy —x,, >0y, 0T+ 4+[0, ..., 0,2, 1 —,,0]T + [z, s 2,] T

isin Uy 4++4U,,_1+W and soF* = U, 4--4+U,,_; +W. Finally, let v = u; +---4u,,_; +w
be any decomposition with the u; € U; and w € W. Since the n'® coordinate of all u; is

0, we necessarily have w = [z,,, ..., ,]T. Therefore,

- T _
v—w=[T, — T, Ty — Ly, 0] =uy +Fu, 4.

Since the " coordinate of u; is 0 if i # j, we conclude that u; = [0, ..., 0,7, —x,,0, ... ,0]T.
We have just proved that the decomposition is unique and thus that the sum is direct.

Example 2.3.37. Let U, , = {[z,y,0]" | z,y € F}, W = {[0,5,9]" |y € F} and
U, ={[0,0,2]" | z € F} be three subspaces of F?. Then F* = U, , + W + U, is not a
direct sum.

Indeed, the decomposition of 0 is not unique:

[0,0,0]T = [0,0,0]T +[0,0,0]" +[0,0,0]"
= [07 17 O]T + [07 _]-7 _l]T + [0’ 07 l]T

As the above example suggests, there is an easy criterion to check if a sum is direct.

Theorem 2.3.38. |

Let V' be a vector space and let (U, )qaer be a family of subspaces. Then 3° _ U,

is a direct sum if and only if whenever 0 = Zae[ u,, then all the u,, are 0. That

is, the sum is direct if and only if there exists a unique way to decompose 0.

Proof. We will prove the theorem for a finite family (U, -, U,,) of subspaces. The general
case is similar.

“="” If the sum is direct, then any vector, and in particular 0, admits a unique
decomposition.
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“«=” Suppose that the decomposition of 0 is unique and let v € U; 4+ --- + U,,. Let
U+ tu, =v=uj +-+u,

be two decomposition of v, so u;,u; € U; for all i. We need to show that these two
decompositions are in fact the same, that is that u; = u] for all i. By subtracting the u;
on both sides, we obtain

0= (uy —uy) + -+ (v, —up)

with u; —u; € U; for all . By unicity of the decomposition of 0, we conclude that
u; —u; = 0 and hence that u; = u; as desired. O

It follows from Theorem 2.3.38 that if two of the U, are equal and not {0}, then the
sum is not direct. Indeed, in this case we can write 0 = u —u for u € U, = Uy for a # S.

Exercise 2.3.39. Let V' be a vector space and let U, U, and W be subspaces. Are the
following assertions true? If yes, prove them. If no, provide a counterexample.

a. f U +W =U, + W, then U; = Uy;
Solution. Both assertions are incorrect. For example, let U, = {[300] |9: € R}, U, =
{ [2] ‘ Yy € R} and W = {[7] | z € R} be the z-axis, y-axis and the diagonal in R?. Then

Uy@W =R?=U,®W but U, # U,. Observe that this is simply Example 2.3.36 for
n=2. g

Definition 2.3.40. ]

Let V be a vector space and let U be a subspace. A complementary subspace
of U is a subspace W C V such that U W = V.

We will see later in Theorem 2.4.48 that a subspace U always admits at least one
complementary subspace. However, as we have just seen, in general a complementary
subspace is not unique.

Exercise 2.3.41. Let U = {[z,y, z+y,r—y,2z]"|z,y € F} C F°. Find a complementary
subspace for U.

Solution. Intuitively, the first and second coordinates of U are free, but not the other
ones. So one can guess that W = {[0,0, z,s,t]T | 2, 5,t € F5}. Let us prove that formally.

Let v be any element of F°, so v = [a,b,c,d,e]". We need to solve the following for
z,y,2,8,t€F.

a T 0 T

b y 0 Y

cl=lx+y| + |z =|z+x+y]|.

d T—y s s+x—y

e 2z t t+ 2z
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We immediately have x = a and y = b. This implies z=c—x—y, s=d —x +y and
t = e — 2z, so if a solution exists it is unique. One easily verify that the above is indeed
a solution and so that v admits a unique decomposition as v = u + w with v € U and
w€W. That is, Fs. = U @ W. 0

2.3.3 Intersection of subspaces

If X and Y are subsets of Z, then both X NY and X UY are subsets of Z. We have
seen that for subspaces U and W of a vector space U U W is not a subspace of V', which

pushed us to define the sum U + W. But what about the intersection?

Lemma 2.3.42. Let V be a vector space and let (U,)qcr be a non-empty family of
subspaces. Then the intersection ﬂae[ U, is the biggest subspace of V contained in all
the U,,.

Proof. If (U,)qer = {U} has exactly one element, then [ ;U = U and the statement
is trivially true. Let us now treat the case (U, )qcr = {Ul, U2} We already know that
U, NU, is the biggest subset of V' contained both U; and U,. It only remains to prove
that it is a subspace. This is left as an exercise to the reader. Hint: do not forget to use
Proposition 2.3.12.

If (U, )qer is a finite family, then repeated application of the statement for two subspaces
proves the result. For a general, possibly infinite, family of subspaces, one can directly
prove the statement in a similar fashion to the two subspaces case. O

For subsets, we have the notion of disjoint union X LY, meaning that we look at
X UY while asserting that the intersection X NY is empty. Heuristically, the sum of
subspaces is similar to the union of subsets. This motivates us to find a result relating
the direct sum U @ W and the intersection U N W. In this case, U N W is never empty
as it always contains 0. But we can still ask the intersection to be “as small as possible”,
that is to be equal to {0}.

Theorem 2.3.43. |

Let V' be a vector space and let U; and U, be two subspaces. Then U; +U, is a
direct sum if and only if U; N Uy, = {0}.

Proof. We will use Theorem 2.3.38.

“=" Let v be an element of the intersection. Then v belongs both to U; and U, and
so we have the following decomposition 0 = v + (—v), which implies that v = 0.

“«<” Suppose that 0 = u; + u, is a decomposition with u, € U, for i € {1,2}. Then
Uu; = —Uq is in U; N U, and hence equal to 0. We conclude that u; = uy = 0 and so the
sum is direct. O

Figure 2.6 summarise the situation for subsets and subspaces.
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X U
C < c <
FCXNY XUy {0} CcUnw Uuw
Q C < ¢
Y w

Subsets. & is the smallest subset of Y. XUY  Subspaces. {0} is the smallest subspace of V.
is the smallest subset of Z containing both X  U+W is the smallest subspace of V' containing
and Y. The union X UY is a disjoint union both U and W. The sum U + W is a direct
XUY ifandonlyif XNY = @. sum U @ W if and only if U N W = {0}.

Figure 2.6: Comparaisons between subsets X and Y of a set Z and subspaces U and W
of a vector space V. The intersection X NY (U N W) is the biggest subset
(subspace), of Z (of V'), contained both in X and Y (U and W).

Remark 2.3.44. ]

Be careful when trying to generalise Theorem 2.3.43 to the sum of more than
two subspaces. The correct statement is that the sum Zae ; Uy Is direct if and
only if for all a # 8 we have U, N Uz = {0}. In particular, it is not enough that
Myer Ua = {0}, see the next example. This is similar to the situation for sets.

Example 2.3.45. Let U, , := {[z,,0]" € F?|z,y € F}, U, , := {[2,0,2]" € F3|z,z € F}
and U, , := {[0,y,2]" € F?|y, z € F} be three subspaces of F*. Then U, ,NU, ,NU, , =
{0}, but the sum U, , + U, . + U,  is not direct as 0 = [1,1,0]" 4+ [—1,0,0]" +[0,—1,0]".

2.4 Span, linear independence and bases

It is well-known that any vector of R? can be uniquely written as A [(1]] + u[(l)], where A

and p are real numbers. The family ([3] ) [(1)]) is called the (standard) basis of R2. While
it is easy to generalise this to F™, the generalisation to an abstract vector space requires
more work. This is the subject of this section.

2.4.1 Linear combinations and span

In the previous sections, we sometimes used combination of vectors of the form Av + pu.
Such combinations play an important role in the theory of vector spaces, and thus deserve
a specific name.

Definition 2.4.1. ]

J

Let V be an F-vector space. A linear combination of the vectors vy,..., v,, is

any vector of the form
Avg + o+ AL,
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where each \; € F is a scalar.
By definition, 0 is the only linear combination of no vectors.

Example 2.4.2. All the vectors 0, v;, v; + vy, 2v; — 3v, are linear combinations of v;
and vs.

Example 2.4.3. The vector [17,—4,2]T € F? is a linear combination of v = [2, 1, —3]T
and w = [1,—2,4]" while [17,—4,5]T is not. In order to show that, we need to find A and
w such that [17,—4,2]7 = A\[2,1,—3]" + u[1,—2,4]T. That is, we need to solve the linear

system
17 2 1
—4| =11 =2 [A] .
2 -3 4|

Using row operations: r; = r; — 2ry and r53 = r3 + 37, gives the following system

IR

This system admits the solution y =5 and A = 6, so [17,—4,2]" = 6v + 5w is indeed a
linear combination of v and w. The corresponding system for [17, —4, 5] has no solutions,
and therefore [17,—4,5]T is not a linear combination of v and w.

Example 2.4.4. The function sin(z +7/4) is a linear combination of sin(z) and cos(z) €
RR. Indeed, sin(z + ~/4) = v2/2sin(x) + v2/2 cos(z).

The linear combination of vectors is an easy way to create new vectors from know ones.
It is natural to collect all such vectors.

'_[ Definition 2.4.5. ]

Let vy, .., v,, be vectors in an F-vector space V. Their span is the subset
spang (v, ..., v,) = {A\vg ++ A0, [ Vi N, € FFC V.

We also define span( ) = span(g) := {0y }.
If span(vy, ...,v,) =V, we say that (v,...,v,) spans V, or that V is spanned by
(vy,...,v,), or also that (vq,...,v,,) is a spanning family for V.

J

Observe that the span does not really depend on the family (v, ..., v,,), but only on
the corresponding subset {vy,...,v,,} C V of vectors.

Remark 2.4.6. ]

In practice, we will often drop the subscript and simply write span(vy,...,v,,).

rrn

However, F' does matter! For example, let C be viewed as a C-vector space. Then
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span, (1) = C. But we can also view C as a R-vector space. In this case we have
spang (1) ={a+0i|a € R} C C.

Example 2.4.7. The space F" is spanned by e; = [1,0,...,0]T, e; = [0,1,0,...,0]7,...,
e, = [0,...,0,1]T. Indeed, every [zq,...,7,]" in F" can be written as [z,,...,7,]T =
7,]1,0,...,0]T + -+ 2,[0,...,0,1]T.
Example 2.4.8. Let S be a finite set. For every s € S, define x,: S — F to be the
characteristic function of s:
1 ift=s,
Xs(t) = {

n n

0 otherwise.

Then F¥ is spanned by {x, | s € S}: for any f € F° we have f = > ocs f(8)Xs where
the f(s) € F are scalars. Indeed, since we are dealing with functions, the equality
= Zse of (s)x; is true if and only if for every ¢ € S the values of both sides agree when
evaluated at £. But we have

(Z f(S)Xs) () = S (Fs)xs (1)) = 04 =+ 0+ ()1 + 0+ +0= f().

seS seS

[ To go further L

The span of a finite family of vectors is the subset of all linear combination of these
vectors. One can also define linear combination of infinitely many vectors and
span of an arbitrary family of vectors. The trick is that in a linear combination
of an infinite family of vectors, we ask that almost all coefficients (that is all but
finitely many) to be 0. Formally, if (v,),c; is a possibly infinite family of vectors
of V', then

Span((va)aef) = {Z Aava

acl

A, = 0 for all but finitely many a}.

We have span((v,)acr) = U, g 5Pa0((0)acy ).
With this general notion of spanning family, one can generalise Example 2.4.8.
Let S be any set.

For every s € S, define x,: S — F to be the characteristic function of s.
Then the direct sum F5) = @D F is spanned by {x, | s € S}.

Be careful that the product [ F is not spanned by {x,|s € S}. Indeed, span({x; |
s € S}) consists of linear combinations of finitely many of the x,. In particular,
any function in span({x, | s € S}) has value 0 for all but finitely many s. So the
constant function 1:.5 — F, st 1is in [[, F but not in span({x, | s € 5}).

Span is important because of the following result.
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Theorem 2.4.9. |

Let V' be a wvector space and let (v,)qcr be a family of vectors of V. Then
span((vy)aer) s the smallest subspace of V' containing all the v, .

Proof. We will prove the theorem for a finite family (v, ...,v,,) of vectors. The general
statement follows from span((va)aer) = U} goie SPRR((Va) acs)-

We need to prove three things. Firstly that span(vy,...,v,,) is a subspace, secondly
that it contains all the v, and finally that it is the smallest such space. If n = 0 (that is
if the family is empty), then span(@) = {0} by definition, is the smallest subspace of V'
and hence the result holds. We can therefore assume in the following that n > 1.

We have 0 = Ov; + -+ + Ov,, € span(vy,...,v,). If v and w are two vectors in

span(vy,...,v, ) and A € F is a scalar, there exists A;, u; € F such that

Av+w = )‘()‘lvl + e+ )‘nvn) + ([lel + o+ :u’nvn)
= (AA; + pq)vg + -+ (AN, + 1), € span(vy, ..., v,).

We conclude that span(vy, ..., v,,) is a subspace.

For any v; we have v; = Ov; + - + Ov;_; + 1v; + 0 + --- + Ov,, € span(vy,...,v,), sO
span(vy, ..., v,,) contains all the v;.

Finally, suppose that U is a subspace containing all the v,. We want to show that
U also contains span(vy,...,v,). Let v = A\jv; + -+ + \,v,, be an arbitrary element of
span(vy,...,v, ). By assumption, the v; belong to W. But W being a subspace, it is

closed under scalar multiplication and under addition. It therefore contains v, which
finishes the proof of a finite family vy, ..., v,, of vectors. O

Corollary 2.4.10. Let V' be a vector space and let (U,),c; be a family of subspaces.
Then 3. _, U, =span(lJ,_, U,).

Proof. If the family is empty, then both Zae@ U, and span(Ua
by definition.

If the family is non-empty, both }° _ U, (Theorem 2.3.31) and span(lJ__, U,) (Theo-
rem 2.4.9) are both the smallest subspace of V' containing all the U, for all a € I. They
are hence equal. O

<, Ua) are equal to {0}

2.4.2 Linear independence

Consider the following example: V = R? and v; = [(1)], vy = [g], vy = H] Then
V = span(vy, v,) and 0-v; +0-v, = 0 is the only way to write 0 as a linear combination of v,
and v,. We also have V' = span(vy, vy, v3), but for every A € R we have A\v; +Av,—Avg = 0.
We have here a phenomenon similar to what happens with sums and direct sums.
Indeed, if we let U, := span(v;) = {[g] | z € R}, U, := span(v,) = {[g] |y € R} and
W := span(vs) = {[z] |z € R} then V = U, @ U, = U, + U, + W, with the first sum
direct but the second one not. We would like to have a criterion on the vectors similar to
the criterion for direct sums for subspaces. This is provided by the next definition.
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'[ Definition 2.4.11. ]

Let vy, .., v,, be vectors in an F-vector space V. They are linearly independent
if the vector equation A\;v; +---+A,,v,, = 0 has a unique solution \; =--- =X, = 0.
A non-linearly independent family of vectors is called linearly dependent. That
is, vq,.., v, are linearly dependent if and only if A\;v; + -+ A,,v,,, = 0 admits a
non-trivial solution (with one of the A; # 0).

By definition, the empty set & is linearly independent.

If two of the v; are identical, then the family (v,,...,v,,) is linearly dependent.

’_[ Remark 2.4.12. ]

Once again, F does matter! For example, let C be viewed as a C-vector space.
Then the family (1,i) is linearly dependent over C as 0 =i-1—1-i. But we can also
view C as a R-vector space. In this case the family (1,i) is linearly independent
over R as 0 = A 4 iy does not admit non-trivial real solutions.

[ To go further L

An arbitrary (possibly infinite) family (v, )4e; of vectors is linearly independent
if the vector equation } _ A v, = 0 (with all but finitely many A, = 0) has
a unique solution: A, = 0 for all @ € I. A non linearly independent family is
linearly dependent.

The family (v,),e; is linearly independent if and only if every finite subfamily is
linearly independent. It is linearly dependent if and only if there exists a finite
subfamily that is linearly dependent.

Let us investigate some easy consequences of this definition.
Lemma 2.4.13. 1. Any family of vectors containing 0 is linearly dependent;
2. A single vector v is linearly independent if and only if v+ 0;

9. Two vectors v,w € V are linearly independent if and only if both v ¢ span(w)
and w ¢ span(v). If v+ 0, then v and w are linearly independent if and only if

v ¢ span(w).

Proof. “1” One can always write 0 =1-04+0-v; +--+0-v,,.

“2” This follows from the fact that 0 = A\v if and only if A =0 or v = 0.

“3” If v is in span(w), then v = pw for some p € R. Then the equation 0 =
A0+ Ayw = (uA; + Ay)w has the non-trivial solution A; =1 and Ay = —p. So (v, w) is
linearly dependent. If w is in span(v) a symmetric argument also shows that (v, w) is
linearly dependent.

The equation 0 = A\jv + A\w is equivalent to \jv = —Aw. If (v,w) is linearly
dependent, then at least one of \; or \, is non-zero. If \; # 0, then v = —AT'\w is
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in span(w). Similarly, if A, # 0, then v is in span(w). We can hence conclude that the
linear dependence of (v, w) implies that v € span(w) or w € span(v)

Finally, suppose that v # 0 and that (v, w) is linearly dependent, so A;v = —A\,w for
some (A, Ay) # (0,0). We claim that Ay # 0. Indeed, otherwise we would have A;v = 0
forcing A\; = 0, which is absurd. From A, # 0, w conclude as above that v is in span(w)
We conclude from Av = —pw that both A and u are not 0. U

Observe that without the hypothesis v # 0 it is not enough to check only one of the
condition v ¢ span(w) and w ¢ span(v). Indeed, if v # 0 and w = 0, then we have
v ¢ span(w), but (v, w) is a linearly dependent family as it contains 0.

We now see more examples of linear dependence/independence.

Example 2.4.14. The vectors [2,3,1]7, [1,—1,2]" and [17,3,¢]" in F? are linearly

dependent if and only if
2 1 17N 0
BRI NH
1 2 cf | 0

has a non trivial solution. That is if and only if

2 1 7
det |3 —1 3| =0,
1 2 ¢

which is true if and only if ¢ = 8.

Example 2.4.15. Let (u,),c; be a family of vectors in a vector space V. Suppose that
there exists a; € I such that that v, belongs to span((ug)aera,). Then (uq)aer is
linearly dependent.

Let us show this for a finite family (v, vy, ..., v,,). Without loss of generality, one can
suppose that v; € span(vs, ..., v,,). By hypothesis we have v; = A\yvy + -+ A,,,v,,,. This
directly implies that 0 = (—1) - vy + Aqvy + - + A, v,, and so (vy, vy, ..., v,,) is linearly
dependent.

An attentive reader might have observed that the definitions of linear independence
(Definition 2.4.11) and of direct sum (Definition 2.3.33) are similar. Indeed, these two
concepts are related and the following result follows directly from the definitions.

Proposition 2.4.16. Let (v,),c; be a family of non-zero vectors in a vector space V.
Then the following are equivalent:

I (v,)ger s linearly independent;
II. The sum }_ _ span(v,) is direct.
As another interesting result linking linear independence and spanning, we have

Lemma 2.4.17. A family (v,)aecr @S linearly independent if and only if any vector v in
span((vy)acr) can uniquely be written as a combination of the v,s.
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Proof. We will prove the theorem for a finite family (v, ...,v,,) of vectors. The general
proof is similar.

“<” Suppose that (vq,...,v,) is linearly independent and let v = A\jv; + -+ A\ v, =
W01 + - + W,,v,, be two decompositions of v as a linear combination of the v;s. Then
0=v—v= (A —p)vy+-+ N, — )V, and so \;, = p, for all i € {1,...,m}, proving
unicity of the decomposition.

“=" Since 0 belongs to the span of the v;s, the equation 0 = A\;v; + -+ A,,v,, has a
unique solution by assumption. This implies that all the A;s are necessarily 0, proving
the linear independence of the family (vq,...,v,,). O

2.4.3 Bases

We can finally formally define the fundamental notion of this section: the basis of a
vector space.

'_[ Definition 2.4.18. ]

A basis of an F-vector space V is a family (v,),ec; of vectors that is both linearly
independent and spanning.

'_[ Remark 2.4.19. ]

The field F does matter if we want to check that a family of vectors is a basis (that
is: is both linearly independent and spanning). For example, let C be viewed as a
C-vector space. Then the family 1 is a basis, but (1,4) is not. But we can also
view C as a R-vector space, in which case (1,%) is a basis, but 1 is not.

f[ Remark 2.4.20. ]

We explicitly require that a basis is a family of vectors, not simply a set. If it is
finite, then it is simply a m-tuple (vq,...,v,,) for some m € N. In particular, in
R? the two families ([ ] [ ] ) and ( [(1)], [ ] are different bases even if they have
the same elements.

We already have seen some examples of bases.

Example 2.4.21. The family (e; := [1,0,...,0]7,...,e,, :=[0,...,0,1]T) is a basis of F™.
It is called the standard basis of F™.

Example 2.4.22. The family (1, z, ..., z™) is a basis of P(F),,,. It is called the standard
basis of P(F),,,. The family (1,z,...,2™,...) is a basis of P(F). It is called the standard
basis of P(F).

Example 2.4.23. The emptyset & is the only basis of {0}. It is a basis because
span(@) = {0}. It is the only basis because (0) is a linearly dependent list.
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Remark 2.4.24. ]

In general, even if a basis exists it is not unique (even up to permutation of the
elements). Indeed, if a basis of an F-vector space has at least two elements v; and
vq, then replacing v, by v; + vy gives a new basis.

Example 2.4.25. The bases of F are exactly the non-zero elements. Indeed, (z) is
linearly independent if and only if £ # 0. Moreover, any y € F can be written as
y = (yx~1) -z with yz=! € F, so span(z) = F. Finally, any family of F with at least 2
elements is linearly dependent by the same argument as above.

[ To go further L

Let V be a vector space with a basis with exactly one element. By the forthcoming
Corollary 2.4.27 this means that V = F. So any element of F \ {0} is a basis as we
have just seen. This means that if F has at least 3 elements, then V has at least 2
bases. However, if F = F, = {0,1} is the 2 elements field F, from Example 2.2,
then V has also 2 elements and hence a unique basis.

To summarise, the only vector spaces that admit a unique basis are: {0} (any F)
and F, (as an F,-vector space).

We have a first equivalent characterisation of bases.

Lemma 2.4.26. Let (v,),c; be a family of vectors in a vector space V. Then the
following are equivalent;

I (v,)ger s a basis of V;

II. Every vector v € V' can uniquely be written as a linear combination of elements of

(Uoz)aEI .

Proof. On one hand, the set of vectors that can be written as a linear combination of
elements of (v,),c; is by definition span((v,),c;). This holds for every vector of V if
and only if (v,),es IS spanning.

On the other hand, every vector in span((v,),ec;) can uniquely be written as a linear
combination if and only if the family (v,),¢; is linearly independent. O

Corollary 2.4.27. Let V be an F-vector space. Suppose that V admits a finite basis
(vq, .., v,,). Then the map

v =" Ay Bl = P A

is a well-defined bijection. We will see in Corollary 8.1.49 than it is a fact an isomorphism
of vector spaces.
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Definition 2.4.28. ]

J

Let (v,).cr be a basis of a vector space V and let v € V be a vector. By
Lemma 2.4.26, there exists a unique way to write v = Zae] AV, (with all but
finitely many A\, = 0). The A, are called the coordinates of v in the basis

(Ua)ael'

Exercise 2.4.29. The family ([ﬂ , [é]) is a basis of R?. What are the coordinates of

[(1)] in this basis?

Solution. To solve this, we need to find A and p solutions to

2 1 1
ol = o)
The unique solution to this system is given by A = 3/5 and p = —1/s. O

We now give another characterisation of bases.

'_[ Theorem 2.4.30. |

Let (v,)qer be a family of vectors in a vector space V. Then the following are
equivalent;

I (v,)ger s a basis of V;
II. (v,)qer @ a mazimal linearly independent family;
III. (v,)ger % @ minimal spanning family;

1V. Ewvery vector v € V can uniquely be written as a linear combination of
elements of (v,)qcr-

Proof. To simplify the notation, let us write & := (v,)er-

“l <= IV” is Lemma 2.4.26.

“I = II” By hypothesis, % is both linearly independent and spanning. We claim
that it is is maximal among linearly independent family: if a family € of vectors V'
contains both & and a vector v not in 9B, then it is not linearly independent. Indeed
v =23 AUy (with all but finitely many A, = 0), so 0 = (—1)v+ }_ is a
linear dependence relation.

“I = III” As above % is both linearly independent and spanning. We claim that it is
minimal among spanning family: any proper subfamily & of it is not spanning. Suppose
that was not the case. Then there exists o C & spanning, and linearly independent
as it is included in %. But by the above & is a maximal linearly independent family,
contradicting the linear independence of %.

“II = I” Suppose that & is a maximal linearly independent family. We need to prove
it is spanning. Let v be any element in V. If v is already in 9 then it is in span(A).

acl )\O‘UO‘
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Otherwise, the subset 9 U {v} is not linearly independent and therefore there exists A
and A, (with all but finitely many A, = 0) not all 0 such that

Av+ Z AgUq =0
acl
But A # 0 as this would contradict the linear independence of %. We conclude that
v=—3 A1\, v, is in span(9B).
“III = I” Suppose that % is a minimal spanning family. We need to prove it is
linearly independent. Let (\,),c; be scalars (with all but finitely many A, = 0) such

that
0="> A,

acl
We need to prove that they are all 0. Suppose by contradiction that there exists oy,
such that A, # 0. This would implies that v, = —)\;; Ay Vq- DBut then

aclN\{ay} @7’

span(%# \ v, ) = span(%) =V contradicting the minimality of &. O

Remark 2.4.31. |

In this subsection we have obtained some interesting result about bases. However,
we still have not yet proved that bases exist. This will be the subject of the next
subsection.

2.4.4 Finite dimensional vector spaces

Our aim in this subsection is to define the dimension of a vector space. In order to do
that, we first need to define what it means to be finite dimensional.

Definition 2.4.32. ]

A vector space V is said to be finite dimensional (or of finite type) if it has a
finite spanning set. Otherwise it is infinite dimensional.

Example 2.4.33. The vector space F™ is finite dimensional, as its standard basis is a
spanning family with m elements.

Example 2.4.34. The vector space P(F) of polynomials is infinite dimensional. Indeed,
let py, .., p,, be a finite set of polynomial. Let d := max{deg(p;)} be their maximal
degree. Then any polynomial in span(py,...,p,,) has degree at most d. We conclude
that span(p,,...,p,,) C P(F),; C P(F) and thus that there exists no finite spanning set
in P(F).

We can now prove the most important theorem of this section.

Theorem 2.4.35. |

Every finite dimensional vector space V has a finite basis.

45



2 Vector spaces

Proof. Let (vq,...,v,,) be a finite spanning family. Since this family is finite, it contains
a minimal spanning subfamily 98, which is a basis by Theorem 2.4.30. O

We have seen in Lemma 2.4.13 and Example 2.4.15 that there exists some relation
between span and linear independence. This relationship is quite important and we have
the following converse of Example 2.4.15.

Lemma 2.4.36 (Linear dependence lemma). Let (vy,...,v,,) be a linearly dependent
family of vectors in a vector space V. Then there exists i € {1,...,m} such that

1. v; belongs to span(vy,...,v;_1);

2. span(vy, ..., V,,) = Span(vy, ... ,V;_1, V41, -, Up,) (We can remove v; without chang-

rrm

ing the span).

Proof. We start by proving the first assertion. By hypothesis, there exists (A, ..., \,,) €
F™ with at least one non-zero \; such that 0 = A\jv; + - + A,v,,. Let i := max{i |
A; # 0} be the biggest index such that \; # 0. Since ); is not 0, we can divide both
sides by it to obtain

0= Ai_l)\l/vl + et )\i_]-)\ifl/vifl + v; + 0- ,Ui+1 + -0 - U

by maximality of i. So v; = (—=A; A)v; + -+ (—=A;71A\,_;)v;_4 is in span(vy, ..., v;_1).

For the second assertion, it is clear that the right hand side is contained in the left
hand side. For the other inclusion, let v be any element of span(vy, ..., v,,). Then there
exist fty, ., i, such that

V= U+ gy, Uy
= HqVp o gV ﬂi(_A;1A1”1 .y A;lAi—lvi—l) t Mg Vi1 T B U,
= (g — A7 Aoy + o (o = AT A1)V F BV o B U

So v belongs to span(vy, ..., v;_1,V;,1, .., V), Which finishes the proof. O

Using this lemma, we can prove the following important result.5

Theorem 2.4.37 (Grassmann’s exchange lemma).

Let V' be a vector space. Let (vq,...,v,,) be a finite linearly independent family
and let (w,),er be a (possibly infinite) spanning family. Then m < #1.
Moreover, if I = {1,...,n}, there exists a renumbering of the w;s such that
(V1 eee s Uy Wy g 15 -0, W) 18 SPANMING.

Proof. We will prove the theorem for a finite spanning family(w, ..., w,,) . The general
proof is similar. Consider the family (v;,w;, ..., w,,). Since v; is in V' = span(wy, ..., w,,),
the above family is linearly dependent. Moreover, v; # 0 since it belongs to a linearly

fNamed after Hermann Giinther Grassmann (1809-1877).
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independent family. So v; ¢ span(@). By Lemma 2.4.36, there exists i; such that
V' = span(vy, wy, ..., W,,) = SPAN(Vy, Wy, ey Wy 1, Wy 4150y W)

Now, consider the family (vq, vy, wy,...,w;_1,W;41,...,w,). This family is linearly
dependent and vy ¢ span(v;) by linear independence. So there exists i, such that
V = span(vy, vy, Wy, ... ,@bil, ,7/%, ..., w,).” By repeating this process, we find distinct
iy to i,, such that we can replace w; by v; in (wq,...,w,,) and still have a spanning

J
family. Since all the i; are distinct, we conclude that m < n. O

The above theorem is: finite linearly independent family of vectors are shorter than
finite spanning ones. We have an immediate but extremely important corollary of it.

Corollary 2.4.38. Let V be a finite dimensional vector space. Then all its bases have
the same number of elements.

Proof. By Theorem 2.4.35 V admits a finite basis & with m elements. Let %’ be any
other basis. Since &’ is linearly independent and % is spanning, &’ has at most m
elements by Theorem 2.4.37, it is hence a finite basis. By exchanging the roles of % and
AB’, we see that B’ has at least, and thus exactly, m elements. d

We can now finally state the main definition of this subsection.

Definition 2.4.39. ]

Let V be a finite dimensional F-vector space. Its dimension dimg (V) is the
number of elements in any of it’s bases.

Observe that if a vector space V is finite dimensional, then its dimension dimg (V) is
finite.

Example 2.4.40. For any field F, the space {0} is the only F-vector space of dimension 0.

Example 2.4.41. We have dimg(F™) = m and dimg(P(F),,) = m + 1. Indeed, the
standard basis of F" has m elements, while the standard basis of P(F),, has m + 1
elements, see Examples 2.4.21 and 2.4.22.

5

Remark 2.4.42. ]

We will often drop the subscript F and simply write dim(V'). However, F does
matter. For example dims(C) = 1 while dimg (C) = 2.

The next result might naively seem trivially true. However, its proof is far to be trivial.

. : . .
(V15 Vg Wiy ey Wy s ve s Wiy ey Wy ) 18 the list (v, oy Uy Wy oo, w,,) With w, and w;, removed.
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Theorem 2.4.43. |

Let U be a subspace of a finite dimensional vector space V.. Then dim(U) < dim(V).
In particular, every subspace of a finite dimensional vector space is also finite
dimensional.

Proof. We do not know yet that U is finite dimensional. So we would like to prove
the theorem without assuming the existence of a basis. What we will do is show that
U has at least one maximal linearly independent family 98, which will be a basis by
Theorem 2.4.30.

Every linearly independent family of vectors of U is also a linearly independent family
of vectors of V. By consequence, every such family has at most dim(V) elements by
Theorem 2.4.37. We conclude that any linearly independent family & of vectors of U is
contained in a maximal linearly independent family & of vectors of U. To conclude the
proof it is hence enough to show that U has at least one linearly independent family &/
of vectors. One can always take o = & to be the empty family. O

To conclude this subsection, we present to important consequences of Grassmann’s
exchange lemma.

Corollary 2.4.44. Let V be a vector space of dimension m. Then
1. Any linearly independent family of m vectors is a basis;
2. Any spanning family of m vectors is a basis.
Proof. This is a direct consequence of Theorems 2.4.30 and 2.4.37. O

Corollary 2.4.45. Let U be a subspace of a finite dimensional vector space V. Then
dim(U) = dim(V) if and only if U =V.

Proof. The proof is left as an exercise to the reader. O

Corollary 2.4.46. Let V be a finite dimensional vector space. Then any linearly
independent family can be completed into a basis of V.

Proof. Let (vq,...,v,,) be a linearly independent family and let (wy,...,w,) be a basis
of V. Applying Theorem 2.4.37 we obtain a family (v, ...,v,,, (I ,wir) that is both
linearly independent and spanning. O

Corollary 2.4.47. Let V be a vector space of dimension n and let U be a subspace

of dimension m. Then every basis (uq,...,u,,) of U can be completed into a basis
(Upseoe s Upyys Uy 15 -0, Upy) Of V.

Proof. If (uq,...,u;) is a basis of U it is linearly independent. It can hence be completed
to a basis of V' by the previous corollary. O
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[ Infinite dimensional vector spaces
\

The proofs of Theorems 2.4.35 and 2.4.37 and Corollary 2.4.38 only work for
finite dimensional vector spaces. The results however remain true for infinite
dimensional vector spaces, under one extra-technical set-theoric assumption called
(AC), see Appendix 1.2. That is, if we assume (AC), then the following hold.

FEvery vector space has a basis, and any two of its bases have the same
cardinality. Moreover, a linearly independent family is of smaller cardinality
than a spanning family.

We can use this to define the dimension of V' to be the cardinality of any of its
bases. With this notion, a vector space V is finite dimensional if and only if
its dimension is finite. With this general notion of dimension, we still have (see
Theorem 2.4.43 and Corollary 2.4.47)

If U is a subspace of a (possibly infinite dimensional) vector space V, then
dim(U) < dim(V'). Moreover, any basis of U can be completed into a basis
of V.

However, Corollaries 2.4.44 and 2.4.45 are not true for infinite dimensional vector
spaces. Indeed, if U C F(™) is the subspace of sequences with a 0 in the first
coordinate, then dim(U) = dim(F™), but U is a proper subspace of F(N),

[ To go further

The cardinality of a vector space can be computed from its dimension.

Let V' be an F wvector space. Then
1 if V= {0},
#V = { #FinV) if both F and dim(V) are finite,
max(dim(V'), #F) otherwise.
Let us prove this statement. If dim(V') is finite, it follows from the forthcoming
Corollary 3.1.49 that V = Fdm(V) hag #Fdn(V) elements. This formula is true
regardless of the cardinality of F.

Let & be a basis of V. For a set S, write P, (S) for the set of its finite subsets.
We have two injective maps

Fx®—V V — P (F x B)
(A7U)|—>>"U ’U:ZAi’Ui '—>{<)‘17v1)7"-7()‘m7vm>}'
=1

This shows that #F x dim(V) = #F x #%B = #(F x B) < #V < #P;,(F x B).
Since F has at least two elements (0 and 1), the left inequality gives 2 dim(V') < #V.

49




2 Vector spaces

If V # {0}, we also have #F < #V and thus max(2dim(V), #F) < #V. Suppose
now that at least one of #F or dim(V) is infinite and that V' # {0} (so both #F
and dim(V') are not 0). Then F x & is infinite and by cardinal arithmetic we have
max(dim(V),F) = #F x #% = #Pg,(F x B) > #V as desired. It remains to
show the inequality #V < max(dim(V), #F).

2.4.5 Sums of subspaces and dimension

Recall from Definition 2.3.40 that if U is a subspace of V', a complementary subspace for
U is a subspace W C V such that U @ W = V. Using bases, we will show that such a W
always exists.

Theorem 2.4.48. ]

Let U be a subspace of a vector space V. Then there exists a complementary
subspace W. That is, there exists W such that U W =V.

Proof. We give the proof only for finite dimensional vector spaces, but the result remains
true in general. Let (u,,...,u;) be a basis of U and complete it to (uy, ..., u;, vy ..., Uy, )
a basis of V. Let W := span(v; 1, ..., v,,). We claim that U@ W =V.

On one hand, it is clear that U + W 2 span(uy, ..., u;, v 1 ..., v,,) = V and so that
U+ W = V. On the other hand, if v belongs to U N W, there exists A; such that

0 =vV—UV= (>\1U1 + + )\lul) — ()\l+1'l)l+1 + + )\m'Um)

By linear independence we conclude that all the \; are zero and thus that v = A\ju; +
-+ N\u; = 0. We have just proved that U N W = {0} and so the sum is direct. O

Remark 2.4.49. ]

Such a W is not unique in general, see Example 2.3.36. However both {0} and V
itself have a unique direct complement (which is respectively V and {0}).

It turns out that having a unique complement characterise 0 and V.

Proposition 2.4.50. Let U C V be a subspace of a vector space. Then U admits a
unique complement if and only if U = {0} or U =1V.

Proof. “=7"IfU =V, then V+ W =V for all subspaces W. Moreover, W = {0} is the
only subspace such that V N W = {0}, so {0} is the only direct complement of V. This
also implies that V is a direct complement of {0}. Finally, if U = {0} then W =V is
the only subspace such that U + W = V. So V is the only direct complement of {0}.
“«<” This direction is more difficult and we will skip it. But see the next “To go
further” box for details. O
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[ To go further L

We will now give a proof of
If U CV admits a unique direct complement then U = {0} or U =V.

Proof. We will prove it for finite dimensional vector spaces, but the general proof
is similar.

Let {0} C U C V be a subspace that is neither {0} nor V' and let W, be a direct
complement of U. We want to build another direct complement W, # W, of U. On
one hand, since U # {0} it has a non-empty basis (uq, ..., u,,). On the other hand,
since U # V the subspace W is not {0}. In particular W has a non-empty basis
(wq,...,w,). Define W, := span(u; + wy, ws, ..., w,,). We claim that W, # W, and
that it is another direct complement of U.

Firstly, W, #+ W;. Indeed, if W, C W, then W, contains both w; and u; + w;.
This would implies that 0 # u; = (uy +w;) —u; is in U N W, which contradicts
the fact that U @ W] is a direct sum.

One can also show that W, does not contains u;. Indeed, if it was the case then W,
would also contains w; and hence w; = A (uy + wy) + Aywy + -+ + A, w,, for some
scalars A;. We cannot have A\; = 0 as this would contradict the linear independence
of (wq,...,w,). But A\; # 0 implies that u,; is in W, which is absurd.

Secondly, let v € U N W,. Then there exists scalars (\;)? ; such that v = A\, (uy +
wy) + AWy + ... + A, w, € UNW,. But then v—A\ju; = Ajw; + Awsy + ...+ A, w,
isin UNW,; = {0}. So \ju; = v is in U NW,. This means that either v = 0 as
desired or that u; = A\{'v € W,. We just proved that the second possibility cannot
happen. This finish the proof that U + W, = U @ W, is a direct sum.

It remains to show that U + W, = V. Let v € V = U + W, be any vector in V.
Then there exists scalars (u;)72; and (););-; such that

V= UqUq + -+ Moy U, + )\1’11)1 + o+ Anwn
= (g — Nug + oy + -+ + pp Uy + Ay (ug +w1) + Agwy - + A0,

showing that V C U @ W, O

Recall that if A and B are two finite subsets of C we have the inclusion-exclusion
formula: #(AU B) = #A + #B — #(A N B). We have a similar result for subspaces

of vector spaces, where the cardinality of a subset is replaced by the dimension of a
subspace.

Theorem 2.4.51. ]

Let V be a vector space and let U and W be two finite dimensional subspaces.
Then we have

dim(U + W) = dim(U) 4+ dim(W) — dim(U N W).
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Proof. To prove results about dimension of vector spaces, it is usually useful to use
bases. So let (vq,...,v,,) be a basis of the finite dimensional vector space U N W, so
dim(U N W) = m. We can extend it to (vq,...,v,,,U,...,u) a basis of U, but also
t0 (V1 .., Uy, Wy, ..., w;) & basis of W, so dim(U) = m + k and dim(W) = m +[. We
claim that (vy,...,v,,,uq, ..., Uy, Wy, ..., w,,) is a basis of U + W. This will imply that
dim(U+W)=m+k+l=(m+k)+ (m+1)—m.

The family (vy,...,v,,, Uy, ..., u;) spans U while the family (v, ..., v,,,w;, ..., w;) spans
W. So the family (vy,..., U, Uy, ooy Upy Upy eey Uy W1,y -, w;) spans U + W and so does
(V1 eee s Uppyy Ugy evvy U, Wy ..o, W, ), Where we just removed the repeated vectors.

In order to finish the proof, we need to show that (vq,...,v,,, Uy, ..., U, Wy, ... , W,,) is

linearly independent. Let A;, p; and 7, be scalars such that
0=XAvy+ -+ A0 + Uy + -+ gy + 1wy + -+
Then the element
vi= — (Y wy o W) = Aqvg e AU+ Uy e g
is in W NU. That is, there exists 8; such that v = v, + -+ + 5,,v,,. We have
0=v—v=(A —B)vy + -+ (A = B)Vp + 0y + - + B0

Using the linear independence of (v, ..., v,,, Uy, .., ) we obtain that all the coefficients

are 0 and in particular that pu; = 0 for all .. We conclude that

v = _(’Ylwl + SRl ’Ylwl) = )\17)1 I+ )\mvm.

Writing 0 = v — v and using the linear independence of (vy, ..., v,,, W, ... ,w;) We obtain
that all the A, and «; are 0, which finishes the proof of the linear independence of
(U1 ey Uppyy Uy een s Uy Wy ey Wy ) O

Corollary 2.4.52. Let V be a finite dimensional vector space and let U; + ---+ U, be a
sum of subspaces. Then the following are equivalent:

1. The sum is direct;
II. dim(U; & - & Uy,) = dim(U;) + - + dim(U,).

Proof. If k =1, there is nothing to prove. The case k = 2 is a simple application of the
Theorem, since U; N U, = {0} if and only if the sum U; + U, is direct. The case k > 3 is
done by induction. O

[ Infinite dimensional vector spaces

1§

For a general vector space V, we still have the formula

dim(U + W) +dim(U N W) = dim(U) + dim(W).

However, this is not really interesting as for infinite dimensional vector spaces,
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dim(U) + dim(W) = max{dim(U), dim(W)}. More generally, using bases, one can

show
dim(@ Ua) =Y dim(T,).

acl ael

But to understand the above expression we need to make sense of infinite sums of
infinite cardinals, which goes beyond this course.
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Standing assumption

In this chapter, we will fix an arbitrary field F. In particular, when talking about
multiple vector spaces, U, V, W, etc. we will always assume that they are vector
spaces over the same field.

In the previous chapter, we have defined vector spaces and started the study of their
structure (subspaces, bases, ..). In this chapter we will see how to connect vector spaces
by maps that preserve their structures.

3.1 Linear maps, kernels and images

In this section, we will define a linear map as a map T: V — W that “preserves the vector
space structure”. A prominent example of such maps is given by matrix multiplications.
We will then define two subspaces associated with 7". The first one, Im(7") C W is simply
the image of T and related to surjectivity, similarly to what happens with maps between
sets. The second subspace ker(T') C V is related to injectivity and does not have an
equivalence in the realm of functions between sets.

3.1.1 Definition and first properties

Before defining linear maps between vector spaces, let us shortly recall the situation for
sets from Chapter 1. Sets do not have structure. We are therefore interested in any maps
f: A — B without restrictions. Bijections are specially important maps and whenever
there exists a bijection A —» B we consider A and B identical as sets. Moreover, we
have A ~ B if and only if #A4 = #B.

Contrary to sets, vector spaces do have structure, namely the addition and scalar
multiplication. So we are interested in maps between vector spaces that do “preserve”
this structure. Here is an example that shows why bijections are not the correct tools to
use for vector spaces. There exists a bijection between R and R?, so they are identical
as sets. However, as real vector spaces R and R? are quite different (for example, they
do not have the same dimension) and thus should not be identified as vector spaces.
Actually, there even exists a bijection between R and R™) while one is of dimension 1
and the dimension of other is infinite.
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’_[ Definition 3.1.1. ]

Let V and W be two vector spaces over the same field F. AmapT: V — Wis a
F-linear map (or F-linear transformation, or simply linear map or linear
transformation) if it satisfies the following two conditions:

(1) Yu,v e V:T(u+y v) =T(u) +y T'(v) (additivity);
(2) VveVAXeEF T vv) =Xy T(v) (homogeneity).

We will sometimes write 7, or T'v for T'(v).
We write £(V, W) for the set of all linear maps from V' to W:

LV ,W):={T:V — W |T is linear}.

T(u)+T(v) =T(u+v)
U+ v //” \\\
o T (u) o)
(0,0) (0,0)
r 2T (v) = T(20)
2v T(v)
(0,0) (0,0)

Figure 3.1: Effect of a linear map on addition and scalar multiplication of vectors in R2.

Remark 3.1.2. ]

When writing T' € £(V, W) we means two things. Firstly that V and W are two
vector spaces over the same field. Secondly that 7" is a linear map from V to W.
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Remark 3.1.3. |

As usual, the base field F matters even if we will often not write it explicitly. For
example, let V =W = C . This is both a real vector space and a complex vector
space. Let T(z) = Z be the complex conjugate of z, that is a + bi = a — bi. Then
T is R-linear, but not C-linear, see Tutorial 4 Question 1.

The linear maps for which their domain and codomain coincide form an important
and interesting family.

Definition 3.1.4. ]

If V is a vector space, £(V) := £(V,V). An element T € £(V) is called an
operator on V.

A vector space does not only have an addition and a scalar multiplication, it also has
a zero element and every vector has an additive inverse. We would like our maps to also
“preserve” these operations. Luckily we have this for free.

Lemma 3.1.5. For any linear map T € £(V,W) we have
1. T(OV) = OW;
2. YoeV :T(—yv) =—yT(v).

Proof. We have T'(0y,) = T'(0y, + 0y,) = T'(0y,) + T(0y/). Subtracting 7'(0y,) on both
sides we obtain T'(0y,) = Oy .

The second assertion follows directly from the definition of linear map and the fact
that —v = (—1)w. O

Using the above lemma, one can summarise the two properties of linear maps into one
unique property. This is similar to what we did for subspaces.

Corollary 3.1.6. Let V and W be two vector spaces over the same field. A map
T:V — W is linear if and only if it satisfies the single condition

Vu,v € V,XEF : T(Au+v) = T'(u) + T(v).

Proof. If T is linear, then T'(Au +v) = T'(Au) + T'(v) = AT (u) + T'(v).
If the map T satisfies the condition, then T'(u + v) = T'(lu + v) = T'(u) + T'(v) and
TAu) =T (M ~+0) =AT(u) +0=AT(u). O

Let us now see a few examples of linear maps.

Example 3.1.7. If V and W are two vector spaces over the same field F, one define the
zero map
O/C(V,W) :V—W

v Oy
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This is a linear map. The verifications are straightforward and left to the reader. As
usual, we will often drop the subscript and simply write 0 whenever V' and W are clear
from context.

The above example shows that if V' and W are vector spaces over the same field, then
L(V,W) is never empty.

Example 3.1.8. If V is a vector space, then the identity map

Idy:V—V
Vv

is a linear map. We will simply write Id if V is clear from context. But be careful:

It follows from the previous two examples that if V' # {0}, then £(V') has at least two
elements: 0 # Id. If V = {0} then these two maps are the same.

Example 3.1.9 (Differentiation). Define

D: P(R) — P(R)
pr=p,

where p’ is the derivative of the polynomial p. From calculus, we know D(p + q) =
D(p) 4+ D(q) and D(Ap) = AD(p), so D is a linear map. One can also define D on the
larger domain €*(R) := {f: R — R | f(™) exists Vn} (the space of infinitely many times
differentiable real functions') to itself. It is even possible to go complex and to define D
on P(C) or on C*(C).?

Observe that while we used the same letter D, we have 4 different linear maps.
Indeed, these maps are respectively elements of £(P(R),P(R)), £(C*(R),C>(R)),
L(P(C),P(C)) and of £L(C>*(C),C>(C)). We used the same letter for these different
maps are they “do the same things”. In fact, they are restrictions one of the other. For
example, P(R) is a subspace of all the other 3 spaces and the D map on P(R) is the
restriction of any of the other three D maps.

Example 3.1.10 (Definite integration). Define

T: P(R) — R
1
z)dzx.
pl—>/0 p(z)

From calculus, we know that T is linear. This is still true if we replace the integration
interval [0, 1] by any fixed interval [a,b] with a < b.

It is possible to extend T to {f: R — R | f integrable on [0, 1]} and even to complex
integrable functions.

Be careful, the differentiation map from the previous example is in £(P(R),P(R)),
but the definite integration map is in £(P(R),R).

A real function that is infinitely many times differentiable is called a smooth function.
2@°°(Q) is the space of holomorphic functions. See your analysis class for more details.
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Example 3.1.11 (Backward shift). Define
S: FN — FN
(g, Tq, Toy .. ) F— (L1, Tg, Tg ... ).
One easily verify that S is linear.
Example 3.1.12 (Multiplication by x). Define
T: P(F)— P(F)
p(z) — = - p(x).
One easily checks that T'(Ap + q) = z(Ap + q) = Azp + g = AT (p) + T'(¢) and so T is
linear. The map T is sometimes called the forward shift as
T(ag+ -+ a,z") = apz + -+ a, 2" =04 a;_ 12+ +a, 12" + 4,y 1)_12"

In other words, the sequence of coefficients (ay,...,a,,0,...) is sent to the sequence
0,ag,...,a,,0,...).

Observe that applying twice the map T is simply the multiplication by z2. Indeed,
T(T(p(x))) = 2* - p(z).

Our next example is more concrete and might look familiar.

Example 3.1.13. The map

T: R® — R?
3: 2z —y+ 32
Z Tx + by — 62

is a linear map: T € £(R?,R?).
One can easily check that the above example corresponds to the left multiplication

by the matrix [? _51 _36] . Actually, multiplication by a matrix is always a linear map as

demonstrated in the following example.

Example 3.1.14. If a;; belongs to F for i € {1,...,m} and j € {1,...,n}, then the map
T: F* — F™

‘/El all C aln :I:1
N LT . .
Ty A1 - Amn Tn

is linear and belong to £(F™,F™). See Definition 3.2.5 for a reminder on matrix
multiplication.

We will see in Subsection 3.2.2 that any linear map from F” to F™ can be realised by
a matrix multiplication.

The following theorem is important as it allows for easy construction of linear maps.
Indeed, it says that in order to construct a linear map T from V to W we only need to
decide the value of T on a basis of V.
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Theorem 3.1.15. |

Let V and W be two vector spaces. Suppose that (v,)acr @5 a basis of V and let
(W) per be a list of arbitrary vectors (not necessarily distinct) in W. Then there
exists a unique linear map T € L(V, W) such that T(v,) = w, for all a in I.

Proof. We will write the proof for a finite basis # = (vy,...,v,,) of V (so for V finite
dimensional), the general case being similar.

We start by proving the existence of such a linear map. Let v be any vector in V.
Since & is a basis, there exists unique A;s such that v = Ajv; + -+ A, v,,. We define
T on v by T(v) = \w; + -+ A\, w,, € W. By existence of the \;s each v has at least
one image, and by unicity each v has exactly one image, so T is a well-defined map. It
remains to check that 7' is linear. Let v = Ajv; + -+ A,v,,, and u = pvy + -+ p,,v,,
be arbitrary vectors in V and let v € F be a scalar. Then

T(yv+u) = T((YAr + p1)vg + -+ (VA + ) V)
= (A1 + p)wy + o+ (YA + )Wy,
= y(A\wy + -+ A w,,) + (pwy o W)
=T (v) + T(u).

For uniqueness, suppose that S € £(V,W) is a linear map satisfying S(v;) = w,. Then
for any v = A\jv; + -+ A0, in V, we have

S(U) = S(’\lvl +oeee /\mvm)
= AIS(UI) +- )‘mS(vm)
= )‘lwl + )‘mwm = T(’U),

where the second equality is the linearity of S. Since S and T agree on every elements of
their domain V' (and have the same codomain W), they are equal. O

The above theorem not only gives us an easy way to construct linear maps, it also allows
us to easily check if two linear maps are equal. Instead of checking that S, T € £(V, W)
agree on all vectors of V, it is enough to check that they agree on a basis of V. In
particular, if V' is finite dimensional, then we only need to verify dim (V') (which is finite)
many equalities, instead of verifying F&(V) (which is infinite if F is infinite) of them.

As we defined it, £(V,W) is simply a set. We will endow it with an addition and a
scalar multiplication in order to turn it into a vector space. This will be done in a similar
fashion of what we did on F° = {f: S — F}.

Definition 3.1.16. ]

Let V and W be two F-vector spaces, let S,T" be two linear maps in £(V, W) and
let A € F be a scalar. We define S + ;i) T by (S +T)(v) := S(v) + T'(v) and
A zovwy S by (A-S)(v) := AS(v) for every v € V.
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Theorem 3.1.17. |

Let V and W be two F-vector spaces. Then (L(V,W),+,-) is an F-vector space.

Proof. Firstly, we need to check that S+ 7 and AS are well defined. That is, we need to
verify that they are indeed linear maps from V to W and not simply functions from V
to W. This is elementary and left as an exercise to the reader.

Then, we have the zero map 0 in (£(V,W),+,-). For all S we also have a map —S
defined by (—S5)(v) := —(S(v)) for all v € V. Once again, we let the reader verify that
—S is linear.

Finally, it remains to verify the 8 axioms of the definition of a vector space. This is

elementary but fastidious and left as an exercise to the reader. O
gof
Recall that we have the composition of maps A —f> B —— C. It turns out that

the compositions of two linear maps is still linear.

Lemma 3.1.18. Let T € L(U,V) and S € £(V,W) be two linear maps. Then the map
SoT:U — W is linear.

Proof. This is a straightforward verification, using (S o T')(u) = S(T'(u)). O

f[ Definition 3.1.19. ]

Let T € £(U,V) and S € £(V,W) be two linear maps. Then their product is
ST:=8-T € L(UW).

'_[ Remark 3.1.20. ]

As with general functions, the product of two linear maps T € £(U,V) and
S € £(X,W) is not necessarily defined in general. It is defined only if X = V.
In particular, the fact that ST is well defined (V = X) does not implies that
TS is well-defined (W = U). Even if both ST and T'S are defined, they do not
necessarily have the same domains and codomains. Finally, even if they have the
same domain and codomain they are not necessarily equal.

The examples given for general functions in Remark 1.2.8 were already linear maps
and still apply.

Products enjoy some nice properties.

Proposition 3.1.21. 1. The product of linear maps is associative: (T5T,)T) =
T5(T,Ty). More precisely, the left-hand side of the equality is well-defined if
and only if the right-hand side is, in which case they are equal.

2. The product of linear maps has identities: for all T € L(V, W) we have T'Id, =
T=IdyT.
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3. The product of linear maps is distributive over the addition: T'(S;+S,) =TS, +T'S,
and (T1 +T5)S =T,S + 1,5 for all S,5,,S, € L(U,V) and T,T,,T, € L(V,W).

Before proving Proposition 3.1.21, let us show on diagrams the maps involved in

T,oS
v v T w
\y
TyoS
‘Tl(—‘s‘+(7‘-_>‘?‘51 R A T (T1+T2)OS

Proof of Proposition g.1.21. The first and second assertion are true for any maps, not
only for linear ones. See the discussion after Remark 1.2.8 for the first assertion and
Lemma 1.2.10 for the second.

Let us prove the last assertion, namely the part = TS + 7,5 as the proof for T'(S; +
Sy) =TS, + TS, is similar. Let u be any vector in U. Then

(T + T3)8))u = (T + T)(Su)
=T, (Su) + T, (Su)
= (TyS)u + (T,S)u
= ('S + 1,5)(u)

and thus (T} +T1,)S =T, S + T,S. O

3.1.2 Image and surjectivity

Any linear map T' € £(V,W) is a map, and therefore its image
Im(T)={weW|FweV:w=T()}

is a subset of W. The image of a linear map T is also called its range, and written
range(T).
Images of linear maps are not only subsets of the codomain, but also subspaces.

Lemma 3.1.22. If T € £L(V, W), then Im(T) is a subspace of W.

Proof. We have T'(0) = 0 and thus 0 belongs to Im(T"). Let w;, w, be two vectors in
Im(T') and let X € F be a scalar. Then there exists v; and v, in V' such that T'(v,) = w,
and T'(vy) = wy. Therefore T'(Av; + vy) = Aw; + wy, which proves that Aw; + w, is also
in Im(7"). This finishes the proof that Im(7’) is a subspace. O

61



3 Linear maps

We have just seen that to any linear map T € £(V, W) we can associate a subspace
of W. It turns out that every subspace can be realised in this way.

Lemma 3.1.23. Let W C V be a subspace of the vector space V. Then there exists a
linear map T € £L(V') such that W = Im(T).

Proof. The proof is postponed to Proposition 3.3.4.

For the interested reader that would like to prove the proposition right now, here is
a skeleton of the proof. Take any direct complement U of W so that V =U & W and
define T' to be the identity on W and the 0 map on U. O

The following trivial result links image and surjectivity.
Lemma 3.1.24. A linear map T € L(V, W) is surjective if and only if Im(T) =W.
Proof. This directly follows from the definition. O
One can therefore use Im(7") to quantify the default of surjectivity of 7. The smaller
Im(T) is, the further away T is to be surjective.
3.1.3 Kernel and injectivity

In the previous subsection, to any linear map T € £(V,W) we associated a subspace
of W and made a connection between this subspace and the surjectivity of 7. In this
subsection, we will associate a subspace of V' to T' and made a connection between this
subspace and the injectivity of T'.

Definition 3.1.25. ]

Let T € £(V,W) be a linear map. We define its kernel (or null space) to be
the subset
ker(T) =null(T) :={veV|T(v)=0} C V.

While Im(7') was simply the set-theoretic image of T', we need the presence of a 0 to
define ker(7"). This explains why ker(7") has no analog for functions between sets.
The following result, dual to Lemma 3.1.22, justifies the name of null space.

Lemma 3.1.26. If T € £(V,W), then ker(T) is a subspace of V.

Proof. By linearity T(0) = 0 and so ker(7") contains 0. Let u, v be two vectors in ker(T')
and let A € F be a scalar. Then

T(Au+v) = AT(u) + T(v) = A0+ 0 =0,

which proves that Au + v is also in ker(T"). This finishes the proof that ker(T') is a
subspace. ]

We have just seen that we can associate a subspace to a linear map. It turns out that
every subspace can be realised in this way, dually to Lemma 3.1.23.
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Lemma 3.1.27. Let U C V be a subspace of the vector space V. Then there exists a
linear map T € £L(V) such that U = ker(T).

Proof. As with Lemma 3.1.23, the proof is postponed to Proposition 3.3.4.
The interested reader that would like to prove the lemma right now, can follow the
same strategy as for Lemma 3.1.23. O

The image of a map was connected to surjectivity. It is no surprise that its kernel is
connected to injectivity. While Lemma 3.1.24 was trivially true, this is not the case of
the dual statement that requires a real proof.

Theorem 3.1.28. ]

A linear map T € L(V,W) is injective if and only if ker(T') = {0}.

Proof. “=” If v is in ker(T") we have T'(v) = 0 = T'(0), which implies v = 0 by injectivity
of T.

“<" Let u and v be two vectors in V such that T'(u) = T'(v). We need to prove that
u=v. We have T'(u —v) = T(u) — T'(v) = 0 so u — v is in ker(T") = {0}. We conclude
that v —v = 0 and so that v = v as desired. O

Heuristically, for T' € £(V, W) the kernel ker(T') is the subspace of V that is “com-
pressed by T"”. The bigger it is, the further T is from being injective.

An injective linear maps is sometimes called an embedding of vector spaces.

We now go back to some examples of linear maps we have seen and compute their
kernels and images.

Example 3.1.29. Let 0 € £(V,W) be the zero map. We have ker(0) = V and
Im(0) = {0}. We conclude that the zero map is injective if and only if V' = {0} and
surjective if and only if W = {0}.

Example 3.1.30. Let T € £(P(R), P(R)) be the multiplication by x, that is T'(p(z)) =
xp(x). Then its kernel ker(7T') is the {0} subspace while its image Im(7") is the subspace
of polynomials with constant coefficient 0. We conclude that the map T is injective but
not surjective.

Example 3.1.31. Let D € £(P(R),P(R)) be the differentiation map D(p) = p’ on
polynomials. Then its kernel ker(D) is the subspace of constant polynomials while its
image Im(D) is the whole space P(R). Indeed, if p is any polynomial, there exists an
antiderivative ¢ such that ¢’ = p. We conclude that the differentiation map D is surjective
but not injective.

Example 3.1.32. As we have seen, the differentiation map D € £(P(R),P(R)) is
surjective. Similarly, the differentiation map D € £(P(R)5, P(R),) is surjective. However
neither D € £L(P(R);, P(R)5) nor D € L(P(R),, P(R),) are surjective (the image of
the first map does not contain z°, while the image of the second map does not contain
x%). This example shows that both the domain and the codomain of a linear map are
important for surjectivity.
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3.1.4 Rank-nullity theorem

The aim of this subsection is to prove the Rank-—nullity theorem, which is the fundamental
theorem of linear maps.

Theorem 3.1.33 (Rank-nullity theorem).
Let T € L(V,W) be a linear map. Then

dim (V) = dim(ker(7T')) 4+ dim(Im(T)).

In particular, if V is finite dimensional, then so is Im(T).

Proof. We will prove the theorem under the assumption that V is finite dimensional.
The general proof is similar.

As always with dimension formula, the proof uses bases. More precisely, we will start
with a basis for a subspace and then extend it to the whole space.

Let (uq, ..., u,,) be a basis for ker(T') and extend it to a basis B = (uy, ..., Uy, V1, .., V)
of V. So dim((ker(T)) = m and dim(V) = m + n. We claim that € := (Tvy, ..., Tv,,) is
a basis of Im(7"). If the claim holds, then Im(7") has dimension n and we are done.

We now prove the claim. We need to prove three things: that € C Im(7"), that it is
linearly independent and that it is spanning. It is trivial that € C Im(7"). We now prove
linear independence. Suppose that there exists scalars (\;)?_; such that

0=XMT(vy) +-+XT(v,) =T(A\yvg + -+ Av,).

This implies that A\;v; + -+ \,v,, is in ker(T") and so there exist scalars (u;); such
that
>‘1’U1 +t Anvn = Uy e gy Uy

or equivalently such that
0=ty + -+ fp Uy, — A0y — - = A0y,

Since & is a basis, it is a linearly independent family and so all the A; (and the p;) are
0. This finishes the proof that € is linearly independent.
Finally, we prove that % spans Im(T"). Let w be any element in Im(7"). So there exists
v € V such that T'(v) = w. Using that % is spanning, there exists (\;)7; and (x;)7",
such that
V= Uy + o F YUy, A0+ AL,

By applying T on both sides, we obtain

w=T(v) =T(p1uy + -+ fop Uy + A101 + -+ Ap0y,)
= /\1T(U1) + et /\nT(Un)v

and so w is in Im(7T"), proving that & is spanning. O
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[ To go further L

The above proof shows a bit more than what was announced, namely:

Let T € L(V,W) be a linear map. Then V = ker(T') & Im(T'), meaning that
V and ker(T) @ Im(T) are “similar as vector spaces”, see Definition 3.1.40.

The formula for dimension follows.

[ Infinite dimensional vector spaces L

Both V = ker(T') @ Im(T') and the dimension formula dim(V') = dim(ker(T')) +
dim(Im(7T")) hold for an arbitrary, possibly infinite dimensional, vector space V.
The proof relies on the possibility given by 2.4.47 to extend a basis of a subspace
to a basis of the whole space. It therefore ultimately relies on the axiom of choice,
see the Infinite dimensional spaces box on page 49.

But what does the equality dim(V) = dim(ker(T')) + dim(Im(7T')) really means
of dim(V') is infinite? It means that at least one of ker(7') and Im(7") is infinite
dimensional and that we have dim(V') = max{dim(ker(T")), dim(Im(T"))}.

Theorem 3.1.33 has many important consequences and applications.
Proposition 3.1.34. Let V and W be two vector spaces.

1. If dim(V) > dim(W), then no linear map T € £L(V,W) is injective.

2. If dim(V) < dim(W), then no linear map T € £L(V,W) is surjective.

Proof. “17 We will prove this statement under the assumption that V' (and hence also
W) is finite dimensional. The proof for infinite dimensional vector spaces is way more
complex and we will not see it.

Since Im(T') is a subspace of W, we have dim(Im(7")) < dim(W) < dim(V). It follows
from dim(V') = dim(ker(T)) + dim(Im(7T')) that dim(ker(7)) > 1 and so that T is not
injective.

“2” By the rank-nullity theorem, we have dim(Im(7")) < dim(V') < dim(W). Therefore,
Im(T") # W is a proper subspace and T is not surjective. O

Example 3.1.35. There exists no surjective linear map R — R? and no injective linear
map R? — R, even if there exists a bijection between R and R?2. See the discussion at
the beginning of Subsection 3.1.1.

Recall from Lemma 1.2.17 that if A and B are finite sets with the same cardinality,
then a function f: A — B is injective if and only if it is surjective, if and only if it is
bijective. A similar statement holds for finite dimensional vector spaces and linear maps.

Proposition 3.1.36. Let V and W be finite dimensional vector spaces of the same
dimension. For a linear map T € £L(V, W) the following are equivalent:
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1. T is bijective;
II. T 1is injective;
III. T is surjective.

Proof. On one hand, the map T is injective if and only if ker(T") = {0}, if and only if
dim(ker(T)) = 0. On the other hand, the map T is surjective if and only if Im(T') = W,
if and only if dim(Im(7")) = dim(W) by Corollary 2.4.45 (here we use that W is
finite dimensional). The conclusion follows from the equality dim(W) = dim(V) =
dim(ker(7T")) + dim(Im(T)). O

Remark 3.1.37. |

Proposition 3.1.36 is one of the few statements that are true for finite dimensional
vector spaces but not true in general. See Example 3.1.31.

Here is a nice application of Proposition 3.1.36.

Exercise 3.1.38. Show that for all polynomial ¢ € P(R) there exists a polynomial

V4

p € P(R) such that ((z® + 5z +7)p) =gq.

Solution. Let m := deg(q). Define

T P(R), — P(R),
p = ((x® + 52+ 7)p)

The degree of ((22 + 5z + 7)p)” is at most (m + 2) —2 = m, so this map is well-defined.
We claim that T is injective and thus surjective by Proposition 3.1.36. So there exists p
such that T'(p) = q.

It remains to prove the claim. Let p;, = ag + -+ 4+ a,,2™ and p, = by + -~ + b, ™
be two distinct polynomials of degree at most m. Since they are distinct, there exists
i € {1,...,m} such that a; # b,. Take i, to be minimal for this property. Then the
coefficients of z% in T'(p;) and in T(p,) are not the same, showing that T'(p;) # T(p,)
as desired. O

3.1.5 Application to linear systems

The study of general linear maps has important consequences for the solutions of linear
systems of equations, as demonstrated below.

An homogeneous system of linear equations (with constant coefficients) is a
system of the form

4%y + -+ ap,z, =0
: (31)

Q,,1%1 +o T 0
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where for i € {1,...,m} and j € {1,...,n} the a;; belong to F and the x; are independent
variables. The System (3.1) has 7 equations and n indeterminants. Such a system can
be rephrased using the linear map

T: F* — F™

35.1} { a;%; + +a1,T, ] (3.2)
I : .

z Q1% +'“+a‘mnxn

n
A vector x = [x,...,2,]" is a solution of (3.1) if and only if it belongs to ker(T').

As a direct corollary, we obtain that if 7 < n, then (3.1) has a non-trivial solution.
Indeed, dim(ker(T")) = dim(F™) — dim(Im(T)) > n — m.

An inhomogeneous system of linear equations (with constant coefficients) is a
system of the form

a1 + -+ a,T, = C
: (3-3)
@, 1%+t AT, = Cp
where for i € {1,...,m} and j € {1,...,n} the a;; and c; belong to F, with at least one

¢; # 0, and the x; are independent variables. As before, such a system can be rephrased
using the linear map 7T from (3.2). This time, z is a solution of the inhomogeneous
system (3.3) if and only if T'(z) = ¢, where ¢ = [cy, ..., ¢,,] -

We hence obtain that if 7 > n there exists 0 # ¢ € F™ such that (3.3) has no solution.
Indeed, dim(Im(7)) < dim(F") = n < m = dim(F™), so Im(T") ¢ F™.

Proposition 3.1.39. Suppose ¢ € Im(T') and x, € F" is a solution of (3.3). Then the
solution sets of (3.3) is

x, +ker(T) = {x, +y|y € ker(T)}.

Proof. “C” For any z in F" we always have z =z, + (z — asp). Now, if z is a solution
of (3.3), then T'(z) = ¢ and thus T'(z — z,,) = 0. That is z — x,, is in ker(7') and we are
done.

“O"If x =z, +y with y € ker(T), then T'(z) =T(z,) + T(y) =c+0=0. O

3.1.6 Isomorphisms of vector spaces

Recall that two sets A and B are considered similar if and only if there exist functions
f+A— Band g: A — B that are the inverse of each other, meaning that go f =1d 4
and fog=1Idg. For sets, the existence of such a pair of functions f and g is equivalent
to the existence of a bijective function f: A — B.

Since any linear map T' € £(V,W) is a function, one can ask if it is invertible as a
function, or not. That is, T € £(V,W) is invertible if there exists a function (a priori
not necessarily a linear map) g: W — V such that goT = Idy, and T o g = Id;,. In order
to consider V and W “similar as vector spaces” we want an invertible linear map 7" such
that the inverse is also a linear map. If such a T exists, anything in V' can be transposed
to W by T without loosing any information (and vice-versa from W to V by T71).
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'_[ Definition 3.1.40. ]

A linear map T € £(V,W) is an isomorphism?® if it is invertible and its inverse
T~! is also linear. That is, T € £(V,W) is an isomorphism if there exists
S € £L(W,V) such that ST =1Idy, and T'S = Idy, .

Two vector spaces V, W are isomorphic if there exists an isomorphism T €
L(V,W). In such case, we write V = W.

“Isomorphism comes from the ancient greek icoc popgn, which roughly means equal shape.

We have a result similar to Theorem 1.2.16.

Theorem 3.1.41. ]

A linear map T € L(V,W) is an isomorphism if and only if it is a bijection.

Proof. By Theorem 1.2.16, the map T is a bijection if and only if there exists a set-
theoretic inverse function 77!: W — V. We hence need to prove that if T is linear, then
its inverse map is also linear.

Let w; and w, be two vectors in W and let A € F be a scalar. Write v; := T~ (w;)
and v, := T~ *(w,). So T(v;) = w; and T(vy) = w,. Then

T ' Qwy +wy) =T (AT (v1) + T(vy))
=T ( )\Ul + vy )
= (T 1T)(>‘U1 + v,)
= Ay + vy =TT 1(w1) ( 2);

where we used linearity of T for the second equality. O

Using the above theorem one can easily exhibit examples of non-invertible linear maps.

Example 3.1.42. Let T € £(P(R), P(R)) be the multiplication by z (T'(p(z)) = zp(x))
and let D

inl(P(R),P(R)) be the differentiation operator (D(p(z)) = p’(z)). Neither D nor T is
invertible, as D is not injective (but surjective) and T is not surjective (but injective).
See Examples 3.1.30 and 3.1.31.

Other examples include the backward shift T': (zy, z1, %5, ... ) — (21, Ty, 5 ... ) (Exam-
ple 3.1.11) and the forward shift S: (zy, zq, g, ...) = (0,24, 21, ...) (see Example 3.1.12),
both belonging to £(FN, FN). Neither S nor T is invertible, as T is not injective (but
surjective) and S is not surjective (but injective).

Isomorphism of vector spaces is an equivalence relation on the class of F-vector spaces,
meaning:
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'_[ Theorem 3.1.43. |
The following hold for all vector spaces U, V and W :

1. V=V, (reflezivity)
2. If V=W, then W =V, (symmetry)
3. IfbothU =V and V=W, then U= W. (transitivity)

Proof. “1” The identity map Idy, € £(V) is an isomorphism.

“2” If T € £(V,W) is an isomorphism from V to W, then T! € £(W,V) is an
isomorphism from W to V.

“3” Let T € £L(V,W) and S € £(U,V) be isomorphism. Then T'S € £(U,W) is an
isomorphism with inverse S~1T1. 0

We already know another equivalence relation: A ~ B (being in bijection) is an
equivalence relation for sets. Other equivalence relations include: having the same
absolute value for real numbers or having the same age for people.

We have said that two isomorphic vector spaces are similar as vector space. Here is a
concrete application of this principle.

Lemma 3.1.44. Let V = W be two isomorphic vector spaces. Then dim(V') = dim(W).

Proof. This directly follows from the rank-nullity theorem. For T' € £(V, W) we have
dim(V) = dim(ker(T)) + dim(Im(T')).

If T is an isomorphism, it is bijective and thus dim(ker(T")) = 0 and dim(Im(T)) =
dim(W). O

One can alternatively derives the above Lemma from the following proposition.
Proposition 3.1.45. Let T € £(V,W). Then

1. If T is injective and B = (v,) 1 5 @ linearly independent family (in V'), then
T(RB) = (Tv,)ger s linearly independent (in W );

2. If T is surjective and % is a spanning family (in V), then T(B) = (Tv,)4er S
spanning (in W);

9. If T is an isomorphism and B is a basis (of V'), then TR is a basis (of W).

Proof. “1” This is left as an exercise.
“2” Let w be any vector in W and let v be a preimage: T'(v) = w. Since % is spanning,

there exists vy,...,v,, € ¥ and scalars A\, ..., A, € F such that v = A\jv; + -+ A\, v,

Applying T to both sides we obtain w = \;T'(v;) + -+ A, T(v,,), which shows that T'(%)
is spanning.
“3” This directly follows from the two above properties. O
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We know that two sets are in bijection if and only if they have the same cardinality (this
follows from Theorem 1.2.16 for finite sets, and is the definition of cardinality for infinite
sets). A similar result holds for vector spaces if we replace cardinality by dimension.
That is, the converse of Lemma 3.1.44 holds.

Theorem 3.1.46. |
Let V and W be two vector spaces. Then V = W if and only if dim(V') = dim(W).

Proof. By Lemma 3.1.44, dim(V') = dim(W) is a necessary condition for V' and W to be
isomorphic. We hence need to show that it is also a sufficient condition.

Let (v,)qer and (w,),e; be respectively bases of V' and W of the same cardinality.
Let T € £(V,W) be the unique linear map in £(V, W) such that T'(v,) = w, for all
a €I and let S € £(W,V) be the unique linear map in £(W, V) such that S(w,) = v,
for all @ € I. We claim that T is an isomorphism, with 7-! = §. It directly follows
from the definition that for any o € I we have (ST)(v,,) = v, = Idy/(v,). Since ST and
Idy, are two linear maps in £(V') that agree on a basis, they are identical: ST = Id,.
Similarly we have T'S = Idy;, and so S and T are isomorphisms with S = 7. O

Kernels and Images are invariant by isomorphisms. More precisely, we have:

Lemma 3.1.47. Let T € £(V,W) be a linear map and let S; € £(U;,V) and S, €
L(W,U,) be isomorphisms. Then

1. ker(T') = ker(S,T),
2. Im(T'S;) = Im(T).

Proof. A vector v is in the kernel of T if and only if T'v = 0, if and only if (5,2)(v) =
Sy(Tv) = 0 since S, is an isomorphism.

A vector w € W is in Im(7T') if and only if there exists v € V such that Tv = w. But
any v in V can uniquely be written as S;u for u € U. So w € W is in Im(T) if and only
if there exists u = S7!v € U such that w = Tv = T(S;u) = (T'S;)u. O

'_[ Definition 3.1.48. ]

Let V be a finite dimensional vector space with a given basis & = (vq,...,v,,)
(so m = dim(V)). Let & = (eq,...,¢,,) be the standard basis of F, that is

e; = [0,...,0,1,0,...,0]T has a 1 in position i and 0 elsewhere. Define the map
[-]g € £(V,F™) to be the unique linear map such that [v;,]g = e; for all
ie{l,..,m}.

[ . ]33: V — Fpdim(V)

The following is an important corollary of (the proof of) Theorem 3.1.46.

Corollary 3.1.49. Let V be a finite dimensional vector space with a given basis AB.
Then the map [ -]g € £(V,FI™V)) is an isomorphism.
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[ Infinite dimensional vector spaces L

A statement similar to Corollary 3.1.49 is also true for infinite dimensional vector
spaces, but we need to be careful about the details. Indeed, let V' be an F-vector
space. Then it has a basis & of cardinality dim(V"). We have two natural candidates
to play the role of F”: the product [] . F = F% (the space of all functions from %
to F', see Subsection 2.2.1) and the direct sum @% F = F(*) (the subspace of F¥
of functions that are 0 for all but finitely many b € 9B, see the Infinite dimensional
spaces’ box on page 71). Since span(9%) consists of linear combinations of finitely
many elements of & we have the following generalisation of Corollary 3.1.49.

Let V be an F-vector space and let B be a basis of V. Then V = @@ F =
F(&),

It follows from this result that dim(P,F) = #%. However, for an infinite
% we have dim(][, F) = #(F%) = (#F)#% > #3%. The main idea is to use
[I,F = F% =V and to use the formula dim(V) < #V = max(dim(V), #F) of
the To go further’s box on page 49. It then remains to show that F° admits a
linearly independent family of size at least F. A detailed proof is given in Jacobson,
Lectures in Abstract Algebra, Volume 2, Chapter g, § 5.

Example 3.1.50. Let P(F),, the vector space of polynomial of degree at most n. Then
dim P(F),, = n+ 1 and we have the standard basis: & = (1,z,...,z"). Then

P(F), — FrHi
ag + -+ a,z" — [ag, .-, a,]"
is an isomorphism.

Similarly, let (F) be the vector space of all polynomial and let B = (1, z,z2,...) be
the standard basis. Then

P(F), — FN = (PF
N

ag + -+ a,,z™ +— (agy, ..., a,,,0,...)

y'm) PR
is an isomorphism.

Theorem 3.1.46 is good news for us, as it means that in order to study an abstract
vector space V we only need to find a basis % and then one can use the isomorphism
[-]g: V = @, F. Moreover, if V is finite dimensional, then P F = F3m(V) | The bad
news is that, has we have seen, in general basis are not unique. So if 8?3 and € are two

different bases, then [ -]g and [ ]¢ are two different isomorphisms V' —s @ g F-
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3.2 Matrices

Matrices play an important role in the theory of vector spaces. We will start this section
by reviewing the definitions of matrices. We will later see in Subsection 3.2.2 that any
linear map can be represented by a matrix.

3.2.1 The vector space of matrices

Recall the classical definition of matrices.

'_[ Definition 3.2.1. ]

J 3

For F a field and m, n two positive integers, we define

a1 Q19 Q1
a a el
m,m ._ 2,1 2,2 2,n . .
Fmn .= N N X a;; €Fforie{l,..,m} je{l,.. n}
a a )
m,1 m,2 m,n

to be the set of m x n matrices with entries in F.

When m and n are known, we often forget the subscripts and simply write
A= [am-] e Fmn,

For Ala; jl1<i<m,, B = [b; ;li<i<m, € F™" and X € F we define

1<j<n 1<j<n
apqtbyg A
A +gm.n B = [ai,j + bi’j]11§<i§<m, = .
<j<n
Um 1 + bm,l 'a’m,n + bm,n
and
Aa1,1 ces )\al,n
Apmn A= [)\ai’j]11g<i‘£<m’ = : I
<j<n
)\am@ o ~)\amyn

Finally, when m = n we define the identity matrix Id,, € F™™ to be the m xm
matrix with 1 on the diagonal and 0 elsewhere.

Lemma 3.2.2. (F™", +,) is an F-vector space.

Proof. The zero and the additive inverse are respectively given by [0] and —[a, ;] = [~a; ;].
The verification of the axioms of a vector space is an elementary but fastidious exercise
left to the reader. O
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For i € {1,...,m} and j € {1,...,n}, let
I =1 5 g+1----- n
1[0 0 0 0-eon- 07
ilo... .. 000 0..... 0
B = |0 0 1 0------ 0
i1 10 0 0 0 ..... 0
Lo 000 0-.... ()_

be the matrix with a 1 in th coordinate (i,j) and 0 everywhere else. The family

(E; j)1<i<m, is the standard basis of F™".
Y 1<i<n

Proposition 3.2.3. The standard basis of F™" is indeed a basis. As a consequence,
dim(F™™) =m - n.

Proof. We need to prove that the family (Ei’j)lgigm’ is both linearly independent and
1<j<n
spanning.

Let [a; ;] be any matrix in F™". All the a, ; belongs to F and we have

[ai,j]z Z a; ;B j,

1<i<m,
1<j<n

proving that the E, ;a are spanning.

Suppose now that [0] = Z” A ;E; ;j with the ), ; € F. We have [0] = Z” By =
[A; ;. This implies that A, ; = 0 for all i and j, proving that the E, ; are linearly
independent. O

Corollary 3.2.4. F™"™ = Fm™,

If Ac F™" and B € F™*, then we have a matrix multiplication and AB € F™F. We
will see the general case later in Definition 3.2.26, but for now we will only need the
specific case where B € F™! =~ F" is a vector.

’_[ Definition 3.2.5. ]

Let A € F™" be a matrix and B € F” be a vector. The product A - B is the
vector of F™ defined by

a1,1b1 + et a’l,nbn

am,lbl + et CLrn,nbn

J

Lemma 3.2.6. Let A € F™". Left multiplication by A is a linear map from F" to F™.

Proof. The demonstration is elementary and left to the reader. O
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Remark 3.2.7. |

Be careful that a m X n matrix is a linear map from F" to F™!

3.2.2 Matrix representation of linear maps

The concrete spaces F" were our first examples of vector spaces. We have later seen in
Corollary 3.1.49 that any abstract finite dimensional vector space V is isomorphic to
Fdim(V), More precisely, given a basis 9% of V', one can construct an explicit isomorphism
[-]g: V — FIm(V) In the last subsection we saw that multiplication by a matrix
A € F™™ is a concrete example of a linear map in £(F” ,F™). In this subsection, we
will see that all linear maps in £(F™ F™) are of this form. Moreover, given two finite
dimensional abstract vector spaces and an abstract linear map 7' € £L(V, W) we will see
how to represent T by a matrix in F(W).dim(V) Sych a matrix will depend on a choice
of a basis of V' and of a basis of W.

Recall that if W is a finite dimensional F-vector space of dimension n and € =

(wyq, ... ,w,,) is a basis of W we have an isomorphism
W L]%> Fdim(W)
A
w= X w, +-+Aw, — vg=|:
A

n

The situation for linear maps is similar, but slightly more complex as two abstract vector
spaces are involved.

’_[ Definition 3.2.8. ]

J 3

Let V and W be two finite dimensional F-vector spaces with given respective
bases # = (vy,...,v,,) and € = (wy, ... ,w,,) of respective size m = dim(V’) and
n =dim(W). Let T' € £(V,W) be a linear map. Then for j € {1,..., m} we have

T('Uj) =a, W +ay ;W + -+ a, W,

for some a, ; € F (i € {1,...,n}). These datas define a matrix

Tg=| L |er
a7’l71....a'

n,m

which is called the matrix representation (with respect to B and €) of the
linear map T'. We hence have the matrix representation map

[ . ]j% . £(V, HY) — Fdim(W"),dim(V)
T +— [T]5.
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Observe that since € is a basis, the decomposition T'(v;) = a; jw; +ay jwy+-+a, jw,
is unique, and hence [T]% is well-defined. The matrix [T)%, from Definition 3.2.8 is a
n x m matrix, and so left multiplication by [T%, is a linear map from F™ to F™. This is
consistent with the fact that '€ £(V,W) and V = F™ and W =~ F".

’_[ Remark 3.2.9. |

Let V and W be two finite dimensional F-vector spaces with given respective bases
R = (vy,...,v,,) and B. Then the j* column of [T]g is [T'(v;)]e-

'[ Remark 3.2.10. ]

Be very careful about the fact that [-]%: £(V, W) — FdmW).dim(V) has domain
£(V,W) but codomain F&(W).dim(V) " The order of appearance of V and W is
switched! So if dim(V) = m and dim(W) = n the codomain of [ -]% consists of
the n x m matrices (but not the m X n matrices).

We start with some elementary examples.

Example 3.2.11. Let V be a vector space and let & = (vq,...,v,,) be basis for V.
Let Idy,: V — V be the identity map. Then Id(v;) = v, so [Id(v;)]g = [1,0,...,0]".
Similarly, [Id(v;)]g is the vector with a 1 in position 7 and 0 elsewhere. It follows that

1413 =" | ~1a, e P (3.4

is the identity matrix of F™". Indeed, [Idy v]g = [Idy/]Z[v] -

Remark 3.2.12. ]

The equation (3.4) does not depend on the choice of the basis 9!

The identity map is not the only one that can be represented by the identity matrix:

Example 3.2.13. Let V be a finite dimensional vector space with basis & and let
T:V — W be an isomorphism. Then, by the Proposition 3.1.45 € = (Tvy, ..., Tv,)) is
a basis and
'3 L n,n
T]E = [ 1] _1d, € F™

is the identity matrix of F™™.

Remark 3.2.14. ]

The above example shows that any isomorphisms between finite dimensional vector
spaces can be represented by the identity matrix if we chose bases appropriately.

The converse of Example 3.2.13 holds, as demonstrated in the following exercise.
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Exercise 3.2.15. Let V and W be two vector spaces of dimension n and let ' € £L(V,W).
Show that 7" is an isomorphism if and only if there exists bases & of V and € of W such
that [T]% is the identity matrix of F™".

Solution. Let T € £L(V,W) be a linear map between finite dimensional vector spaces.
Suppose that there exists bases B = (v, ...,v,, of V and C = (wy, ..., w,, of W such
that [T)$ is the identity matrix. This implies in particular that [T]S is a square matrix
and thus that m = n. By definition of [T]G we have Tv; = w; for every j in {1,...,m}.
Let S € £(W,V) be the linear map defined by Sw; := v, for jin {1,...,m}. It is trivial
to verify that S is the inverse of T. O

When writing [;ﬂ € F?, we already implicitly use the standard basis. The following
example makes this explicit.

Example 3.2.16. Let V = F” and let & = (e; = [1,0,...,0]",...,e,, = [0,...,0,1]T)
be the standard basis. Then [-]g: V' — F” is the identity map Idg.. Indeed, for any

z=[zy,..,2,]" in V we have z = Do Ti€, 50 [z]g = [24, ... z,]T.

Example 3.2.17. Let T € £(F2? F3) be the map T[i] = [z + 3y, 2z + 5y, Tz + 9y]" and
let &2 and &3 be the standard bases of F? and F3. By the above example, one have

1 3
[T)E, = {2 5}.
79

Let us now modify a little bit this example. Let € = ([1,0,0]7,[0,1,0]T,[1,1,1]T).
This is a basis of F3. We have

R R R R s R R AR

and thus
—6 —6
[T)E, = | -5 —4]|.
7T 9
Finally, let B = ([1,0]",[1,1]7). This is a basis of F2. We have

1 1 0 1 1 4 1 0 1
T{O] =—6|0] —=5|1| +7[1] and T[l] =|7|=-12(0] —9|1| +16|1],
0 0 1 16 0 0 1

and thus

—6 —12
7

16
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Example 3.2.18. Let D € £(P(R)5, P(R),) be the differentiation operator: D(p) = p’
and let B = (1,z,22,23) and € = (1,z,22) be the standard bases of P(R); and P(R)s,.
Then D(1) =0, D(z) = 1, D(2%) = 2z and D(2®) = 322, which gives [D(1)]¢ = [0,0,0]T,
[D(x)]g = [1,0,0]T, [D(z?)]g = [0,2,0]" and [D(z3)]¢ = [0,0,3]T. Altogether, we have

0100
[DIZ =10 0 2 0.
000 3

Example 3.2.19. Let V be the subspace of R®R spanned by (sin(z),cos(z)). We claim
that the functions cos and sin are linearly independent. Indeed, let @ and b in R such
that asin+bcos = 0. In particular the equality asin(z) 4+ bcos(z) = 0 holds both for
z =0 and £ = /2 and we may deduce that a = b = 0.

By linear independence of sin and cos, the family % = (sin(x), cos(z)) is a basis of V. If
we fix € R, themap Ty: V — V, f(z)  f(z+0) is a well-defined. Indeed, Tj(sin(z)) =
cos(f) sin(z) +sin(0) cos(z) € V and Ty(cos(z)) = —sin(6) sin(z) + cos(d) cos(z) € V and
thus the image of Ty is contained in V. On can show that T}/ is a linear map. It follows
from the above computations that

_ |cos(0) —sin(6)
(T1% = [sin(ﬁ) cos(@)]'

Given finite dimensional vector spaces V and W, with bases % and €, we have con-
structed a function [-]%: £(V, W) — FdmW).dim(V) Both £(V, W) and Fdm(W).dim(V)
are not only sets, but vector spaces. We are thus not interested in merely the functions
between them, but in the linear maps. It turns out that [-]%, is indeed a linear map, and
even an isomorphism. This justifies the name of matrix representation.

'_[ Theorem 3.2.20. ]

Let V and W be finite dimensional F-vector spaces, with given bases B =
(U1, e Vyn) and € = (wy, ..., w,,). Then the map [-1%: £(V,W) — Fdim(W).dim(V)
is an isomorphism. Moreover, the inverse of []g is given by the map

Mg: Fdim(W),dim(V) N L'(V, W)

[ai’j] — (T v ay jwy + e+ ay, W ).

Proof. We need to prove three things: that [ - ]g is linear, that the map Mg sending
[a; ;] to T is well-defined and that it is the inverse of - 1Z.

Let S and T be in £(V,W) and X be a scalar in F. For every basis vector v; € B we
have (AS+T')(v;) = AS(v;)+T(v;), which implies [(AS+T)(v;)]lg = A[S(v;)le+ [T (v;)]%-
It follows that [AS + T% = A\[S]S + [T]%,, which proves linearity.

The map T = ME([a, ;]) in the statement of the theorem is defined only on %. But
there is a unique way to extend to it to a linear map in £(V, W), so M, g is well-defined.
It directly follows from the definition that [T]§ = [a; ;], proving ([-]5)(Mg) = Idgn,m.
Another direct verification shows that (MZ)([-]%) = Id s ov,w)- O
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Corollary 3.2.21. Let V and W be two finite dimensional vector spaces. Then
dim(£L(V,W)) = dim(V) - dim(W).
If V=F" and W = F", the map ([-]%)~! is simply the matrix multiplication:
Corollary 3.2.22. Let " and &™ be the standard bases of F™ and F™. Define
L: F»™ — L(F™ F")
Ar— (Ly: v Av).

Then the maps [-1&,.: L(F™,F") — F»™ and L: F»™ — L(F™, F") are isomorphisms
of vector spaces, and one is the inverse of the other.

Proof. 1t is straightforward that in this case the map M g described in Theorem 3.2.20
coincides with multiplication by A on the left. O

We say that the matrix A represents the linear map L,. Using this map we can
translate the image and kernel of L 4 into matrices properties.

Definition 3.2.23. ]

Let A be a m x n matrix. Define its column space col(A) to be the subspace of
F™ spanned by its columns vectors. The null space null(A4) is the subspace of
F” consisting of vectors v such that Av = 0.

Lemma 3.2.24. Let A be a m x n matriz. Then null(A) = ker(L,) and col(A) =
range(L ).

Proof. The equality null(A) = ker(L ,) is immediate from the definitions.

Let e; be the 4™ vector in the standard basis of F”, so e; has a 1 in coordinate
j and 0 everywhere else. Let w; := [a; ;];<;<,, De the §* column vector of A. Then
Ae; = w;. This implies that all column vectors of A belongs to range(L 4) and therefore
that col(A) C range(L 4). For the other direction, let w be a vector in range(L ) and
let v be a preimage: Av = w. Then there exists scalars such that v = Z?z L Aje; and

J
Av = Z;;j Ajde; =37" , w; is in col(A), proving the inclusion col(A4) 2 range(L,). U

Given two finite dimensional vector spaces V and W with given respective basis %
and €, we have seen so fare the following three isomorphisms: [-]g: V — Fdm(V)
[lg: W — FimW) and [-]%: £(V, W) — FénW)dnV) o~ g(Fdim(V) pdm(W)) Tt js
natural to ask if we have some sort of relation or compatibility between these three
isomorphisms. We indeed have

Lemma 3.2.25. Let V and W be finite dimensional vector spaces with given respective
basis B and €, and let T € L(V,W) be a linear map. Then for every v in V we have

[T(v)le = [T]E[U]Q'
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This result is equivalent to say that the following diagram commutes:

VLo w vi—— Twv
[~]@l l[-]g I I
L ﬁ) F" vl —— [Tvle = [T]G[v]4-
Proof. The proof consists at looking at the definitions of [-]g4, [ ] and [-]%. Let

(v, e, V,,) = B and (wq, ...,v,,) = €. Then for any v € V we have

rn

€
[v]g = [ } = v=c v+ o+ 6,

Cm

and
dy

[Tv]g = [

] = Tv=dyw +-+d,w,.
d

n

Finally,
[T1g = [a;;] <= Vie{l,..,m}:Tv; =a; w, ++a, w,.

Putting everything together we obtain

dyw, + - +d,w, =Tv=T(c,v; + -+ ¢,,v,,)
= clT(Ul) + o+ cmT(Um)

=cy(ay w0y + -+ a, w,) + -+ e (ag pwy + 0+ @y, W)

That is, for all j € {1,...,n} we have d; = c;a; 1 + -+ ¢,,a;,. This it the same as the

matrix-vector product
d, Qyq-ee ) m c
AR
d, Ay Gy m] Lm

and thus [Tv]g = [T [v] 4. O

3.2.3 Matrix product as composition of linear maps

We have seen in Definition 3.2.5 how to multiply a matrix and a vector. We now look at
the general case.

Definition 3.2.26. ]

Let A =[a; ;] € F*™ and B = [b; ;] € F™" be two matrices. Their product is
the matrix

C =[c;x)o<i
0

<i<t = [a; 3] o<i<t [0 klo<j<m
<k<n 0#j<m

0<k<n
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where for i € {1,...,1} and k € {n,...,} the coefficient c, ; of C' is given by

m
Cik =D ;b
=1

& %% % st
x SOH Kk M
K| B R OK L= ko st
n $tH it =

Figure 3.2: Product of a 4 x 1 matrix with a 1 x 4 matrix.

Remark 3.2.27. ]
% In general, the product of A € F'™ and B € F¥™ is not defined. It is defined only

if K = m. Even when both AB and BA are defined, they are not equal in general.

The following are standard properties of the product of matrices.

Proposition 3.2.28. The matrixz product is a generalisation of the matriz-vector product.
Moreover, we have

1. (AB)C is defined if and only if A(BC) is, in which case we have (AB)C = A(BC);

2. A(B+ Q) is defined if and only if AB+ AC is, in which case we have A(B+C) =
AB + AC;

3. (A+ B)C is defined if and only if AC + BC'is, in which case we have (A+ B)C =
AC + BC;

4. If AcF™ thenld, A=A=AId,.

Proof. These are all elementary, but tedious, verifications. The details are left to the
reader. O

[ To go further L

Associativity of the product means that the result of a sequence of product of
matrices does not depend on the order of operation (provided that the order of
the matrices is not changed). However, the computational complexity may depend
dramatically on this order.

For example, if A, B and C' are matrices of respective sizes 10 x 30, 30 x 5 and
5% 60, then AB has size 10 x 5 and BC size 30 x 60. Therefore, computing (AB)C
needs 10-30-5+ 105 - 60 = 4500 multiplications, while computing A(BC) needs
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30-5-60+ 10-30-60 = 27000 multiplications.
Multiplication algorithms used in practice have been designed for choosing the
best order of products.

We have seen that [ - ]z is an isomorphism. In particular, it is a linear map and thus
preserves addition and multiplication. It turns out that it also preserve products.

Proposition 3.2.29. Let U, V and W be finite dimensional F-vector spaces with
respective given bases o, B and €. Then for any S € LU, V) and T € L(V, W) we
have

(7S] = [T15(S15-

Proof. The statement follows from an elementary by fastidious application of the definition
of [-]i. The proof is somehow similar to what we did for Lemma 3.2.25.
An alternative proof by digram commutation is the following.

vU—2sv L sw

Hdl [-]ggl l{-lg

F! > Fm > F"
(512 71

In the above diagram, the two exterior squares commute by Lemma 3.2.25. It follows
that the whole rectangle is commuting.
In other words, for all u € U we have:

[TSulg = [T (Su)lg = [T1§[Sulg = [T15([S17[uly) = (T1§[S]15)[uly,

where we applied Lemma 3.2.25 twice. Since we also have [(T'S)ulg = [T'S]|[u],, we
conclude [T'S]% = [T1%[S]Z.
O

Figure 3.3 summarises the results obtained up to now for the maps [-]f and [ -],.

3.2.4 More on matrix representation

We have seen in the previous subsection that matrix representation behaves well with
respect to products. It is no surprise that it also behaves well with respect to inverses.

Proposition 3.2.30. Let V and W be two vector spaces of the same finite dimension
n. Let &B be a basis for V and let € be a basis for W. Let T € £L(V,W) be a linear
map. Then T is invertible (as a linear map) if and only if [T|%, € F™" is invertible (as
a matriz).

Moreover, if T is invertible, then ([T]g)_l =[T12.
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RE . B

Figure 3.3: Let U, V and W be finite dimensional F-vector spaces with respective
given bases &, B and € and of respective dimensions [, m and n. Then
for any S € £(U,V) and T € £(V,W), their product T'S is in £(U, W).
This situation is depicted in the blue triangle on the left. Applying the
isomorphisms [ -], and [ - ]f one obtains the purple triangle on the right.
The whole diagram is commutative. For example, for any v € U one have
TSule = (15812 [u]y = (TS5 [ul.y-

Proof. “=" Suppose T is invertible, so T-! € £(W, V) exists. We will prove that [T1]Z
is the inverse matrix of [T]%. We have

1d, = [ldy & = [TT-]E = [T]5(7)2
1d, = [ld,]% = [TT]% = [T Z[T]%,

That is, [T]%, is invertible and ([T]%) " = [T-]&.
“«<” Suppose [T, is invertible. We will construct an inverse fot 7. So let ([T]g)_1 =:

A = [a; ;] and define S € L(W,V) by [S(w)]g := Alw]g for all w € €. That is, S is

the unique linear map from W to V such that S(w;) = Z?zl a;;v;. By construction,
we have [S]Z = [[S(w,)]g - [S(w,)]g] = A. So we conclude that [ST]Z = Id,.. In
particular, for any 1 <14 < n, we have ST (v;) = Idy,(v;) and hence ST = Id,,. Similarly,
TS =1dyy. 0

The case of V.= W and T € £(V) an operator is particularly interesting, as we can
talk about powers. Indeed, since T is a function whose domain and codomain V agree,
for any k£ € N positive the function

k times

is well-defined. This is composition of linear maps and therefore a linear map itself.
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Proposition 3.2.31. Let V be a finite dimensional space with basis B and let T € £(V)
be an operator. Then for k € N we have

T2 = ([712)".

Proof. The proof is by induction. If Kk =0 or k = 1, this is obvious. Now, suppose that
the formula holds for k£ > 1 and let us try to prove it for (k+ 1) = k+ 1. By the product

formula
T2 = [THZIT)E = (T1%)" (712 = (T12)""".

By combining Propositions 3.2.30 and 3.2.31, for invertible 7' € £(V') we have
k
[T%1% = (T1%)
for all k € Z.

Exercise 3.2.32. Let Ry: R? — R? be the map “rotation by angle §”, see Figure 3.4.
Let & = ([(1)], [(1)]) be the standard basis for R%. Prove that R, is a linear map and find

(Rl

Figure 3.4: Rotation (in purple) of the standard basis vectors (in blue) by an angle 6.

Solution. Let [y] be a point in R?. Define r := y/z2 + ¢ and [;,] i= Ry[y|. Finally, let
o be the angle between [y] and the z-axis. Then we have cos(a) = £ and sin(a) = £,

while cos(a + 6) = %/ and sin(a+ 6) = yT/ We conclude that

a:] _ H _ [m cos(6) —ysmw)]_

Yy ’ z sin(f) + y cos(6)

Rl =

Using the above formula, one easily checks that R, is linear, and by computing the image

of [é] and [g] we obtain

cos(f) — sin(@)] (3-5)

[Role = [sin(ﬁ) cos(0) |’
U
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cos(a) =

sin(a) =

SRS |8

Figure 3.5: A vector (in blue) and its image (in purple) by the rotation of an angle 6.

'_[ Remark 3.2.33. |

The following facts can easily been seen geometrically (see Figure 3.6) but can
also be shown using the formula for [R,]g.

1. Ry Ry, = Ry 19,
2. R, is invertible and (R,) " = R_,;
3. for any n € Z we have (Ry)" = R,4;

4. for any k € Z we have R, = IdR-.

Figure 3.6: Angles addition.

Exercise 3.2.34. Let S;: R? — R? be the reflexion along the z-axis, Sy: R? — R2
the reflexion along the y-axis and let & be the standard basis. Find [S;]€ and [S,]€.

Solution.

We have S, [y] =[] and S, [y] = [75] for any [}] in R2. Using these formulas, one
easily shows that both S; and S, are linear maps.

By computing the image of the basis vectors, we obtain

sig=|o 3] e IsiE=]Tp 3]
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Figure 3.7: Mirror symmetries with respect to the z-axis (S;) and the y-axis (S,).

O

Observe that we the notations from the previous exercises, we have [S; 9] = [S,5;]€ =
R_]Z. Since two linear maps are equal if and only have the same matrix representation,
&

we have S, S, = 5,5, = R,. We also have §2 = §2 = (5,5,)” = Idgs.

Exercise 3.2.35. Let T' € £(V). Suppose that there exists v € V and n € N, such
that T"v = 0, but 7" v # 0.

1. Prove that & := (v, T, ..., T" 1) is linearly independent.

2. Let U :=span(%) (so & is a basis for U). Prove that for any u € U, its image Tu
is still in U.

3. Let T|: U — U be the restriction of T to U. Find [(T|U)k]% for k € N5;.

Solution. 1. Observe that if m > n, then T™v =T™ "T"y = T™ "0 = 0. Suppose we

can write
n—1

0y = Z)\iTiv = X0+ MNTv+ -+ A, T o (3.6)
=0
We want to show that all the \; are 0. By applying 7" ! to both sides of (3.6), we
obtain 0y, = A\gT™" v+ A0 + -+ + \,, ;0. But this implies that A\; = 0. We can then
apply 7™ 2 to both sides of (3.6) to obtain that A\; = 0. By repeating this process, we
obtain that all the A; are 0 as desired.
2. For an element u € U we have u = A\gv + - + \,,_;T" 1, so

T(u) = AT+ + X, 2T o+ X\, T
=0

is also in U.
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3. We have T]U(Tiv) = Ty, so

1 '(): ............. 07
2 1.'-, :
3 '

n _0 ...... 0 1 0_

Similarly, T|Uk(Tiv) = T**%y and

(1[0, ]
10 fl<k<n-—1,
7] g =]
ol 170..... 0
N
0 if k > n.

O]

Exercise 3.2.36. Let D: P(R),, — P(R),, be the differentiation operator: D(p) = p’,
and let B = (1,z,2?%,...,2") be the standard basis of P(R),,. Find [D*]% for k € Ny,

Solution. We have D(1) = 0 and D(z') = iz*! for 1 > i > n, which gives us the
(n +1,n + 1)-matrix

010
02 .

(D)% = 0. 0]
0

In general, for 1 < k < n, we have

Dk( 7,) Z(Z 1) (’l —k+ 1)£Ui_k ifl1<k<i,
) = =
0 ifk>i+1,
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which gives us the matrix

¢ k
0. ... 0 k! O cvvennnnn 0 7
oo (k1) :
L1 :
B
[DF]Z = < e o] 1<k <n,
. o
I 0 |
L0 iftk>n+1.

3.2.5 Change of basis

So far, bases have played important roles in studying finite dimensional vector spaces
and linear maps between them. But bases are not unique! So it is natural to ask what
happens when we change the basis.

Question 3.2.37. Let B and % be two bases for V. What is the relation between [v]4
and [v]g?

To answer this question, let us first consider the identity map
Idy: V — V.
B €
That is, we think of 9 as a basis of V' the domain of Id;,, while we think of € as a basis

of the codomain V of Id;,. Then it follows from Lemma 3.2.25 that for any v € V' we
have:

[vle = [ldy]G[v]g.
We say that [Id,/]% is the change of basis matrix from % to @.
In other words, for & = (vy,...,v,) and € = (wy, ..., w,,), if
Ul = allwl + + anlwn

Up = AWy + Ay, wy

then we have

Q11 GQr--- - A1p
a a ...... a
% _ %21 Q22 2n n,n
[IdV].%' - : : : eF
Ap1 Qpg - Apn
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Example 3.2.38. Let & = ([(1)] , [(1)]) be the standard basis of R? and let € = ([(1)] , [_02] )
Then

Therefore,

Lemma 3.2.39. Let & and € be two bases of a finite dimensional vector space V.
Then [Idy]%, is invertible and ([Id,]%) " = [Id|Z.

Proof. This is simply Proposition 3.2.30 applied to the invertible map Id,: V = V. O

Exercise 3.2.40. Suppose € = ([é], [i]) One easily checks that € is linearly indepen-

dent and so is a basis for R2. Given v = [Z] € R?, compute [v]g.
Solution. First we compute [Id/]€ where & is the standard basis of R%. In order to
do that we start by solving [é] =c [é] + ¢y [i] We find [ﬁ;] = [f] Then we solve

[(1)] =d, [;] +d, [i] and find [2] = [_TZ] Putting this together, we have

-9 3
2
Finally, we have
-2 3Ta —2a+ b
vl = 1y 1Sl = [ : _] HE [ A
O
Observe that it was also possible to directly solve the system
al |1 3|z
bl |2 4f|y]|
Exercise 3.2.41. Let V be a vector space of dimension m and let & = (vq,...,v,,)
be a basis for V. Let o: {1,...,m} — {1,...,m} be a bijective function. Show that
€ = (Vy(1), -+ » Uo(m)) I8 also a basis for V.
Can you describe [Id,/|$? Hint: if [v]g = [c1,...,¢,,)", then [v]g = o1y - s Cotm)] -

We have seen how coordinate vectors change under change of basis. But how about
matrix representations of linear maps? Let us consider the simpler case of operators. So
let T € £(V) and let B and € be two bases for V.
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Question 3.2.42. What is the relation between [T']% and [T]€?

Answer.
B T 2]
V —V
Idvl lIdV
Vv —V
® T €

We have Id,, T = T = T'Id,,. Therefore, using the bases as chosen, we have [Id/]5[T]Z =
[T]Z[1dy]g, or

[T1% = [1dy]|5[T]Z[1dy |2 (3-7)
where we used the fact that ([Idv]f-{;)_1 = [Idy/]2. [

If you tried to compute some example of change of basis matrices, the result you
obtained might have seen familiar to you. Indeed, they look like matrix representations
of linear transformations. This ressemblance is not a coincidence.

To take a concrete example, let & = (el = [(1)] €9 = [(1)]) be the standard basis of R?
and let R, be the rotation of angle § around the origin. Finally, let & := (Rye;, Rye,).
This is a basis of R? and

cos(f) —sin(h)
Tdga]g = [sin(ﬁ) COS(H)]

where you can recognise the matrix [Ry]€ from Equation (3.5). This phenomenon is
more general and we have.

Lemma 3.2.43. Let V be a vector space with basis B = (vy,...,v,,) and let T € L(V)
be an isomorphism. Then TAB = (Tvy,...,Tv,,) is a basis by Proposition 3.1.45 and

[Idv]?@ = [T]ga?

Proof. The i'® column of [T]Z is given by the coefficients of T'(v;) = a;v1 + ** + Gy Vs,
while the i*" column of [Id/|%5 is given by the coefficients of Idy (Tv;) = Tv; = ay;v, +
iUy, O

You can think of [T as “the space is fixed, vectors are moved by T” and of [Id/ |7, =

([Idy]5%) " as “vectors are fixed, the underlying space is moved by 7" '”. See Figure 3.8
for an example with T' = R, the rotation of angle § around the origin.

Definition 3.2.44. ]

Two matrices A and B in F™™ are similar if there exists an invertible matrix P
in F™™ guch that B = PAP~!.

Lemma 3.2.45. Similarity is an equivalence relation:

1. A and A are similar;
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€T

Figure 3.8: Rotation of an angle 6 with respect to the standard basis, versus change of
basis matrix.

2. If A and B are similar, then B and A are similar;
9. If A is similar to B and B is similar to C, then A is similar to C.

Proof. 1. A=1d,, A1d,}.
2. If B= PAP' then A= QBQ ' for Q = P'.
3. If B=PAP ! and C = QBQ !, then C = RAR ! for R = QP. O

Proposition 3.2.46. Let V be a vector space and let T € £L(V'). Let B and € be two
bases for V. Then [T|2 and [T)g are similar.

Proof. This directly follows from Equation (3.7) on page 89. O

We have seen that any operator on a finite dimensional vector space admits a matrix
representation. So a natural question to ask is: does there always exist a nice matrix
representation?

Major Question 3.2.47. ]

Given V and T € £(V), find a basis % such that [T]Z% is “as simple as possible”
(for example: diagonal, upper triangular, with many zeroes, ...).

The main idea below this question is that a matrix is “nice” or “simple” if we can do
fast computations with it. This is the case as soon as the matrix is sparse enough (has
many zeroes).
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We will later see (Section 5.3 and in particular Theorem 5.3.8) that each n X n matrix
is equivalent (similar to) to a matrix of the form

A
EA

Iy

where each J; is a “Jordan block”. That is, there exists an integer m; and a complex
number \; such that J; is a m; X m; matrix of the form

AL

A

2

we should have m; + --- +m;, = m. But this is the only restriction on the m; and A,.
Such a matrix J is called a Jordan matrix.

In other words, if V' is a finite dimensional vector space and T € £(V) a linear operator,
there always exists a basis % of V such that [T]Z is given by a Jordan matrix of the
form given in Equation (3.8). Such a [T)Z is called the “Jordan form” of T'

3.3 Projections

Projections are useful tools that allow us to go from one “big” space (infinite dimensional)
to “smaller” spaces (finite dimensional) to make approximations. We will first discuss
general projections, and will then see how we can apply them to make approximation of
functions.

3.3.1 Projections: definition and first properties

We start this subsection by defining some very special operators.

f[ Definition 3.3.1. ]

Let V=U @& W be a direct sum decomposition. We define the projection onto
U (along direction W) to be the map

v=u+wrH— u.

J

By direct sum decomposition, for any v € V|, there exists a unique u € U (and a unique
w € W) such that v = u + w. So the above map B, is well-defined.
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Example 3.3.2. Let V =R? and let U = {[g] | z € R} be the z-axis and W = {[2] |
y € R} be the y-axis. Then V = U @ W and B, is the first coordinate projection:

Fy[u] = [o]-

F[ Remark 3.3.3. ]

We write F;, but the projection F;: U ® W — V depends both on U and on W!
Let us demonstrate this dependence by an example. Let V = R? and let U = {[’5] |

x € R} be the z-axis. Let W} = {[2] |y € R} be the y-axis and W, = {[}] |
y € R} be the liney =x. Wehave V.=U® W, =U & W,. For v = [ﬂ we
have [?] = [(2)] + [[1)] € U ® W, but also [ﬂ = [(1)] + [ﬂ € U ® W,. Therefore,

PUJ,V1 [ﬂ = [g] is not the same as P[M/I,2 f = [(1)] See Figure 3.9 for a picture.
Yy (1
W, W,
p=(21) p=(2,1)
PU,Wl (p):(270) T PU,WQ (p)=(170) X

Figure 3.9: Projection of [ﬂ on the z-axis, along direction W, (on the right) and along
direction W, (on the left). For readability, only the point p = (2,1) and
its images are represented, not the full vector v = [ﬂ = Op and its images

PU,W; (v) = OPU,I/V*(U)'

We defined projections merely as functions. But it turns out that they are linear maps
satisfying many interesting properties.

Proposition 3.3.4 (Properties of projection onto F;). Let V.=U @& W be a direct sum
decomposition. Then the projection P, satisfies the following properties:

1. By e L(V);

2. By(u) =u for all u e U;

3. By(w) =0y for allwe W;
4- Im(Fy) =

5. ker(B;) =W

6. v—F;(v) e W forallveV;

7. P[?:PU'
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Proof. For v in V, let v = u 4+ w be its direct sum decomposition: v € U and w € W.

1. Let v; and v, be two vectors in V and let A € F be a scalar. There exists a unique
way to write v; = u; + w; and vy = uy + wy with uy,uy € U and w;,wy € W. But then
Au; + uq is in U while Aw; + w, is in W. A simple computation gives

PU<)‘U1 +vy) = PU(()‘UI +uy) + (Awy + w2)) = Auy +uy = )‘PU('U1) + PU(Uz)-

Hence Fj; is a linear map from V to V.

2. Suppose u is in U. We have u = u + 0y, with 0y, € W. So Py, (u) = u.

3. Suppose w is in w. We have w = 0y, + w with 0y, € U. So F;(w) = 0y,.

4. By definition of F;, its image is included in U. Furthermore, 2 implies that U is
included in the image of F;. Therefore, we have the equality Im(F;) = U.

5. It follows from 3 that W C ker(F;). For the other inclusion, let v = u + w be in
the kernel of F;. That is B;(v) =u =0, so v=w is in W.

6. Fro=u4+weV,wehavev—F;(v)=ut+w—u=weW.

7. For all v = u + w we have B?(v) = B;(u) = u = F;(v), so B} = P,. O

Projections are an easy way to test if a vector u belongs to a direct summand. Indeed,
if V.=U & W, then by Proposition 3.3.4, v €V < P(v) =v.

We have defined projections with respect to a direct sum decomposition. But Proper-
ties 4 and 5 in Proposition 3.3.4 say that we can recover the spaces U and W from the
linear map F;. And we can use Properties 1 and 7 to define abstract projections.

Definition 3.3.5. |

An operator P € £(V) is a projection if it satisfies P? = P. ]

Projections onto a subspace give us examples of projections.
Lemma 3.3.6. If V.=U ® W, then F; is a projection.
Proof. This is Properties 1 and 7 of Proposition 3.3.4. O

We also have the following two basic examples.

Example 3.3.7. For any vector space V', both the zero map 0 € £(V') and the identity
map Id,, are projections.

The above example should remind you that 0 and 1 are both solution to the real
equation 22 = 2. But in a vector space of dimension dim(V) > 2, the zero map and
the identity map are not the only projections as demonstrated by Example 3.3.2. To
elaborate a little bit: 0 is a solution of 22 = z while 1 is the only invertible solution
(divide by z on both sides). Since non-zero complex numbers are invertible, these are
all the solutions. Similarly, 0 is a solution of P? = P, while Idy, is the only invertible
solution. But if V' is a vector space of dimension at least 2, then £(V) is also a vector
space of dimension at least 2 and hence there exists non-zero linear maps that are not
invertible. Therefore, the equation P? = P might have more than 2 solutions.

The following (easy) result shows that we may determine if a linear map is a projection
by studying its matrix representation.
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Lemma 3.3.8. Let V be a finite dimensional vector space and let T € £(V) be an
operator. Let B be a basis of V. Then T is a projection if and only if ([T)2)? = [T)2.

Proof. We have [T?]2 = ([T]%)2. Therefore, T = T? if and only if ([T]12)%? = [T|Z. O

One immediately obtain as a corollary that if V' has dimension 2, then [(1) 8] represents
a projection P that is not conjugated to the zero map nor to the identity map. We
conclude that if the dimension of V is at least 2, the equation P2 = P has at least 3
solutions (that are pairwise non similar).

Example 3.3.9. Let T € £(F?) be an operator. Suppose that there exists a basis %
such that [T]2 = A = [(1) _01]. Then T is a projection. Indeed, it is easy to check that

1-112 _ 11
[o 7o) =6 0l-
Similarly, if [T]Z = Bz Zz] then T is a projection.
It turns out that projections (Definition 3.3.5) and projections onto a subspace(Defini-
tion 3.3.1) are exactly the same things as demonstrated by the following proposition.

Proposition 3.3.10. Let V be a vector space and let P € £(V') be a projection. Then
V = Im(P) D ker(P) a,nd P = PIm(P),ker(P)’

Proof. 1t is clear that Im(P) + ker(P) C V. So we need to prove that the sum is
direct and that it is equal to V. Let v € V. Then one have v = P(v) + (v — P(v))
with P(v) € Im(P) and v — P(v) is in ker(P). Indeed, P(v— P(v)) = P(v) — P?(v) =
P(v) — P(v) = 0. Now, for the direct sum part. If v € Im(P) Nker(P) we have v = P(w)
and 0 = P(v) = P?(w) = P(w) = v, so Im(P) Nker(P) = 0 which finishes the proof of
Im(P) @ ker(P) =V.

Finally, let v € V. Then v = P(v) + (v— P(v)) is the unique decomposition v = u + w
with u € Im(P) and w € ker(P). By definition of Py, p) ker(p)» We have Pry(p) wer(p) (V) =
P(v) for all v in V and so these two maps are equal.

Another way to interpret Proposition 3.3.10 is that there is a one-to-one correspondance
between projections P € £(V) and direct sums decomposition V = U @& W where the
order matters. This gives us another proof that if V' has dimension at least 2, then
the equation P? = P has at least three distinct solutions. Indeed, the decomposition
V ={0}®V =V & {0} corresponds to the projections 0 and Id. If U is a subspace
with 1 < dim(U) < dim(V) and W is any direct complement, the decomposition
V=U®W =W U corresponds to two news projections. By varying the dimension of
U, we can even show that the equation P2 = P has at least dim(V) + 1 solutions.

We can also use Proposition 3.3.10 to show that, for finite dimensional vector spaces,
projections always admit an specially nice matrix representation.
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Lemma 3.3.11. Let V be a finite dimensional vector space and let P € £(V) be a
projection. Then there exists a basis B of V such that

1 -

(g )y wrip
——t
—_

~
8%
[

[(_1 )I93 WITP

—_— A

L 0
Proof. Let & be a basis of Im(P) and € be a basis of ker(P). Then & = 4 UE is a
basis of V' = Im(P) @ ker(P). Finally, for every v € 9% we have Pv =1 -v and for every
w € € we have Pw = 0. The formula follows. O]

We can use the above lemma to obtain the following result about matrices.

Corollary 3.3.12. Let A € F™™ be a square matriz. If A2 = A, then is similar to a
diagonal matriz with only 1s and Os on the diagonal.

Proof. The operator L, € £(F™) defined by L 4(v) = Av is a projection. Let & be the
basis given by Lemma 3.3.11 and let & be the standard basis of F™. Then [T]% has the
desired form while [L4]€ = A. So for B = [Id], we have A = B[T|ZB"! as desired. [

We conclude this subsection by the following result that is a generalisation of Proposi-
tion 3.3.10.

Theorem 3.3.13. |

Suppose P,,...,B, € L(V) are projections such that P, + - + B, = Idy, and
BP =0y if i#j. Then V =Im(R) & & Im(F,).

Proof. Let v be any vector in V. Then
v=IUdyv= (P 4+ F)v=Rv+-+ Hvelm(P)+ - +Im(F) (3-9)

and thus V = Im(P,) + --- + Im(B,). We now prove that the sum is direct. Suppose
0 =uv, + -+ v, with v, € Im(P,) for 1 <i < k. We want to prove that all the v,
are zero. By definition of the image, there exist w, such that Pw, = v,. Using that
P, is a projection we have Pv, = P?w; = Pw, = v; while Pv; = PPw; = 0w; =0 if

i # j. Now, if we apply F, to both sides of (3.9) we obtain 0 = v,. By doing this for all
1 <¢ < k we have that all the v, are zero as desired, and so the sum is direct. OJ

Now that we have proven Theorem 3.3.13, let us discuss why it is a generalisation
of Proposition 3.3.10. Let P € £(V) be a projection, P, := P and P, := Id;, —P. One
easily checks the following properties:

« B, is a projection: P? =1d3, —1dy, P — PIdy, +P? =1d,, —P — P+ P = B;
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« B+ B =1dy;
e and LR, =P—-P>=0=RP,.

We can hence can apply Theorem 3.3.13 to P, and P, to obtain V' = Im(P)@®Im(Id,, —P).
Finally, Im(Idy, —P) = ker(P) and we recover the Proposition. Indeed, if v is in ker(P),
then v = v — 0 = v — P(v) = (Idyy —P)(v), which proves ker(P) C ImId, —P. For
the other inclusion, if v € Im(Idy, —P), then v = (Idy, —P)(w) for some w and so
P(v) = P(I1dy, —P)(w) = P(w) — P?(w) = 0.

3.3.2 Left/right inverses and projections

An easy way to create projections is to use left and right inverses.

Proposition 3.3.14. Let V and W be two vector spaces and let T € £(V,W) and
S € L(W,V) such that TS = Idy,. Then V = Im(S) & ker(T) and ST € £(V) is a
projection to Im(S) along direction ker(T).

Proof. We first show that ST is an abstract projection: (ST)* = S(T'S)T = S1dy;, T =
ST. It follows from Proposition 3.3.10 that ST is a projection onto Im(ST) along
direction ker(ST).

It now remains to show that Im(ST) = Im(S) and ker(ST) = ker(T"). We already
know that Im(ST) C Im(S) for every functions. For the other inclusion, let v € Im(S).
Thus there exists w € W with v = S(w) = SIdy (w) = STS(w) = ST(S(w)) which
shows that Im(S) C Im(ST).

For the kernels we have ker(ST') D ker(T') for every linear maps. For the other inclusion,
let v be an element in ker(ST'). We have 0, = ST (v) and by applying T to both sides
Ow = TST(v) =1dy, T'(v) = T(v), which shows that ker(ST') C ker(T). O

Observe that for a given T' € £(V, W) there exists a right inverse S such that 'S = Idy,
if and only if T is surjective. If such an inverse exists, it is not unique unless T is an
isomorphism. This is related to the fact that given a general subspace U (= ker(T')) of V,
there exists more than one direct sum complement X (= Im(S)) such that V =U & X.
Let us exemplify this.

Example 3.3.15. Let T: R? — R be the map [i]  x. This is a linear map with
ker(T) = {[}] |y € R}. Define S,,5,: R = R? by

S@ =[] ad Sy =[]

These two maps are linear and one easily verify that T'S; = T'S, = Idg. By the above
proposition, both S;7T" and S,T" are projections. On one hand, ST is the projection onto
Im(S,T) =Im(S;) = {[s] | = € R} and along direction ker(T'). On the other hand, S,T
is the projection onto Im(S,T) = Im(S;) = {[z] | # € R} and along direction ker(T'). See
Figure 3.10.
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Yy Yy Im(S,)

Figure 3.10: Two projections along the y-axis direction. The left one is onto the z-axis,
and the right one is onto the diagonal y = .

Many examples of the phenomenon described in Proposition 3.3.14 arise when you want
to do approximations. Suppose we have some “complicated” space V (usually a space
of functions) where we want to be able to do some approximations. We can consider a
linear map T': V' — F™ which we think of as “taking samples/measurements/evaluating”.
We then construct a right inverse S: F — V which “selects a solution/reconstructs
something” using this data. Finally, the map ST € £(V') will be a projection onto U a
nice subspace of V, for example U = P(R),,.

Example 3.3.16. Let V = C°(R) = {f: R — R | f(™ exists Vn} be the space of
smooth real functions. This space is infinite dimensional and quite complicated. To
better understand it, we want to approximate it by polynomials. That is, we would
like to have projections P,: C*°(R) — P(R),,. If n = 0, then we will approximate
continuous functions by constant functions, if n = 1 the approximation will be by lines,
by parabola if n = 2 and so on. Bigger n give better approximations. However, bigger n
also give more complicated approximations. In order to define the projections, we will
use Proposition 3.3.14. We consider the linear surjective maps T,,: C>°(R) — R™"! and
right inverses maps S,,: R"*1 — €>°(R). Let us define

T,(f) = [f(a), ' (a), ..., f™)(a)]T € R,
Sulegs 2,7 = 20 + 71 (2 —0) + (@ —0)’ + -+ Az —a)" € P(R)

5 C C=(R).

n
These maps are linear (exercise) and are left /right inverses. Indeed,

(T,,8,)[1,0,...,0]" =T,(1) = [1,0,...,0]T,

n

(T.,,8,)[0,1,0,...,0]" =T,,(x — a) = [0, 1,0,...,0]",

n

(T,,8,,)[0,0,1,0, ...,0]" = T,,(“5%°) = [0,0,1,0, ...,0]",

M

—

n

(T,,8,)[0,..,0,1]T = T, (==2") = [0, ...,0,1].

n n!

Therefore, B, := S,,T,, € £(C>(R)) is a projection to Im(S,) C P(R),,. One easily
shows that (a, (z —a), ..., (x — a)™ is linearly independent, and thus a basis of P(R),,. It
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follows that Im(S,,) C P(R),, has dimension n + 1. In fact,

f"(a)

ST (f) = fla) + f'(a)(z —a) +

is the n'® Taylor polynomial of f at = a. Finally, the ker(S,,T},) = ker(T},) is the set of
all functions g such that 0 = g(a) = ¢’(a) = - = g™ (a).

The sequence of Taylor polynomials forms a good local approzimation of f around
a. Local approximation means that for z close to a (and big n), the value of f(x) and
((S,T,)(f))(z) are nearly the same. More formally, since V = Im(S,T,,) & ker(S,T,,),
every function f can be written in a unique way as p 4+ g, where p a polynomial of degree
at most n and g € ker(7},). In other words, (f — (SnTn)f)(i) (a) =0forall 0 <i<mn.
That is, near a, the function (f — (S, 7,,)f) is close to be the constant function 0.

. Y
— sinz
—— degree 1
—— degree 3 14
—— degree 5
\ —— degree 7
S 2 1 1 2 3\
11

Figure 3.11: Taylor polynomials of degree n of sin(z) at x = 0 for n € {1,3,5,7}.

Example 3.3.17. In the previous example, we approximated a function f by a polynomial
P such that P and f agree on a (that is P(a) = f(a)) and also the the it" derivatives
of P and f agree on a (P%(a) = f%(a) for 1 < i < n). This is a local approximation
of the function f. Another way to approximate f is to find a polynomial G such
that f(x) = G(z) for many values of x. This is what we will do now, using Lagrange
polynomials. Let us fix a sequence of pairwise distinct real numbers (z,, z;, x5, ... ) and
define

Qn: C>® — Rn+1
f — [f(x0)7 f(xl)a L) f(x'n,)]T

For the other direction, we define R,, by its value on the standard basis vectors
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(e =1[1,0..,0]", ., €ppq = [0,...,0,1]T):

r—x
Rn(ei) = I I o
r, —XT
0<m<n "t m
T—%y BT T—Tyy T Ty

Ti=%o i~ Tia%— iy Ty~ Ty

The maps Q,, and R,, are linear and left/right inverses: @, R,, = Idg.+1 (exercise).

The polynomial R,,(e;) is known as the i Lagrange polynomial. This is the unique
polynomial p of degree at most n such that p(z;) = 0if j # i and p(z;) = 1. This property
directly implies that (@,,R,,)(e;) =e; and so @, R,, = Idg~. Therefore, R, Q,, € £(C>)
is a projection to Im(R,,) = P(R),,, which has dimension n + 1. In fact, R,Q,,(f) is a
polynomial of degree at most n such that for 0 < i < n we have (R,Q,(f))(z;) = f(z;).
In this sense, the sequence of Lagrange polynomials forms another series of approximations
of f.

This time, ker(R,@Q,) = ker(Q,,) = {g € €= |0 = g(z,) = - = g(z,,)}.
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4 Inner product spaces

Standing assumption

In this whole chapter, F will always be either R the field of real numbers or C
the field of complex numbers. V will always denote a vector space over F.

When going from R? to abstract vector spaces, we generalised the notions of vector
addition and of scalar multiplication. But they are some other features of R? that we
didn’t capture. For example, in R?, one can talk about the length of a vector, or about
the angle between two vectors. For a general vector space V', we do not have (yet) such
notions as “length” or “angle”. The aim of this chapter is to generalise the notion of
length for real and complex vector spaces, and to generalise the notion of angle for real
vector spaces.

4.1 Inner products and norms

2

we have the dot product x e y := z,y; + z,y, € R. This is useful as the length of x is

equal to \/z? + 22 = /T e T.

4.1.1 Dot product in R™

Recall (from high school or MTHo08) that for z = [ﬁl] and y = [Z;] two vectors in R?

We first generalise scalar product to R™.

’_[ Definition 4.1.1. ]

Let z = [z, ...,2,,]" and y = [yy, ..., ¥,n]" De two vectors in R™. We define their
dot product® to be

zeoy:=x,y; +-+2,Y, €R.

“The dot product is sometimes also called scalar product; which is not the same thing as the scalar
multiplication!

'_[ Definition 4.1.2. ]

Let = [z, ...,7,,]" be a vector in R™. We define its norm to be

|z| :== Vzox=y/22+ -+ 22, €R.
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4 Inner product spaces

The norm |z| of x is a generalisation of the length of z in R, R? or R3. We may
think of it as the distance between the point (0, ...,0) and the point (x4, ..., z,,).

Y

N\
\\%

Ty

Lo

Figure 4.1: The norm of the vector [i;] eR?is H [i;]

) 2
|— ] + 5.

Proposition 4.1.3. The dot product in R™ satisfies the following properties.
1. For all x € R™ we have x o x > 0;
2. Forallz € R™ we havexex =0 < z =0;
9. For any y € R™, the map ey: R™ — R, x > x o y is linear;
4. Forall z,y € R™, we have rey =y o x.

Proof. 1. For z = [z4,...,%,,]' € R™, we have z ez = 23 + - + 22, > 0.

2. z ez =0 if and only if 22 + - + 2, = 0, if and only if all the z; are 0, if and only
if x =0.

3. Using the definition, one can easily check that (x + ') ey =z ey + 2’ ey and
(Ax) ey = A(z ey) for A € R.

4. This directly follows from the definition and the commutativity of addition in R. [J

The above proposition suggests how to generalise the dot product to other real vector
spaces. Before doing that, we will turn our attention to complex vector spaces.

4.1.2 Dot product in C™

Can we simply mimic the dot product in R™ for C™? No! Indeed, if we use the same
definition then we are going to have a problem for the length of i. Indeed, Vi = v/—1 is
not a real number, while we would like |z| to be the “length of z” and hence a positive
real number. In order to solve this problem we will need to use the complex conjugation.

Definition 4.1.4. ]

The complex conjugate of a complex number a + bi (a,b € R) is the number
a+ bi:=a — bi.

Complex conjugation satisfies the following properties, which can all be easily checked
from the definition.
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Lemma 4.1.5. Let w and z be two complex numbers. Then we have

1. W+z=wW++ 2,
2. WZ =72 W,
3- (E):w;

4. If w#0, then (£) = Z,

5. For z = a + bi we have 2z = a® + b® = |z|? is the square of the modulus of z.

Definition 4.1.6. ]

Let z = [z, ..., 2,,]" and w = [wy, ..., w,,]T be two vectors in C™. We define their
dot product to be
ZowW:i= ziWy + - + 2, W,.

Using complex conjugation, one can define a dot product on C™.

Definition 4.1.7. ]

Let z = [21,...,2,,]" be a vector in C™. We define its norm to be

|| = VZoz.

If w; is a real number, then w; = w,, so the above definitions are indeed generalisations

of the dot product and norm on R™.
Before going further, we prove one important property of the complex dot product.
Lemma 4.1.8. For every z € C™ the dot product z @ z is a non-negative real number.

Proof. For w = a + bi € C with a and b in R, we have w = a — bi and so ww =
(a+bi)(a—bi) = a2 +b? = |w|® is in R.(. So we have zez = 2|, 24 +2],,% € R,y O

Corollary 4.1.9. For every z € C™ we have |z| € Ry,.
Complex dot product enjoys properties similar to the real dot product.
Proposition 4.1.10. The dot product in C™ satisfies the following properties.
1. For all z € C™ we have z ez € Ry
2. For all z € C™ we have z02=0 < z=0;
8. Fix we C™. The map ew: C™ — C, z > zew is linear;
4. For all w,z € C™, we have zew =we z.

Proof. The proof is left to the reader as an exercise. Be careful that property 3 is about
C-linearity. O

102



4 Inner product spaces

4.1.3 Inner product spaces

We can use the dot products in R™ and C™ as inspiration to define a generalisation of
“inner product” on abstract real or complex vector spaces.

’_[ Definition 4.1.11. ]

Let F be either R or C and let V' be an F-vector space. An inner product on V'
is a function
(+,-): VXV —F
(u,v) — (u,v)

satisfying the following properties:

(1) (v,v) € Ryq for all v e V; (positivity)
(2) (v,v) =0 <= v=0; (definiteness)
(3) For all u,v,w € V and all A € F we have (linearity in 1" variable)®

<u+v,w> = <u7w> + <U7w>7
(A, w) = v, w);

(4) (v,w) = (w,v) for all v, w € V. (conjugate symmetry)

“For us, an inner product is linear in the first variable. Some people prefer to define inner product
to be linear in the second variable. Both definitions are fine, but once you have chosen one, you
should stick with it.

’_[ Remark 4.1.12. ]

If V is an R-vector space, then condition (v, w) = (w,v) is equivalent to (v, w) =
(w,v). Therefore, if (-,-) is an inner-product on a real vector space, it is also
linear in the second variable. That is, for all u,v,w € V and all A € R we have

(u,v+w) = (u,v) + (u, w),
(v, Aw) = (v, w).

Since (-, - ) is linear on both variable, it is says to be bilinear. For real vector
spaces, we can replace Conditions (3) and (4) in the definition of inner product by
the condition that (- ,-) is bilinear.
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'_[ Remark 4.1.13. |

If (-,-) is an inner-product on a C vector space, then it is not linear in the second
coordinate, but semilinear. That is, for all u,v,w € V and all A € C we have

(u, v+ w) = (u,v) + (u, w),
(v, \w) = Mo, w).
In this case, we say that (-,-) is sesquilinear, which means 1.5-linear. For

complex vector spaces, we can replace conditions (3) and (4) in the definition of
inner product by the condition that (- ,-) is sesquilinear.

The following result is an easy consequence of the definition.

Lemma 4.1.14. Let (-,-) be an inner product on a vector space V. Then for every
v € V we have

(v,0) =0 = (0,v).

Definition 4.1.15. ]

Let F be either R or C. An inner product space over F is an F vector space
equipped with an inner product (-, - ).

We will often simply write V instead of (V,(-,-)) for an inner product space.

Example 4.1.16. R™ with the dot product is an inner product space over R, sometimes
called an Euclidean space. C™ with the dot product is an inner product space over C.

Example 4.1.17. Let ¢y, .., ¢, > 0 be positive real numbers. Define (-,-): F"xF"™ — F
by

((21y ooy Zpp), (W1, ey W) 2= €1 2qW1 + - + Cpy 2, Wiy -
Then (-,-) is an inner product.

Proof. We have (z,2) = ¢;|2;|? + -+ ¢,,|2,,]%- This implies both that (2, z) is a positive
real number and that (z,2) =0 < 2z =0.
The other two defining properties of an inner product are easily checked. For linearity
in 1% coordinate:
(Az,w) = c; AzyW; + - + ¢, A2, W,,

= XNC121W1 + -+ €2 W,y,) = A(2, w).

For conjugate symmetry:

<’U}, Z> = clwlzl +ot cmwmgm

=C12 Wy + o+ Cp 2 Wy,

= <z,w),

where we used both that Z = 2, and that c; =c¢; since the c; are real numbers. O
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Remark 4.1.18. ]

The above example shows that there can be more than one inner product structure
on the same vector space.

Example 4.1.19. Let €°([—1,1]) = {f: [-1,1] = R| f is continuous} be the real vector
space of continuous functions from [—1,1] to R. Define (-,-) : €°([-1,1]) x €°([-1,1]) —
R by

1
f.9) = [ Fl@)g(x)da.
o= [ @

Then (-,-) is an inner product.

Proof. If both f and g are continuous functions defined on [—1,1], then f - g is also
continuous and hence integrable. This implies that (-, -) is well-defined. Moreover,

<f,f>=/ f(z)f(x)dz > 0.

This proves positivity.

It is clear that (0,0) = 0. Definiteness is a little more difficult to show and we will do
it later.

Linearity of (-,-) is the well-known linearity of definite integral.

The definition is symmetric in 1% and 2"¢ variable: (f, g) = (g, f) and we have conjugate
symmetry since (f, g) is a real number.

In order to prove definiteness, we need to show that if f_ll (f(w))2 dz =0, then f =0.
The proof of this claim requires analysis. We will actually show the converse, namely:

If g: [-1,1] is a non-negative continuous function such that g(x,) # 0 for some
zy € [—1,1], then fjl g(z)dz # 0.

Let € :=1/2- g(z,) > 0. By continuity, there exists § > 0 such that if |z —z,| < J, then
lg(xz) — g(zy)| < e. In particular, if z is in [z, — §,z, + d], then g(z) > e.
We conclude that

/11 g(z)dz = /?’5 g(z)dz + /9::5 g(z)d + /m:-i-& g(z)da

zo—0 1
2/ g(m)dx—i—%s—l—/ g(z)dx >0+ 26 +0>0.
-1 zo+0

This proves the claim, and finishes the proof of definiteness. O

Exercise 4.1.20. Show that (p,q) := fOOO p(x)q(z)e ™ dz defines an inner product on
P(R).
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g(zg)+e

g(zo)

zg—6 Lo xp+o x

Figure 4.2: A non-zero positive continuous function. Its integral is at least the area of
the blue rectangle: f °+ (x)dz > 26e.

Solution. The bilinearity of ( ) directly follows from the linearity of the integral. We
also have (0,0) = 0 and (p, p) f p(x)?e * dz > 0 for every polynomial p.

It remains to prove that if (p, p) = 0, then p is the zero polynomial. This follows from the
fact that g(z) = p(x)?e™" is a non-negative continuous function, see Example 4.1.19. [

Definition 4.1.21. ]

J

Let (V,(-,-)) be an inner product space over F. For a vector v € V, we define its
norm to be |v| := /(v,v).

If V is an inner product space, we can regard the norm as a function

lol: V— Ry

v 4/ (v,0).

Remark 4.1.22. |

The norm depends on the choice of an inner product. Different inner products
will give different norms.

Example 4.1.23. For the dot product on F™, the corresponding norm is the standard

norm: (21, - » 7)) = v/22 +  + 22

Example 4.1.24. For €°([—1,1]) with inner product (f, g) f f(z)g(z) dz, the norm

is |/ = /S, f2() da.

The norm is not linear, but behaves well with respect to scalar multiplication.

Proposition 4.1.25. Let V be an inner product space over ¥ with norm || - |. Then
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1. For all v € V, we have |v| =0 if and only if v=10;

2. Forallv €V and all X € F we have |Av| = |A|-[[v], where|\| € Ry is the modulus
(absolute value if F =R) of A.

Proof. For the first statement, ||[v]| =0 < (v,v) =0 < v=0.
For the second statement,

M| = v/ (Aw, A) = /AN (v, v)

A2 (v, 0) = [A] - [lv]].
O
In practice, it is often easier to compute |v]|? = (v,v). If you do that, don’t forget to
take the square-root after computing |v|>.
4.2 Orthogonality and its consequences

Now that we have generalised the notion of length, we would like to generalise the notion
of angle. In general, this is not possible, but one can at least generalise the notion of
perpendicularity. Recall that in R? if @ is the angle between two vectors v and v we have

uev = [uv] cos(6). (4-1)

X

Figure 4.3: An angle between two vectors in R2. The angle satisfies the relation u e v =
lullv] cos(6).

We conclude that u and v are perpendicular if and only if (u,v) = 0. One will use this

notion to generalise perpendicularity. In fact, we will see later that Equation (4.1) can
also be used to generalise the notion of angles for real inner product spaces.

4.2.1 Orthogonality

The following fundamental definition is inspired by Equation (4.1).
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Definition 4.2.1. ]

Let (V,(-,-)) be an inner product space. Two vectors u and v in V are orthogonal,
written u L v, if (u,v) = 0.

Observe that u | v if and only if v L u.

Remark 4.2.2. ]

The notion of orthogonality depends on the inner product we have chosen!

Example 4.2.3. Let V = R? and let u = H] and v = [_ﬂ We have uev =0 so v and

v are orthogonal for the dot product. However, <[ﬁ;], [Z; > = 42,249 + Y195 is also an
inner product on V. For this inner product, we have (u,v) =4—1=3 % 0so u and v
are not orthogonal for (-, -).

Orthogonality possesses interesting properties, notably in relation to the 0 vector.
Lemma 4.2.4 (Orthogonality and 0y,). Let V' be an inner product space. Then

1. 0y is orthogonal to every vector v € V;

2. A vector v € V is orthogonal to itself if and only if v = 0y,.

Proof. 1 This follows from (0y,,v) = 0,.
2 If v is orthogonal to itself, then 0y, = (v, v) which implies v = 0y,. O

If a vector v is orthogonal to some vectors u;, then it is orthogonal to all linear
combinations of the u,.

Lemma 4.2.5. Let V be an inner product space. Suppose that we have vectors v and
(U, .-, uy) such that v L u; for all j [{1,...,k}. Thenv L u for any u € span(uy, ..., uy).

Proof. We have u = A\ju; + -+ + A\yu;, for some k. By linearity, we obtain (u,v) =
Sk Aj(uj,v) = 0. =

j=1"17

We now recover a classical theorem from Euclidean geometry that holds in any inner
product space.

Theorem 4.2.6 (Pythagorean' Theorem).

Suppose u and v are two orthogonal vectors in an inner product space. Then

Ju+ vl = Jul® + Jof>.

'Pythagoras of Samos (ITuBaydpac) (c. 570-c. 495 BC).
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Proof. We have

[u+ v = (u+v,u+v) = (u,u) + (u,v) + (v,u) + (v,v)
= ul® + 040+ [v]* = Jul® + [v]*.

O]

Corollary 4.2.7. Let k > 1. Suppose uq, ..., u;, are pairwise orthogonal vectors in an
inner product space: u; L u; for all i # j € {1,...,k}. Then

g + -+ ug? = g 2 -+ Jug 2.

Proof. If k =1 this is trivial. The case k = 2 is the Pythagorean Theorem. Now suppose
k > 3 and that the statement is true for k¥ — 1. Then wu, is orthogonal to w; + - 4+ uj_;.
The pythagorean Theorem applied to u = u; + - + u;_; and v = u;, gives

g - g = g + - g 1 4 Jug ) = g 2+ -+ Jug 2.

If F = R, then the converse of the Pythagorean Theorem also holds:

Proposition 4.2.8. Let V' be an inner product space over R and let u and v be two
vectors. Then u and v are orthogonal if and only if |u+ v|? = |u|? + |v|>.

Proof. The proof is left as an exercise. O

Remark 4.2.9. |

Observe that the proof of Proposition 4.2.8 does not work for inner product spaces
over C. Indeed, in this case we have ||u + v|? = |u|? + (u,v) + (u,v) + |v|?>. But
in general, (u,v) + (u,v) # 2(u, v).

Actually, Proposition 4.2.8 is false for all complex inner product spaces.

Lemma 4.2.10. Let V # {0} be a complex inner product space. Then for any v # 0
and u = iv we have |u + v|> = |u|? + |v|? but {u,v) # 0.

Proof. The proof is left as an exercise. O

We have defined orthogonality for vectors. We can also define it for subspaces, and
even for subsets.

Definition 4.2.11. |

Let V be an inner product space and let X and Y be two subsets of V. We say
that X and Y are orthogonal, written X | Y, if for allz € X and y € Y we
have (z,y) = 0.

109



4 Inner product spaces

We know that in general, direct sum complements are not unique. However, in an
inner product space any subspace U admits a unique “nice complement”. Let us first
define what it means to be a nice complement and then show its unicity when U is of
dimension 1.

'_[ Definition 4.2.12. ]

J 3

Let V be an inner product space. For a subset U C V we define its orthogonal
complement to be

Ut :={veV|VueU, uv) =0}

That is, U is the set of vectors that are orthogonal to all vectors of U.

J

One can easily show that U~ is always subspace (see the forthecoming Proposition 4.3.15
for a proof).

Lemma 4.2.13. Let V be an inner product space and u be any non-zero vector. Then,
for any v € V there exists a unique decomposition v = Au + w with A € F and such w
orthogonal to u. In fact, we have

B (v, u)

V= ——=u+w.
]2

Proof. The idea is to first find the orthogonal projection of v onto span(u). This will
both give A and w = v — Au. See Figure 4.4.

—————

Au u
Figure 4.4: An orthogonal decomposition of v with respect to wu.

Let w:= v — Au for some A € F to be determined. We want w to be orthogonal to u,
that is (w,u) = 0. So let us compute:

0= (w,u) = (v—Au,u) = (v,u) — A\(u, u).

So w and u are orthogonal if and only if A = % This proves both the existence and

the unicity. O

Here is a rewriting of the previous lemma in terms of direct sum complements.
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Proposition 4.2.14. Let V be an inner product space and U be a one dimensional
subspace. Then V. =U @ U*.

Moreover, U+ is the unique orthogonal complement. That is, if V = U & W with
ULW, then W =U" .

Proof. Since U is one dimensional, we have U = span(u) for every non-zero vector
u € U. Let us fix such a vector u. By Lemma 4.2.13, any vector v € V admits a unique
decomposition of the form v = Au +w for A € F and w € U*. Since U = span(u), this
is equivalent to the uniqueness of the decomposition v = v’ +w for v’ € U and w € W.
The unicity of this last decomposition is exactly the fact that V =U @ U*.

Finally, let W be another orthogonal complement of U. By definition of U+, we must
have W C U*. For the other inclusion, let v be any element of U. Then we have at the
same time v =042 € V=U®Ut andv=u+w eV =U®W. Since wisin W C Ut
we conclude that £ —w = w is in UNU* and thus v = 04+ = w is in W as desired. [

4.2.2 Cauchy—Schwarz inequality

Cauchy—Schwarz® inequalities exist for sums, series, integrals, .. They are really useful
both in algebra and in analysis. All these inequalities follow from a general inequality for
inner product spaces, which we now prove.

Theorem 4.2.15 (Cauchy—Schwarz inequality).

Let V' be an inner product space. Then for all u and v in V we have
[(w, 0)| < Juf - o] (4-2)

Moreover, we have |(u,v)| = |u| - |v| if and only ifu and v are linearly dependent.

Proof. If u = 0y,, then u and v are linearly dependent and Equation (4.2) is 0 =0 - ||v]|.

(v,u)

Let us now suppose that u # 0y, and consider the decomposition v = Fap? Y + w
where w is given by Lemma 4.2.13 and orthogonal to u. By the Pythagorean rH‘heorem
(Theorem 4.2.6)

(v, u)
Jul®

(v, u)

Jul®

That is |(u, v)|* = [{v,u)?] < [[v]*|u]?.
Finally, we have equality in (4.2) if and only if |w|? = 0, if and only if w = 0. But w
is zero if and only if 4 and v are linearly dependent. O

2 2
2 _ 2 _ 2 2 S |(v,u)2|
lv]* = ul| + |w|* = ) + fw]* > R

Some special cases of the Cauchy—Schwarz inequality may be familiar to you. Observe
that in application, we usually use the squared version of the inequality: |{u,v)|? <
Jul?[lv]>.

2Augustin-Louis Cauchy (1789-1857) and Karl Hermann Amandus Schwarz (1843-1921).
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Example 4.2.16. Let V = R"™ be the Euclidean space with standard dot product. The
Cauchy—Schwarz inequality applied to (zq,...,z,,) and (yq,...,Y,,) gives

el = () (02)

Jj=1
Example 4.2.17. Let V = €°([—1,1]) be the space of continuous functions from [—1, 1]
to R with inner product (f,g) = f_ll f(z)g(x)dz. Then for f and g in V = €°([-1,1])
the Cauchy—Schwarz inequality is

(/11 f(z)g(z) d:c)2 < (/11 f()? dz) (/119(96)2 dz).

It is an interesting exercise to try to give an analytic proof of this inequality.

‘ 2

4.2.3 Angles in inner product spaces over R

When F = R we can define angles using the Cauchy—Schwarz inequality and Equa-
tion (4.1). Let V be an inner product space over R. By the Cauchy—Schwarz inequality,
for non-zero u and v in V' we have

(u,v)

Julv]

—-1<

<1

'_[ Definition 4.2.18. ]

J A

Let V be an inner product space over R and let 4 and v be two non-zero vectors.
We define the angle between u and v by

(u,v)
Z(u,v) := arccos ——— € [0, x].
ullo

If one of u or v is 0y, we say that the angle between u and v is arbitrary.

J

Using this definition of angles, we have that v and v are orthogonal if and only if
(u,v) = 0, if and only if Z(u,v) = 3.

Remark 4.2.19. |

If F = C, the above definition does not make sense! Indeed, in this case (u,v) can
be a non-real complex number.

4.2.4 Classical geometry results in inner product spaces

Using the notion of norm and orthogonality, it is possible to recover some of the classical
geometry results in a more general context.
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Theorem 4.2.20 (Triangle inequality).

Let V' be an inner product space. Then for any u and v in V we have
[ul = Joll| < Ju+ o] < Jul + [o]-
Moreover, we have

o [u+4v| = |u| + |v| if and only if there exists A € Ry, such that u = v or
v = Au;

o ||ull = |v[|| = [lu+v| if and only if there exists p € Ry such that uw = pv or
v = pu.

Figure 4.5: The shortest path between the black dot and the graydot is given by the
vector u + v.

Proof. We have
Ju+)? = (u+v,u+v)

= (u,u> + <U7U> + <U>U> +W
= |ul? + |[v|? + 2 Re(u, v).

Recall that for any complex number z we have —|z| < Rez < |z|. Applying this to
z = (u,v) and plugging it in the above equality, we obtain

Jul® + [o1? = 2w, v)] < Ju+of* < Jul® + [o* + 2[(u, v)].
Using the Cauchy—Schwarz inequality|(u, v)| < |u| - |v|, we obtain
Jul® + 1o = 20ull - o] < Ju+ol* < Jul® + [o* + 2]u] - [v].
This is equivalent to
(lall = ol)? < w40l < (Jul + 0l)?,

or in other words
[l = foll| < flw+ o] < uf + v

Now, the right inequality is an equality if and only if Re(u,v) = |(u,v)| = |u||v|, if
and only if (u,v) = ||Jul|||v]|. Indeed, Re(u,v) = |{u,v)| is equivalent to |(u,v)| = (u,v)
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(that is: (u,v) being a non-negative real number). Finally, (u,v) = ||Ju||v| if and only if
there exists A € R such that u = Av or v = Au.
The proof for the left equality is similar. O

Figure 4.5 explains the name triangle inequality. This inequality is really important as
it shows that |u — v|| is a distance.3 Meaning that:

1. Vu,v: |u—v| € Ryq (the distance is always a positive number);
2. Vu: |u—ul| = 0 (if you don’t move, the distance is 0);
3. If u # v, then |u —v|| > 0 (if you move, the distance is positive);

4. Yu,v: |u—v| = |v—ul (the distance from u to v is the same as the distance from
v to u);

5. Yu,v,w: |u—v|| < |u—w|+ |w—u| (if on the way between u to v we go through
w, this cannot shorten the distance).

We now recover another result from classical geometry.

Theorem 4.2.21 (Parallelogram equality).

Let V' be an inner product space. Then for any v and v in V we have

Ju+vl? + Ju — v = 2(Jul® + o]*).

Proof. The proof is just direct computations.
lu+ o2+ u—v|* = (u+v,u+v) + (u —v,u — )
= (u,u) + (u,v) + (v,u) + (v, v)
+(u, u) — (u,v) — (v,u) + (v,v)
= 2(u, u) + 2(v,v)
= 2(JJul® + o]?).

O]

Figure 4.6 is here to explain the name of the above theorem. Observe that the equality
lu+v]?+ u—v]? = 2(Jul® + |v|?) means that in a parallelogram the sum of the square
of the diagonal lengths is equal to the sum of the square of the side lengths.

Corollary 4.2.22 (Appolonius’s identity). Let ABC be a triangle in F™, and let D be
the midpoint of AB. Then

1
|BCI? + JAC|* = 5[ AB|* + 2|CD|*.
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Figure 4.6: A parallelogram and its two diagonals.

C

B D v A
Figure 4.7: A triangle ABC, where D is the midpoint of AB.
Proof. Let u:= DC and v = DA. ThenTCzu—v, DB = —v and BC = v +u. See

Figure 4.7.
By the parallelogram equality

- - 12 N 1 -
IBCI? + JACI? = 2(||54B| +ICDJ?) = 54BJ? + 2|CD*

4.3 Orthonormal bases

In this section we will use inner product and orthogonality to define nice bases with
specifically good properties.

4.3.1 Orthonormality

‘We start with a definition.

'_[ Definition 4.3.1. J

Let V be an inner product space over F. A list of vectors (vy, ..., v,,) is orthogonal
if its elements are pairwise orthogonal. That is, if for all j,k € {1,...,m} with
J # k the vectors v; and v, orthogonal.

The list (vy,...,v,,) is orthonormal if it is orthogonal and all the vectors have

norm 1.

3You will learn more about distances in MTH224 - Metric spaces.
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[ Infinite dimensional vector spaces
\

It is possible to define orthogonality and orthonormality in a similar way for an
infinite family (v,,),er-

Observe that a list of vectors (vy,...,v,,) is orthonormal if and only if*

1 ifj=k,
- :5 =
(v 06) = 9.1 {0 if j + k.

Observe that the notion of orthogonal and orthonormal list depends on the choice of
an inner product!
We already have encountered examples of orthonormal lists.

Example 4.3.2. The standard basis of F™ is orthonormal for the dot product.

But other examples exist as well.

1/vs -1/v3

Example 4.3.3. The list (u = [l/ﬁ] LU = [ 1/v3 ]) in F? is orthonormal for the dot
1/v3 0

product.

Indeed, we have

uou=%+%+§=l, vov=%+%+0=1, u’“:%+%+020-
Proposition 4.3.4. Let V' be an inner product space and let (vy, ... ,vy,) be an orthonormal
list of vectors. Then for every A, ..., A\, € F we have

IAvr 4 - Aol = A2 4 )2
Proof. This is a direct application of the Pythagorean Theorem (Theorem 4.2.6):

IAvg + -+ Mvgl® = A og ]2 + - + [ Mg |
= A Po | + -+ AP
= A2+ 4 A2

Corollary 4.3.5. An orthonormal list (v, ...,v;) is linearly independent.

Proof. Let (vq,...,v;) be an orthonormal list. Then , if A;v; +---+ v, = 0, the previous
proposition tells us that 0 = [X;]* + - + [A;|* and therefore all the \; are 0. O

43, 1, is called the Kronecker delta from Leopold Kronecker (1823-1891).
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[ Infinite dimensional vector spaces
\

Corollary 4.3.5 is true even for infinite families. In fact, we have that any orthogonal
family (finite or infinite) of non-zero vectors is linearly independent! Can you
prove it for finite lists?

It is natural to ask which orthonormal lists are also spanning. Since an orthonormal
lists is linearly independent, it is spanning if and only if it is a basis.

f[ Definition 4.3.6. ]

Let V be an inner product space over F. A list of vectors (eq,...,e,,) is an
orthonormal basis if it is both an orthonormal list and a basis.

J

[ Infinite dimensional vector spaces L

Similarly, one say that an infinite family (e, ),c; is an orthonormal basis if it is
both an orthonormal family and a basis.

It follows from Example 4.3.2 that the standard basis of F™ is an orthonormal basis,
but it is not the only one.

Y )

€9

-] ’ : vy

T T
1 0T (1,0)

x

Figure 4.8: Two orthonormal bases of R2.

Proposition 4.3.7. If V is finite dimensional, then any orthonormal list with of length
dim (V) is an orthonormal basis.

Proof. Any orthonormal list is linearly independent. But any linearly independent list of
length dim(V) is a basis by Corollary 2.4.44. O

Example 4.3.8. The vectors u; = [1/2,1/2,1/2, 1|7, uy = [1/2,1/2, =1/2, =1/2]7, u3 =
[L/2, =1/2, =1/2,1/2]T and u, = [~1/2,1/2, =1/2,1/2]T form an orthonormal basis of F*.

Since dim(F*) = 4, it is enough to check that the family is orthonormal. It is easy to
show that |u,| =4-1/a=1for 1 <j < 4. The fact that u; e u; = 0 if j # k is left as an
exercice.

il

The main advantage of orthonormal bases is the following result.
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Theorem 4.3.9 (Orthonormal decomposition).

Let V be a finite dimensional inner product space and let (eq,...,e,,) be an
orthonormal basis. Then for any vector v € V we have

1. v=(v,ey)e; + -+ (v,e,,)e.;
2. v = [(v,e)]? + -+ [(v, ) *;

3. (u,v) = (u,eq)(v,ey) + -+ (u,e,,)(v, e,,) for every u V.

Proof. 1. Since (ey, ..., e,,) is a basis, there exists \; € F such that v = Aje; +--+ A€,
Then for 1 < j < m we have

(v,€;) = (Aeg ++ Apemse;)
= /\1<€1, ej) T+t )‘m<em7 ej)
=A,1=A,.

2. The formula for |v]? follows by using the Pythagorean Theorem (Theorem 4.2.6)
on 1 and the fact that |(v,e;)e;|| = [(v, e;)[[le;] = [{v,e;)|-
3. This follows from taking the inner product (u,-) on both sides of 1 and using the

conjugate symmetry (e;,v) = (v, ;). O

Observe that (v,e;)e; is nothing else than the projection of v onto span(e;) along
direction span(e;)" = {w € V | (w,e,) = 0}. We will make this explicit in the next
subsection.

[ Infinite dimensional vector spaces
L&

Theorem 4.3.9 is also true for infinite dimensional spaces. The trick is that if
(€4 )qer is an infinite orthonormal basis, then for a given v the inner product (v, e, )
is non-zero only for finitely many «.

Theorem 4.3.9.1 is particularly useful for the matrix representation of a vector.

Corollary 4.3.10. Let V be a finite dimensional inner product space and let & =

(e1,...,€,,) be an orthonormal basis. Then for any vector v € V we have
<U7 61>
[v]g = :
(v,€,)

Let us end this subsection with the following announcement.
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Theorem 4.3.11. |

Let V be a finite dimensional inner product space. Then V admits an orthonormal
basis.

We will prove this result later in Subsection 4.3.3 (it follows from Theorem 4.3.30),
but we still state it as it is a good motivation for what is coming next.

Remark 4.3.12. ]

Theorem 4.3.11 is not true in general for infinite dimensional inner product spaces.
That is, infinite dimensional inner product spaces might not have orthonormal
basis. See Example 4.3.19 for a counter-example.

4.3.2 Orthogonal projections

In Proposition 4.2.14 we saw that if U is a 1 dimensional subspace of V, then it has
a unique orthogonal complement. Our aim is now to generalise Proposition 4.2.14 to
subspaces of dimension bigger than 1.

Recall that for a subset U C V its orthogonal complement is the subset UL = {v € V|
Vu € U, (u,v) = 0} of vectors of V that are orthogonal to all vectors of U.

Example 4.3.13. Let V. =R? and U, = {B] } Then Ut = {[:.5] c R2 | x4 2y = 0};
see Figure 4.9.
For U, = {[i] ’ te R} we have
Ui ={[y] eR?|Vte Rtz +ty=0} ={[-2] e R? |z € R}.

For Uy = {[{] € R? |t € R} we have U; = {[5] € R* |Vt € Rtz +y =0} = {[{]}

Y Y )
Uy
U; Us
T T (/;L T
Uit Us

Figure 4.9: Orthogonal complements in R2.

Example 4.3.14. Let V = R? and U, = {[z,9,0]" | z,y € R}. Then U}- = {[0,0, 2] |
z € R}; see Figure 4.10.
For Uy = {[0,%,0]" | y € R} we have Us- = {[z,0,2]" | z,2 € R}.
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UL

Figure 4.10: Orthogonal complements in R3.

One of the advantage of orthogonal complements is that they automatically are
subspaces. In fact, we have

Proposition 4.3.15. Let V' be an inner product space. Then for any subsets U and W
of V the following hold

1. Ut is a subspace of V;

. {0} =V and V*+ = {0};

I

3. UNU* C {0}, with equality if and only if U contains 0;
4. UC (UJ‘)J‘;
5. If U CW, then W+ CU*.

Proof. “1” Firstly, since 0 is orthogonal to every vector in V, it belongs to UL. Now,
let v; and v, be two vectors in Ut and let A € F be a scalar. For all u € U we have
(Av; + vy, u) = AMvy,u) + (vy,u) = A0+ 0 = 0 and therefore A\v; + v, belongs to U~.

“2” On one hand, the vector 0 is orthogonal to every vector, which implies {0}* = V..
On the other hand, if v is in V* then it is orthogonal to itself and therefore equal to 0.
This shows that V- C {0} and we have equality since V' is a subspace.

“3” Suppose that U N U is not empty and let v be any element inside the intersection.
Then, as above, we have (v,v) = 0 and so v = 0. This shows that U N U+ C {0}. We
have equality if and only if both U and U+ contains 0, but U+ is a subspace and hence
always contains 0.

“4” Let u € U. Then for any v € U+, (u,v) = 0 which show that u is in (UL)L.

“5” Let v be in W+. Then (v, w) = 0 for every w € W and therefore in particular for
every w € U. So v is in Ut and Wt C U*. O

If U is a subspace of V, in order to describe U+, it is enough to check orthogonality
with respect to a spanning family, as demonstrated by the following result.
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Lemma 4.3.16. Let V' be an inner product space and let U be a subspace with a spanning
family (u,)qcr.- We have

Ut ={veV|Vacl(vu,) =0}

Proof. We will give the proof for a finite dimensional subspace with spanning family
(ty,...,u;). The general case is similar.

The left-to-right inclusion is obvious, so we only need to check the right to left inclusion.
Let V' be vector such that (v,u); = 0 for all j € {1,...,l}. For every u € U, we
have u = Aju; + - + ANy, for some \; € F (not necessarily unique). By linearity,
{(v,u) = Ay (v,uy) + -+ + A\ (v,4;) = 0 and therefore v is in U*. O

Another nice property of orthogonal complements is that they can be use for direct
sum decompositions.

'_[ Theorem 4.3.17. |

Let V' be an inner product space and let U be a finite dimensional subspace. Suppose
that there exists an orthonormal basis (uq,...,w;) of U. Finally, let (eq,...,€;) be
the standard basis of F'. Consider the linear maps T:V — F! and S: F! -V

given by
<’U, u1>
T(v) := [ : ] Y

<U7ul>
S(ej> = Uy,

where S is extended linearly to F'. Then we have TS = Idg, V =U @ U*, and
ST € £(V) is the projection onto U along the direction U+.

Proof.

TS(ej) = T(uj) = [( j7u1>a A (uj’ul”-r

=10,...,0,1,0,...,0]" =e;.

Therefore, T'S(e;) = Idg:(e;) for all basis vectors e;, and since both T'S and Idg: are
linear we have T'S = Idg:.

By Proposition 3.3.14, the map ST is a projection onto Im(S) along the direction
ker(T) and V = Im(S) & ker(T).

Since S(e;) belongs to U for basis vectors, we have Im(S) C U. Moreover, all the
u; = Se; belongs to Im(S), which implies U = span(ey, ..., u;) C Im(S). This shows that
Im(S) = U. Finally, a vector v € V' is in ker(T) if and only if (v, u;) = 0 for all j, if and
only if v is in U. So ker(T) = U+, O

We will later prove Theorem 4.3.32 that asserts that any finite dimensional subspace
admits an orthonormal basis. As a direct consequence we obtain
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Corollary 4.3.18. Let V be an inner product space and let U be a finite dimensional
subspace. Then V =U @ U" .

[ Infinite dimensional vector spaces L

Theorem 4.3.17 remains true for infinite dimensional subspace. Namely, if U is
a subspace that admits an orthonormal basis (u,),cr, then one can define linear
maps T € £(V,FU)) and S € £(FU, V) such that TS = Idgn. So ST € £(V) is
the orthogonal projection onto U and we have V =U @ U+,

However, a subspace U of uncountable dimension does not necessarily admit an
orthonormal basis and so Corollary 4.3.18 might fails for such subspaces. This is
demonstrated in the next example.

Example 4.3.19. Let V = €°([—1,1]) be the space of continuous functions from [—1, 1]
to R equipped with the inner product (f,g) = fjl f(z)g(x)dx. Let U == {f € V|
f(0) = 0}. This is an infinite dimensional proper subspace of V' (the constant function
f=1isin V\U). Using analysis, one can show that UL = {0} (exercise). Therefore,
we have U + UL = U + {0} = U C V. As a consequence, we conclude that U does not
admit an orthonormal basis (and not even an orthogonal basis) as this would contradict
Theorem 4.3.17 (see also the “Infinite dimensional vector spaces” just above).

As a direct corollary of Corollary 4.3.18, we can compute the dimension of U~.

Corollary 4.3.20. Let V be an inner product space and let U be a finite dimensional
subspace. Then dim(U+) + dim(U) = dim(V).

Another important consequence of Corollary 4.3.18 is that taking orthogonal comple-
ment twice is the same as doing nothing.

Corollary 4.3.21. Let V' be an inner product space and let U be a finite dimensional
subspace. Then (UL)L =U.

Proof. “C” This is true for any subset of V', see Proposition 4.3.15.

“D” Let v € (Ul)L CV =U® U since U is finite dimensional. So there exists a
unique decomposition v = u + w with u € U and w € Ut. We want to show that v is
in U, or equivalently that w = 0. We have u € U C (Ul)l. So w = v — u belongs both

to (UL)L and to Ut. But then w € (Ul)l N UL = {0} which is what we wanted to
prove. O

Using Corollary 4.3.21 and Proposition 4.3.15 we can prove the following result.

Lemma 4.3.22. Let V be an inner product space and let U be a finite dimensional
subspace of V. Then U+t = {0} <= U=1V.

Proof. If U =V, then U+ = V+ = {0}.
If U is finite dimensional and U+ = {0}, then U = (Ul)L ={0}t =V. O

We can use Corollary 4.3.18 to define specific projections.
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'_[ Definition 4.3.23. ]

Let V be an inner product space and let U be a subspace such that V =U @ U+
(for example, U finite dimensional). The orthogonal projection of V onto U is
the projection F; = F; ;. onto U along direction U 1. That is, this is the map

B:V=UoU*—U
V=Uu+wrH— u.

'_[ Remark 4.3.24. |

To be defined an orthogonal projection need V' to be an inner product space and U
such that V = U @ U*. While this is automatically true if U is finite dimensional,
it might fail for infinite dimensional subspaces, see Example 4.3.19.

Example 4.3.25. Let V be an inner product space. For u a non-zero vector of V', define
U := spanu. Then for any v € V, by Lemma 4.2.13 we have v = <2% 4 + w with w € U*.

(u,u)
So B (v) = {24y,

T {wy)

Example 4.3.26. Let V be an inner product space and let U be a finite dimensional
subspace. Then the map ST from Theorem 4.3.17 is an orthogonal projection. Observe
that while we used an orthonormal basis % of U to construct T" and S, the map ST
does not depend on %, but only on U! Indeed, ST only depends on Im(S) = U and
ker(T) = U1, and none of this subspaces depend on the choice of an orthonormal basis
for U.

To check that a projection PU,W is orthogonal, it is enough to check that W is
contained in U*.

Lemma 4.3.27. Let V be an inner product space and let P € £(V') be a projection.
Suppose that Im(P) and ker(P) are orthogonal. Then P is the orthogonal projection
onto Im(P).

Proof. By Proposition 3.3.10, P is the projection onto U = Im(P) along direction
W = ker(P) and thus V = U @ W. So we only need to prove that W = U*. By
hypothesis, W C U+. Now, let v be an element of U-. We have the decomposition
v = u+w with u € U and w € W. Since both v and w are in U' we have 0 =
(v,u) = (u,u) + (w,u) = (u,u). But this implies v = 0 and thus v = w € W, showing
w=U" O

Orthogonal projections are projections. They hence satisfies all properties of projections
of Proposition 3.3.4. They also satisfy two additional properties.

Proposition 4.3.28. Let V' be an inner product space and let U be a finite dimensional
subspace. Then the orthogonal projection onto U satisfies

8. | Byl < |v| for every ve V;
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9. For every orthonormal basis (e, ...,€;) of U we have Byv = (v,eq)e; +--+ (v, €))e;.

Proof. “8” The proof is left as an exercise.
“g” This is (the proof of) Theorem 4.3.17. O

Corollary 4.3.29. Let V be an inner product space and suppose that P € £L(V) is a
projection onto a subspace U. Prove that P is an orthogonal projection if and only if
| Pv| < |v| for allve V.

Proof. One direction is simply Proposition 4.3.28.
For the other direction, one claims that if | Pv|| < |v| for every v € V, then Im(P) and
ker(P) are orthogonal. The result then follows from Corollary 4.3.29. ]

[ Infinite dimensional vector spaces L

L&

Most of the results of this subsection are corollaries of Corollary 4.3.18. That
means that they remain true for any infinite dimensional subspace U satisfying
V = U @ U+, in particular for U of countable dimension. For such subspaces
U, Corollary 4.3.21 and Lemma 4.3.22 are still true. However, Corollary 4.3.21
and Lemma 4.3.22 fail for general U, as demonstrated by Example 4.3.19.

It is also possible to define orthogonal projections onto U (in the sense of Defi-
nition 4.3.23) as soon as V = U @ U*. Proposition 4.3.28 remains true in this
context.

4.3.3 The Gram—Schmidt procedure

In the last subsection, we defined orthogonal complements. We then assumed Theo-
rem 4.3.11 (every finite dimensional vector space admits an orthonormal basis) to prove
many results about orthogonal complements and orthogonal projections. We now finally
prove this theorem.

First of all, observe that if dim(V') = 0, then the empty set is an orthonormal basis! If

dim(V') = 1, for any non-zero vector v € V', the vector To] 18 an orthonormal basis of V.

o]

If dimV = 2, let v; € V be any non-zero vector and define U := span(v,), so HZﬁ is
an orthonormal basis of U. Using Proposition 4.2.14, V = U @ U*. Moreover, the same
proposition tells us that the orthogonal projection F; onto U exists. Now, let v, € V\U

and consider
(vg,vy)

(v1,v1)

By Lemma 4.2.13, u, is orthogonal to v;. Moreover, u, # 0 as this would implies v, € U.

Uy = Vg — Fyvy =

Hence, ( Y1 22.) is an orthonormal basis for V.

1
Tvall? Tual
Let us have a closer look at the construction of our orthonormal basis for an inner
product space of dimension 2. We can start with any basis (v;,v,). Then we obtain and
orthogonal basis (uq, uy) where uy = vy and uy = vy— B v, is v, minus its “v;-component”.
Finally, we obtain an orthonormal basis (e;, e;) by dividing each of the vector u; by its
norm.
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The above procedure can be extended to any finite dimensional inner product space.

Theorem 4.3.30 (Gram—Schmidt® procedure).

Let V' be an inner product space and let (vy,...,v;) be a linearly independent list.
Define inductively
ul = ’1.)17
(vg,uq)
Ug i= Vg — : 5 Uy = Uy — span(ul)(UZ)’
lus |
(vg,uy) (vs, up)
Ug = Vg — Uy — uy = vz — P, , (v3),
lus ]2 lu]? pan(tta u2)
(vi, uq) (v, wiy)
Up ==V — T2 Y1~ T g Y1
lus ]2 [ &
=v - Pspan(ul,...,ul_l)(vl)'
Finally, for j € {1,...,1} define e; := ﬁ
J
Then (uq,...,u;) is an orthogonal list and (ey,...,€;) is an orthonormal list.
Moreover, for j € {1,...,1} we have
span(ey, ..., €;) = span(uy, ..., u;) = span(vy, ..., v;).

Proof. The proof is done by induction on . If [ = 1, then u; = v, is orthogonal and
span(u,) = span(v;). Moreover, by linear independence, v; # 0, so |u;| # 0 which
implies that e; is well-defined and is a non-zero multiple of u;. This directly gives

et || = 1

Suppose that the conclusion holds for <1 —1 > 0, so for every 1 < j <[ —1, the
list (e, ...,e;) is an orthonormal basis for U; := span(ey,...,e;) = span(uy,...,u;) =
span(vy, ...,v;). Since U,_; has an orthonormal basis, we can apply Theorem 4.3.17 to it
to obtain V = U,_; @ U;*,. Moreover, v; does not belong to U,_; as the list (vy,...,v;) is
linearly independent. Considering Fj; € £(V') the orthogonal projection onto U,_;, by

Proposition 4.3.28.9 we have

Uy

span(e;) = span(u,). Finally, |e,| =

By (v) = (v, eq)e; + -+ (v, e q)e 4

{vy, uy) (v, up_q)
= Srup 5 U
s | [y
Hence v, = v; — B, (v;) belongs to Ut, and (uq,...,u;) is an orthogonal list of non-
zero vectors and therefore (eq,...,€;) is an orthonormal list. From span(u,,...,u;_;) =

span(vy,...,v_1) and the fact that v; = u; + B, (l;) belongs to span(uy, ..., u;) we

5Jgrgen Pedersen Gram (1850-1916) and Erhard Schmidt (1876-1959).
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conclude that span(vy,...,v;) C span(uy,...,u;). The other inclusion follows from the
fact that w; = v; — B, (v;) belongs to span(vy, ..., v;). Finally, since u; # 0 the vector
e; is well-defined and it is clear that span(u,,...,u;) = span(eq, ..., €;).

We have just proved that if the conclusion holds for [ — 1 it also holds for [. Since the
conclusion holds for [ = 1, we conclude that it holds for all [ as desired. ]
z 2 4
st mef ”

1 0 1
= |3
E [0j| Pspan(ul) (1}2) Uy = Vg
2 4y o Y
vy &
vy = |:_§:| Ty'3 T Uy = Uy P\‘pau('m b“ 2>
0
ZaU3 = Uz — Pspan[ Uy, Usg) (:/1"‘(‘3) z
! g 1
| Les
T T 4 y T T T T T y
Pspan(ul,ug)( 3) €2
z,/ u, x

Figure 4.11: The Gram—Schmidt procedure applied to the linearly independent list (Ul =

0 3 2
[3],1}2 = [73},1)3 = [g]) (top left). We first put u; = v; and compute

Uy = Vy—Pyany,)(v2) (top right). We then compute ug = v3— Py anu, u,)(V3)

S
(bottom left). Finally we normalise the vectors to obtain the orthonormal

list ([é], E], [?]) (bottom right).

Exercise 4.3.31. Find an orthonormal basis for ?(R),, where the inner product is
. 1
given by (p,q) := [ p(z)q(z)dz.

Solution. Start with the standard basis (v; = 1,v, = x,v; = z?) and apply Gram-—
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Schmidt to it. We have

. (v, uq)
f2 = <u1,u1>u17
<US,U1> (US,U2>
Uq = Vg — Uy — Us.
s ’ (uq,up) ! (g, uy) 2

Let us compute (u;,u;) = fjl 1dz = 2 and (vy,uy) = fjlwdx = 0. We also have
(vg,uq) = f_ll 22-1dz = 2/3, (uy,uy) = f_ll z-xdx =2/3, and (vs,uy) = f_ll z?-rdx = 0.
So
2/3 0 1
u; = v, =1, u2=m—§1=x, u3=m2—71—%m=x2—§.
Finally, we compute (uz,us) = f_ll (22 —1/3)? dz = 8/45 and we normalise the u, to obtain
an orthonormal basis for P(R),:

Uy 1

€ =
el V2

e _—u2 _\/gl'
>l ~ V2"

_ Uz ﬁ 2_1
T gl 8<x 3)

As a corollary of the Gram—Schmidt procedure, we obtain Theorem 4.3.11.

Theorem 4.3.32. |

Every finite dimensional inner product space has an orthonormal basis.

Proof. Since V is finite dimensional, it has a basis (vy,...,v,,). Applying the Gram—
Schmidt procedure to this basis gives an orthonormal spanning list, that is an orthonormal
basis. O

[ Infinite dimensional vector spaces L

The same idea gives us that every inner product space of countable dimension (as
for example P(F)) has an orthonormal basis. However, this does not work for
inner product spaces of uncountable dimension, as for example €°([—1, 1]).

Even if the Gram—Schmidt procedure does not work for spaces of uncountable
dimension, they might still have an orthonormal basis. Indeed, let V' be a real or
complex vector space and let B = (v, ),c; be a given basis. Then (v,,vs) =1 if
a = ( and 0 otherwise can be extended to a unique inner product on V. This
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4 Inner product spaces

inner product turns &% into an orthonormal basis.
However, in application we are interested in V' with a fixed inner product (-,-) and
a given subspace U of V. As Example 4.3.19 demonstrates, it might be impossible
to find an orthonormal basis for U in this context.

4.4 Orthogonality, matrices and minimisations problems

In finite dimensional spaces, orthogonal projections can conveniently be described using
matrices. This can in turn be used to solve minimisation problems, to approximate
functions or to find best-fit curves.

4.4.1 Conjugate transpose matrices

Let & be the standard basis of F™ and let 7' € £(F™) be a linear map. One can
associate to T a matrix [T]€ € F™™. We have seen that T is a projection if and only
if ([T]§)2 = [T)€. At this point, it is natural to ask: can we detect on [T']g if T is an
orthogonal projection? The answer is yes!

Before going further, let us recall a classical definition from high school.

’_[ Definition 4.4.1. ]

Let A € R™" be a matrix. The transpose matrix of A is the matrix A" given
by taking the symmetric of A along the diagonal:

a a ...... a
a Qo vovmevns a 11 21 ml

11 12 in a o a
........ 12 22 n

A= Q1 Qg Ao, AT = : : :
a a ....... a : : :

ml m2 mn

A1 Qop - Amn

J

When we generalised the dot product from real vector spaces to complex vector spaces
(Subsection 4.1.2), we had to introduce complex conjugation in the definition in order to
keep the nice properties of the real dot products. A similar phenomenon happens for
matrices.

Definition 4.4.2. ]

Let A € F™"™ be a matrix. The conjugate transpose matrix (also called
.
adjoint matrix) of A is the matrix A* := AT =A4 € F™™.
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'_[ Remark 4.4.3. |

You might have seen the formula A~! = adj(A)det/(A) for an invertible matrix A.
The matrix adj(A) is the transpose of the cofactor matrix of A and is called the
adjugate or classical adjoint of A. Despite similar names, the matrices A* and

adj(A) are not related.

For example, if A = [’; Z] is a 2 X 2 complex matrix, then A* = [gg

adj(4) = [_472].

=
=
=
@

Observe that if F = R, then A* = AT is simply the transpose matrix. Here are some
properties of the conjugate transpose of a matrix. For real matrices, they translate to
properties of the transpose matrix.

Proposition 4.4.4. The conjugate transpose of a matriz satisfies the following properties.
1. For all vectors u,v in F™ we have u e v = v*u;
2. For all A € F™" we have (A*)" = A;
3. For all A, B € F™" we have (A+ B)* = A* + B*;
4. For all A€ F™" and B € F* we have (AB)* = B*A*;

5. For all A € F™" we have null(A*) = col(A)* (with respect to the standard dot
product).

Proof. Properties 1 to 3 directly follow from the definitions and their proof is an easy
exercise.

4. We have (AB)* = (AB)T = BTAT = BT - AT = B*A*.

5. This is left as an exercise to the reader. O

The above proposition implies the following fundamental properties of adjoint matrices.

Lemma 4.4.5. Let A € F™" be matriz. Then for every vectors v € F™ and w € F™
we have
Avew =ve A*w.

Proof. We have
Avew = w*Av
= (A*w)"v
=veA*w,

where we used Property 1 from Proposition 4.4.4 for the first and last equality, and
properties 2 and 4 for the second equality. ]
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[ Infinite dimensional vector spaces L

Lemma 4.4.5 can be used to define the adjoint of an operator in the following
way. Let V and W be possibly infinite dimensional inner product spaces, and let
T:V — W be a linear map. We say that S: W — V is an adjoint of T and write
§ =T iffor all v € V and w € W we have (I'v,w),. = (v,Sw),,. If V and W
are finite dimensional, then the adjoint always exists and is unique. Moreover, for
T € £(F",F™) we have [T*]%" = ([T)% ).

If V and W are infinite dimensional but “nice enough” (that is, are Hilbert spaces)
and if T is continuous, then the adjoint of T" always exists, is unique and enjoys

properties similar to ones enjoyed by adjoints in the finite dimensional case.

An important consequence of Proposition 4.4.4 is that we can detect on [T]g if an
operator is an orthogonal projection.

Theorem 4.4.6. ]

A m xm matriz A represents an orthogonal projection (with respect to the standard

dot product) if and only if A2 = A= A*.

Proof. The proof is left as an exercise to the reader. O

The adjoint is also related to linear independence of the columns of the matrix, in the
following way.

Lemma 4.4.7. Let A € F™" be a matriz. Then the columns of A are linearly
independent if and only if the matriz A*A € F™" is invertible.

Proof. We will prove the equivalence: the columns of A are linearly dependent if and
only if A*A is not invertible. Before doing that, we recall that the columns of a matrix
B € F™"™ are linearly dependent if and only if the linear map represented by B is

non-injective. That is, if and only if there exists a non-zero u € F” such that Bu = 0.
Moreover, if B is a square matrix, this is also equivalent to the non-invertibility of B.

Indeed, in this case the linear map represented by B is injective if and only if it is bijective,
if and only if it is invertible.

“=" If the columns of A are linearly dependent, then there exists a non-zero u € F"
such that Au = 0. But for this non-zero vector we have (A*A)u = A*(Au) = A*0 = 0,
which implies that A*A is not invertible.

“«<” The matrix A*A is a square matrix. Therefore, if is not invertible the linear
map it represents is not injective and then there exists a non-zero vector v € F" with
A*Av = 0. But then we have 0 = v*A*Av = (Av)*(Av) = (Av, Av) = |Av|?, which
implies Av = 0. Since v # 0, the columns of A are linearly dependent. O

By the above lemma, if the columns of A are linearly independent, then the matrix
A(A*A)71A* is well-defined. This is not any matrix, but a matrix representing an
orthogonal projection.
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Theorem 4.4.8. |

J

Let A € F™™ be a matriz with linearly independent columns. Let U := col(A) be the
subspace of F™ spanned by the columns of A. Then P := A(A*A)"1A* ¢ F™™
represents the orthogonal projection onto U (with respect to the standard dot
product).

Proof. We will use left /right inverses. Let S := A(A*A)~! and T := A*. It is immediate
that TS = Id,,, and therefore by Proposition 3.3.14, ST = A(A*A)"'A represents a
projection onto col(S) along direction ker(T').

On one hand, since (A*A)~! is invertible, we have col(S) = col(A(A*A)™1) = col(4) =
U, where the second equality follows from Lemma 3.1.47. On the other hand, ker(T') =
null(A*) = col(A)* by Proposition 4.4.4. O

We will see later (in Example 4.4.15) that for applications it is enough to compute

(A*A)~1A*.

4.4.2 QR decomposition

One can use the Gram—Schmidt procedure to find nice decomposition of invertible matrices.

Let V' be a finite dimensional inner product space over F and let & = (vq,...,v,,)
be a basis for V. By applying Gram—Schmidt to 9% we obtain an orthogonal basis
€ = (uq,...,u,,) and an orthonormal basis & = (e, ..., e,,) of V.

Question 4.4.9. What do the change of basis matrices [Id]Z and [Id]&, look like?
& B

Answer. We have [Id]Z = [Id]Z[Id]€. From the Gram-Schmidt procedure, we have (the
missing coefficients are all 0)

Lok s
e |0 -
0..... 0 1 1

[

for some coefficients * in F. So we have just proven that

1

m X *
B _ -
)2 = :
1
[
is an invertible upper triangular matrix, and so is
uy | IR *
& _ :
1% = .*
|
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Example 4.4.10. Let V = R"™ be the Euclidean space with standard dot product. And
let A =[v; - v,,] be an invertible m x m matrix (v; is the 5" column of A). Then
B = (vy,...,v,,) is a basis for R™ and applying Gram-Schmidt to % one obtain an
orthonormal basis & = (ey, ..., ¢,,) of R™. Now, write @ := [e; - e,,] and R := [Id].
By the above, R is an invertible upper triangular matrix, while @ is an orthogonal matriz®
(QQRT =1d,, = QTQ) and we have the equality

A=QR,

which can be checked by direct computations. This is called the QR decomposition
of A.

If V = C™, then we similarly obtain an UR decomposition of A = UR, where R is
an invertible triangular matrix and U is an unitary matriz (UU* =1d,, = U*U).

4.4.3 Minimisation problems

In this subsection we will see how to use linear algebra to solve minimisation problems of
the following form.

Problem 4.4.11. Let V be an inner product space and let U be a subspace. Given a
vector v € V', we would like to find u € U such that |v — u| is as small as possible.

A typical situation where we want to solve this problem is when V' is a complicated inner
product space, U is a nicer subspace and given v € V' we are looking at an approximation
u € U of v. The approximation is good if the “error” |v — u| is as small as possible.
A typical example of a pair U C V is V = €*°(R) the space of smooth functions and
U = P(R) the subspace of polynomials.

The following result shows that Problem 4.4.11 admits a unique solution.

'_[ Theorem 4.4.12. ]

Let V be an inner product space and let U be a finite dimensional subspace of V.
Write By = By 1 for the orthogonal projection onto U. Then for any v € V we
have

Vue U Jv— By < Jo—ul.

Moreover, |v— Byv| = |v—u| if and only if w= B,v.
That is, Byv is the unique uw € U minimising the distance between u and v.

Proof. We have
lv— Byol? < v — Byol® + | Byv — ul?

= Jlv—ul?,

6Be careful: despite a similar name, an orthogonal matrix is not the matrix of an orthogonal projections!
Indeed, by Theorem 4.4.6, if a real matrix M represents a projection then M2 = M. If the matrix M is
also orthogonal in the above sense, then it is invertible an hence M =1d,,.
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where the last equality is by the Pythagorean Theorem (Theorem 4.2.6) since Fyuv—u € U
and v — Byv € U are orthogonal.
We have equality if and only if |F;v — ul| = 0, that is if and only if Pyjv —u=0. O

See Figure 4.12 for an example of the inequality from the theorem.

Figure 4.12: The orthogonal projection of v onto U, with “error” |w| = ||lv — B;(v)| and
a worst approximation u with error |[v — u| > ||v — B, (v)].

Observe that in Theorem 4.4.12, U has to be finite dimensional?, but V' can be infinite
dimensional, which will be the case in many applications.

Theorem 4.4.12 is often combined with Proposition 4.3.28.9 to compute explicit
solutions to minimisation problems.

Now, let us see some application of Theorem 4.4.12, starting with an easy example.

Example 4.4.13. Let V = R* with the standard dot product. Le v := [1,2,3,4]T,
vy :=[1,1,0,0]" and vy := [1,1,1,2]T be three vectors in V. Find u € U := span(v;, vy)
minimising ||v — u.

Solution. By the theorem, we know that u = F;v. To find F;v we need an orthonormal

basis for U. To obtain such a basis, we can apply Gram-Schmidt to (v;,v,). So we have
uy; =v; = [1,1,0,0]" and |u,|> = (u;,u;) = 2. Therefore

_ (vg, uy) _[i] 2[%]_[8}

SN <“1,U1>u1_ > 28] L3
and |uy||? = 1+ 22 = 5. Normalising the u; by their norm we obtain an orthonormal
basis (e; = \%[1, 1,0,0]7, ey = \%[0, 0,1,2]T) for U. Finally we compute the projection

u=Fyv=(v,e;)e; + (v,€5)€,

BRI NE LR )
vavzlol VB VELS it

O

We will now do a more realistic example and use linear algebra to compute an
approximation of the sine function.

Example 4.4.14. Suppose we want to find a polynomial v of degree at most 5 that
gives the best possible approximation of the sine function on the interval [—m,x].

"To be more precise, we only need U @ U+ = V, which is true for subspaces of countable dimension.
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Solution. The sine function is continuous and hence belongs to V = €°[—=, nt]. The space
V has a natural inner product:

(f.g) = / " f@)g() da

—T

Polynomials of degree at most 5 form a subspace P(R)5; C €°[—m, x| of finite dimension.
So we are looking at u € P(R); minimising f:‘\sin(m) —u(z)|? dz = |sin(z) — u(x)|>.
To find such a polynomial, we start from the standards basis 1, z, 2% 23, 2%, 25 of P(R)s
and apply Gram-Schmidt to it to obtain an orthornormal basis (e, ..., e5). We can then
use Proposition 4.3.28.9 to compute P, sin(x). Using a computer, one can find

By sin(z) ~ 0.987 862z — 0.155271z3 + 0.005 643 1225,

where © has been replaced by a decimal approximation.

As one can see on Figure 4.13, the polynomial approximation given by the projection
of sinz onto P(R); is much better than the Taylor approximation of the same degree.
In fact, FPpr), sin(z) is even a better approximation that the degree 7 Taylor polynomial

of sinz.
Y
 — sinx
PR 13 1‘5
T— 3+ 5 y
3 7 T
B SR e
Ppr), (sinz)
-2 —1 1 2
11

Figure 4.13: Three polynomial approximations of the sine function. By the Taylor
polynomials of degree 5 and 7, and a better one by the projection on P(R)s.

g

In many real world experiments, we obtain a cloud of points {(z,,y,)|1 < j < m}in R?
that we would like to approximate by an easy function like a line or a parabola. One can
use orthogonal projections to find such an approximation. First we need to explicit what
we mean by “an approximation”. One usual approximation is the least square regression
where we want to find a function minimising (y, — f(z,))> + - + (y,, — f(z,,))?. This
corresponds to look at the standard dot product on R™ and try to minimise |y — f(z)],
where y = [y, ..., Y,,)" and f(z) = [f(z1), ..., f(x,,)]" is the value of the approximating

134



4 Inner product spaces

function at the points z;. Now that we have fixed an inner product on R™, we need to
decide on which subspace we project.

For example, if we want to approximate our data by a line, we will project on
U = {[f(x), ..., f(z,,)]" | f € P(R);} which is a subspace of dimension 2 of R™. A
basis of this subspace is given by ([zy,...,2,,]7,[1,...,1]T,) (the first vector correspond
to the polynomial z, and the second to the constant polynomial 1). In more concrete
words, we are looking for two real numbers a and b minimising

Y1 Ty 1
Sl —la| | +0b
Ym T 1

One can try to minimise the above system by hand, but this is a priori not an easy task.
It is easier to use Theorem 4.4.12. So we need to find the orthogonal projection F;;. To
do so, we can use Gram—Schmidt. But a more efficient method is to use Theorem 4.4.8
to obtain [Z] = (A*A)~tA*y, where A is the m x 2 matrix:

z; 1
A= :
T 1

Let us demonstrate that on a concrete example.

Example 4.4.15. Imagine we measured the following values in an experiment: (0,6),
(1,0) and (2,0). It is obvious that no line in R? go through these 3 points. However,
our model/intuition for this experiment says that these points should lie on line. Maybe
our measurements were not precise enough? So we try to find the best-fit line. In order
to do that, we need to minimise

6 0 1
O —lal|l|l+0b]|1 .
0 2 1

To solve this minimisation problem, we will use Theorem 4.4.8 for

135



4 Inner product spaces

So the projection of [6,0,0]" onto U is given by

-1

(e 3E ) e
-4 )[4

=455 3l

0 1 5
:A[_E)g]: 11 [_53]: 2 .
2 1 -1
As we can see above, the best-fit line is given by the equation y = —3z + 5, while the

projection of of [6,0,0]T onto U is [5,2,—1]T = =3[z, 24, 73]" + 5[1,1,1]T. We can also
compute the error:

6
0
0

A (A*A)LA*

6 5
H — |2 ] =V1I2+ (=224 (-1)? = V6.
0 -1
y
\ | ©6)
),

™~
=

—~
[am—
=]

S~—
[

8

Figure 4.14: Best-fit line for the three black dots. The error is v/6.

The above example can be adapted to any kind of best-fit curve. For example, if we
are looking for a best-fit parabola for our 3 points, our matrix A will be:

(z)? = 1]
A= |(xy)% zy 1].

(xg)z zg 1
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because (1, x,x?) is a basis of P(R);. Then we should compute

-

This gives us that the best fit parabola for ((z1,y;), (Z2,Y5), (¥, y5)) is given by the
equation y = ax? 4 bz +c. Observe that for this specific easy example, our approximation
will actually passes through all three points.

Ui
Yo
Ys

(A*A)—lA*
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5 Eigenvalues and eigenvectors

In this chapter we will try to better understand operators T' € £(V'). The main idea is
to decompose V' into smaller subspaces on which 7" acts, and use this to describe T'. This
will ultimately (see Section 5.3 and in particular Theorem 5.3.8) allows us to answer

Major Question 3.2.47. |

Given V and T € £(V), find a basis % such that [T]Z% is “as simple as possible”
(for example: diagonal, upper triangular, with many zeroes, ...).

Before going further into the details, let us recall an easy example we already saw.

Example 5.0.1. Let V = R?, and let S, be the orthogonal reflection across the line L
that makes an angle 6§ with the z-axis, see Figure 5.1. We would like to find a basis %
for which [T)2 is “nice”, meaning that it has many zeroes. First, we observe that for any

v in L, we have Syv = v. So it might be a good idea to take v; = [COSG] € R? as our first

sin 6
basis vector. Indeed, this vector is of norm 1 and L = span(v,).
We can also observe that for any u in L' we have S,u = —u, which is also an easy

—sin 6

cos 9] as our second basis vector. One easily verify that

formula. So one take v, = [
span(vy) = L*, v; evy = 0 and |jv;| = |lvy] = 1, so our basis B = (v;,v,) is an

orthonormal basis and R? = L @ L. Altogether, we have

[Sol% = [(1) _01}

%
\ LL y
\
\\
\\ L
s 2 v
1 S P
0
\ T %
\\\
Se \
%

0
Figure 5.1: Orthogonal reflection Sy across the line L = span ([Z?ﬁ 9] ) .
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5 FEigenvalues and eigenvectors

We can see many interesting things happening in this example. First of all, the
existence of an orthonormal basis 9% for which [Se]g is diagonal. Secondly, for any
uw € L we have Syu = u € L. Therefore, if we restrict S, to L we have an operator
Sgl, € £(L). Similarly, for w € L+ we have Syw = —w € L+ and we hence have an

operator Sp| , € £(L1). Altogether, we obtain the following description of Sy:

|
Sp:R2=LoLt - Lo Lt

v=u+wr—u—w.

For a general T' € £(V), we will not obtain a decomposition of V' as nice as the
decomposition of Example 5.0.1. However, we will still be able to decompose V' onto
smaller subspaces (Theorem 5.1.49) on which the action of 7" will not be too complicated
(Theorem 5.3.8).

5.1 Eigen-theory

We start by generalising the idea of “nice vectors for T from Example 5.0.1. This
will give us a first answer to Question 3.2.47: if T' € £(V') is an operator on a finite
dimensional complex vector space, then there exists a basis for which 7T is a diagonal
by blocks matrix, see Proposition 5.1.56. We will then develop further tool in order
to show that such a T' admits a Jordan normal form, see Section 5.3 and in particular
Theorem 5.3.8.

5.1.1 Invariant subspaces

One of the important feature of Example 5.0.1 was the existence of subspaces (L and
L*) for which the restriction S| ;, was still an operator. Let us generalise this notion.

Definition 5.1.1. ]

J
Let V be a vector space over F, let T € £(V') be an operator and let U C V be
a subspace. We say that U is invariant under T or T-invariant if for every
u € U we have Tu € U.

If we denote TU := {T'u | u € U}, then U is T-invariant if and only if TU C U, if and
only if T'| . € L(U).

Below are some examples of T-invariant subspaces for various operators 7'.

Example 5.1.2. For any T' € £(V) the following four (not necessarily distinct) subspaces
of V are all T-invariant: {0}, V, ker(T") and Im(T").

Indeed, T0 = 0 and TV C V. Moreover, for every u € ker(T'), Tu = 0 is still in ker(T")
while for v € Im(T"), Tv is in Im(T).

Since {0} and V are always T-invariant subspaces, we are interested to find the other
invariant subspaces of T. However these do not always exist when F = R.
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Example 5.1.3. Let Sy be the orthogonal reflection across line L from Example 5.0.1.
Then both L and L' are S,-invariant. In fact, one can easily show that: L and L' are
the only invariant subspaces of S, — beside the trivial ones ker(Sy) = {0}, Im(S,) = R2.

Example 5.1.4. Let V.= P(R) and let D € £(P(R)) be the differentiation operator
D(p) = p’. Then for every m, the subspace P(R),,, is D-invariant.

m

Example 5.1.5. Let V = R? and let § € [0,2x). Let R, be the rotation of angle @
around the origin. Then if 6 ¢ {0,n}, the only invariant subspaces under R, are {0} and
V. Indeed, suppose that U # {0} is a Ry-invariant subspace and take 0 #+ u € U. Since
0 + {0,7}, Ryu is not in span(u). Therefore U D span(u, Ryu) = V.

On the opposite, every subspace U is an invariant subspace of R, = Id and of R as
R, u = —u for every u.

Example 5.1.6. Let V be any vector space, let Idy, be the identity operator and let
A € F be any scalar number. Then any subspace U of V' is AIdy -invariant. Indeed, for
every 4 € U we have AIdy, u = \u e U.

As the above examples shows, when we say that U is an invariant subspace, it is
important to precise for which 7' it is invariant.

5.1.2 Eigenvalues and eigenvectors

In Example 5.0.1, not only do we have L and L' as non-trivial invariant subspaces, but
the action of Sy on them is particularly easy to describe. Indeed, for v € L we have
Syv = v, while for or u € L' we have Syu = —u. In both cases, the linear operator S,
acts as the scalar multiplication by some .

'[ Definition 5.1.7. ]

Let V be a vector space and let T' € £(V') be an operator. We say that A € F is
an eigenvalue of T if there exists a non-zero vector v € V such that Tv = Av.
Such a non-zero vector v satisfying Tv = Av is called an eigenvector of T,
corresponding to the eigenvalue .

The eigenspace of T' corresponding to A € F is the set

ENT):={veV|Tv= v}

J

Observe that while by definition 0y, is never an eigenvector, 0 might be an eigenvalue.
In fact, one always have E(0,T) = ker(T'). So 0 is an eigenvalue of T if and only if T is
not injective. We do not allow 0 to be an eigenvector as T0 = A0 is true for all A (and
all T'), so this would give a rather uninteresting notion of eigenvalue.

Be careful that the eigenspace of T' corresponding to A always contain 0y,. In fact,

E(M\,T) = {0y} U {v € V| v is an eigenvector corresponding to A}.

We add 0 to the set of eigenvectors because we want E(X, T') to be a subspace, as suggested
by its name.
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Lemma 5.1.8. Let V be a vector space and let T € £(V') be an operator. Then for any
A € F we have
E(\,T) =ker(T — \1dy,),

and this is a T-invariant subspace.

Proof. A vector v is in ker(T' — A1dy,) if and only if (T"— AIdy,)v = 0, if and only if
Tv = Mv, if and only if v = 0 or v is an eigenvector of eigenvalue .

This implies that E(\,T") and it remains to show invariance. If v is an eigenvector
of eigenvalue A, then T'(Tv) = T'(Av) = ATw by linearity, and therefore Tw is also
an eigenvector of eigenvalue A. Since 70 = 0 € E(A,T), this shows that E(\,T) is
T-invariant. g

Example 5.1.9. Let Sy be the orthogonal reflection across the line L, as in Example 5.0.1.
Then as discuted above, both 1 and —1 are eigenvalue of S,. Moreover, for every u in L,
we have Syv = v, so E(1,S,) 2 span(v;). But if u is not in L, then Syu # u and thus
E(1,8,) = L. Similarly, one can show that E(—1,S,) = L*.

So we have proved that R? = E(1,S,) ® E(—1, Sy). This is not a coincidence, and we
will come back to this later.

One useful property of eigenspaces is that they contain the 1-dimensional T-invariant
subspaces.

Lemma 5.1.10. Let V' be a vector space and let T € £(V') be an operator. Then if
U is an 1-dimensional T-invariant subspace, there exists an eigenvalue A\ such that
UCEWN\T).

Proof. Since U is 1-dimensional, for all 0 # v € U we have U = span(v). Fix such a
v € U. Then by T-invariance, Tv € U and so Tv = A\v for some A € F. Now, for every
w € U there exists p with w = pv, and hence Tw = pTv = pAv = Aw. This proves that
U is contained in E(\,T). O

Observe that the definition of E(A,T') makes sense even if A is not an eigenvalue, and
that Lemma 5.1.8 is true for all A € F, not only for eigenvalues of T'. Actually, we can
use E(A,T) to characterise eigenvalues.

Proposition 5.1.11. Let V be a vector space and let T € £(V') be an operator. Then
for X € F the following are equivalent.

1. X is an eigenvalue of T';
II. (T — A1dy,) is not injective;
III. dim(E(\,T)) > 1.7

If V is finite dimensional, then the above conditions are also equivalent to

"By dim(U) > 1 we mean that either U is finite dimensional with dim(U) > 1, or U is infinite dimensional.
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IV. (T — X1dy,) is not surjective;
V. (T — A\1dy,) is not invertible.

Proof. Let A € F. Then

A is an eigenvalue of T <= Jv # 0,Tv = lv
< #£0,(T—Aldy,)v=0
< ker(T — A1dy,) # {0}.

The last condition is equivalent both to the non-injectivity of ' — A1d,, and to the fact
that {0} # ker(T — A1dy,) = E(\,T). But E(\,T) # {0} if and only if dim(E(X,T)) > 1.

If V is finite dimensional, then Conditions II, IV and V are all equivalent by the
fundamental theorem of linear algebra (Theorem 3.1.33). O

Exercise 5.1.12. Let T € £(F?) be the linear map T'[%] = [-4]. Find the eigenvalues
and eigenvectors of T' for F = R and for F = C.

Solution. We are looking at A € F such that the equation A\[%] = T'[7] = [-4]) admits a
non-zero solution. But this equation is equivalent to the system

Aw = z,
Az = —w.
This system implies that (1 + A\?)w = 0.
If F = R the only possibility to solve (1 + A?)w = 0 is to have w = 0 and hence z = 0.
That is, if F = R, then T has no eigenvalues (and no eigenvectors).

Now, if F = C, both A =i and A = —i are eigenvalues of T" and we have E(i,T) =
{[“] | we C} while E(—i,T) = {[ %] | w € C}. 0

As we have just seen, operators on real vector spaces do not necessarily have eigenvalues.
It turns out that operators on complex vector spaces do always have eigenvalues (and
eigenvectors). This makes complex linear algebra easier than real linear algebra.

Theorem 5.1.13. |

Let V # {0} be a non-trivial finite dimensional vector space over C and let
T € £(V) be an operator. Then T has at least one eigenvalue.

Before proving this theorem, recall that if ' € £(V) is an operator and p(t) = ay +
a t+--+a,t" € PF, then p(T) is the operator p(T) = ayIdy +a, T+ +a,T™ € L(V).

Proof. Let m > 0 be the dimension of V' and choose any non-zero vector v. Then the list

v, Tv, T?v, ..., T™v

142



5 FEigenvalues and eigenvectors

has m + 1 elements and hence is not linearly independent. Therefore, some linear
combination (with not all coefficients equal to 0) of the above vectors equals 0:

AV +NTv+-+ A, T"v=0

with the A; in C not all zeros.

Equivalently, there exists a non-zero polynomial p(t) = Ay + At + -+ A,,,t™ such that
p(T)v = 0. Take such a polynomial p(t) of minimal degree. Observe that since v # 0,
the polynomial p(t) is non-constant.

By the fundamental theorem of algebra, p(t) has at least one complex root A € C. In
other words, there exists a polynomial ¢ € P(C) (non-zero, but possibly constant) such
that p(t) = (t — A)g(¢). This implies that 0 = p(T)v = (T — A1dy)(¢(T)v). We have
deg(q) = deg(p) — 1, which by minimality implies that ¢(T)v # 0. We have just proved
that T'(q(T)v) = M(q(T)v) with ¢(T)v # 0. So X is an eigenvalue of T with eigenvector
q(T)v. O

'_[ Remark 5.1.14. |

Theorem §.1.13 is not true for infinite dimensional vector spaces over C. For
example, let V' = P(C) and let T'(p) = zp(x) be the multiplication by z. Then T
has no eigenvalues. Indeed, suppose by contradiction that A is an eigenvalue with
eigenvector p # 0 of degree d. Then A\p(z) = Tp(z) = zp(z). But the left hand
side has degree d while the right hand side has degree d + 1 which is absurd.

Corollary 5.1.15. Let V be a finite dimensional vector space over C and let T € £L(V)
be an operator. If dim(V') > 2, then T has an invariant subspace which is neither {0}
nor V.

Proof. Let X be an eigenvalue and let v be any eigenvector. Then span(v) is a T-invariant
subspace of dimension 1. O

Remark 5.1.16. |

J

The above corollary is not true if we replace C by R. Indeed, a rotation of angle
©/2 in R? has only {0} and R? has invariant subspaces.

Lemma 5.1.17. Let T € £(V) be an operator. Suppose that v, and v, are two
eigenvectors, corresponding to the eigenvalues \; and A\, respectively. If A\, # A, the
vectors v, and v, are linearly independent.

Proof. Suppose that
0= pyv; + ppvy (5.1)

for some pq, py € F. On one hand, if we multiply both sides of Equation (5.1) by A; we
have

0= pyAyvy + poA vy (5-2)

143



5 FEigenvalues and eigenvectors

On the other hand, applying T to both sides of Equation (5.1) gives us
0="T0=T(uv; + povy)
= p1A1V1 F g AgUs.
Substracting this to Equation (5.2) we obtain
fa(Ay — Ag)vy = 0.

Since vy # 0 and A\; — Ay # 0 we conclude that p, = 0. A similar argument shows that
11 = 0. We conclude that v; and v, are linearly independent. d

As an easy but important consequence of the above lemma we obtain the following
generalisation.

Theorem 5.1.18. ]

Let T € £(V) be an operator. Suppose that vq,...,v; are k eigenvectors, corre-
sponding to the eigenvalues Ay, ..., A, respectively. If the A; are pairwise distinct,
then vy, ..., v, s a linearly independent list.

Proof. The proof is by induction. If £ = 1, then any eigenvector v is a non-zero vector
and therefore (v) is a linearly independent list. If k£ = 2, this is the lemma.

Now suppose that & > 3 and that the statement is proven for all lists of m <
k eigenvectors corresponding to distinct eigenvalues. Suppose by contradiction that
vy, ...,V is not linearly independent. Therefore, by Lemma 2.4.36 there exists j €
{1,...,k} such that v; € span(vy, ...,v;_;). By induction hypothesis, j cannot be smaller
than k£ and therefore we have

UV = MU+ U Vg (5-3)

for some gy, ..., ;1 € F. By applying T to both sides of Equation (5.3) and comparing
with Equation (5.3) multiplied by A, we obtain

P A vy + o g 1 A gV = To, = Aoy
= A1+ e AUk
Therefore,
0 =1 (A = Ap)vy + -+ p 1 Ay — Ap)vp
and we conclude that all the p; are 0 and hence that v, = 0 which is absurd. O

We can use Theorem 5.1.18 to better understand the sum of the eigenspaces.

Corollary 5.1.19. Let T € £(V) be an operator and let \q, ..., A, be pairwise distinct
eigenvalues of T. Then the sum E(X,T) + -+ E(\,,T) is a direct sum and

dim(E(\;, T)) + - + dim(E(\, T)) < dim(V).

Moreover, if V is finite dimensional, the equality dim(E(\,T)) + - + dim(E(\,, T)) =
dim(V') holds if and only if V is the direct sum of the E(A;,T).
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Proof. We will write the proof for V finite dimensional. The general case is similar.
Let 0 = uy + - + u;, with u; € E(A;,T). By linear independence, (Theorem 5.1.18),
all the u; are 0. We hence conclude that the sum of the E(A;, T) is direct.
Since the E(A;, T') are in direct sum we have

dim (zz; dim(E()\j,T))) = dim (é E()\j,T)) < dim(V).

Since V is finite dimensional, we have equality in the above inequation if and only if
@le E(\,T) =V. O

Corollary 5.1.20. Let T € £(V) be an operator. Then T has at most dim(V') distinct
etgenvalues.

Proof. We will write the proof for V finite dimensional. The general case is similar.
Let Ay, ..., A\, be a complete list of eigenvalues for T. Then for all j € {1,...,k} we
have dim E(A;,T') > 1. Therefore,

k
k<> dimE();,T) < dim(V). O
j=1

Example 5.1.21. Let S, be the reflection across the line L from Example 5.0.1. Then
vy is an eigenvector of eigenvalue 1, while v, is an eigenvector with eigenvalue —1 # 1.
They are linearly independent as announced by Lemma 5.1.17. Moreover, we have
dim(R?) =2 =1+ 1 = dim(E(1, Sy)) + dim(E(—1,S,)) and R? = E(1,Sy) ® E(—1, Sy)
as predicted by Corollary 5.1.19. Finally, 1 and —1 are the only eigenvalues of S, by
Corollary 5.1.20, but this can also be directly checked by hand.

5.1.3 Diagonalizability
Standing assumption

In this subsection, V' will always be a finite dimensional vector space.

One of the very nice feature of Example 5.0.1 is the existence of a basis B = (v, v,)
such that [Sy)Z is diagonal. If we write & for the standard basis and compare

1 0 cos 20 sin 20
B _ & _
[Sel = [0 —1} [Sels = [sin 20 —cos 26]’

it is clear that the left expression is easier to use for computations than the right one.

Definition 5.1.22. ]

Let V be a finite dimensional vector space, of dimension m. An operator T is ]
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diagonalisable if there exists a basis % = (vy, ..., v,,) of V such that

A
..
>‘m

diagonal matrix

for some A, ..., A, € F.

m

F[ Remark 5.1.23. |
It follows from the definition of [T]% that the operator T' € £(V) is diagonalisable

if and only if there exists a basis B = (vq,...,v,,) and scalars A\;,..., A, € F
with Tv; = Ajv;. That is, T' is diagonalisable if and only if there exists a basis
B = (vq,...,v,,) of eigenvectors (with eigenvalues A, ..., A, € F).

As we just discussed, the diagonalisability of an operator is linked to its eigenvalues.
But it can also be characterised by its eigenspaces.

'_[ Theorem 5.1.24. |

Let V' be an m-dimensional vector space and let T € £(V') be an operator. Let
A1y .oy A e the distinct eigenvalues of T (so k < m by Corollary 5.1.20). Then
the following are equivalent.

1. T is diagonalisable;
II. There ezists a basis of V consisting of eigenvectors of T;

III. There exists 1-dimensional T -invariant subspaces Uy, ..., U, such that V =

U@ ®U,;
V. dim(V) = Zle dim(E();, T)).

Proof. “I <= 1I and IV <= V” These are Remark 5.1.23 and Corollary 5.1.19.
“II=1I1" Suppose & = (vy, ..., v,,) is a basis of eigenvectors and let U, := span(v;) for
j € {1,...,m}. Each of the U; is a T-invariant subspace of dimension 1. Since % is a
basis, it is also a linearly independent list. Therefore, the sum U; +---4U,,, C V is direct.
Finally, m < dim(U; & --- ® U,,) < dim(V) = m, which implies V=U, & ---® U,,.
“III=IV” Each U; is a T-invariant subspace of dimension 1, and hence is contained
in a eigenspace. Up to reordering, we can suppose that U; & -~ @ U, C E(\,T),

U s1®@®U, CE(A,T) etc. for some 1 <1y <71y <+ <71 = m. We conclude that

V=U@a-&U, CE\,T)++E\,T)CV,

146



5 FEigenvalues and eigenvectors

and thus V' is the sum of the E(A;,T). This sum is direct by Corollary 5.1.19.

“IV=I1" For each j € {1,..., k}, choose a basis %, for E(\;, T'). On one hand, the family
B := B U---UB, is spanning since V' is the sum of the E(A;, T') = span(%;). On the other
hand, the 9%, being linearly independent families and the sum E(A\,T) @ - @ E();, T)
being direct imply that & is a linearly independent family. Altogether, & is a basis of V
consisting of eigenvectors of T'. O

Let us work through some of these equivalences on a concrete case.

Example 5.1.25. Let V = R? and let & = (ey, €5, €5) be the standard basis. Let T the
operator represented in the standard basis by

4
5 .
4

Then T is diagonalisable (I), with eigenvalues 4 and 5. Moreover, e;, e, and e5 are all
eigenvectors (II), corresponding respectively to the eigenvalues 4, 5 and 4.

If we put U; := span(e;), then U; = {[z,0,0]" | z € R} is the z-axis, U, is the y-axis
and U; is the z-axis. All the U; are 1 dimensional invariant subspaces and we indeed
have R3 = U, & U, @ U; (I11).

Now, since both e; and e; have the same eigenvalue 4, we write (IV)

[T)g =

R3=(U,0U;)0U,=E4,T)®E(5,T).

Finally, E(4,T) = U; ® Uy = {[z,0,2]T | z,2 € R} is of dimension 2 while E(5,T) =
U, is of dimension 1. So we indeed have dim(R3) = 3 = 2 + 1 = dim(E(4,7)) +
dim(E(5,T)) (V).

Using Theorem 5.1.24, one can exhibit operators that are not diagonalisable, even for
F=C.

Exercise 5.1.26. Let T € £(C?) be defined by T[7] := [¢]. Is T diagonalisable?

Solution. First, we find all eigenvalues of T'. Let A[7] =T'[7] = [(z)] Then we have

Aw = z,
Az =0.

This implies that A>w = 0 and therefore that A = 0, as otherwise w = z = 0. Therefore, 0
is the only eigenvalue of T'. Moreover, E(0,T) = ker(T — 01d) = ker(T) = {[] | w € C}.
We hence have dim(C?) = 2 > 1 = dim(E(0,7')). We conclude by Theorem 5.1.24 that
T is not diagonalisable. O

Theorem 5.1.24 says that T is diagonalisable if, and only if, it has enough linearly inde-
pendent eigenvectors. Using this, one can show that having enough distinct eigenvalues
is a sufficient condition for T being diagonalisable.
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Corollary 5.1.27. Let V be a finite dimensional vector space and let T € £(V') be an
operator. If T has dim (V') distinct eigenvalues, then it is diagonalisable.

Proof. Let m := dim(V') and let Ay, ..., A,, be the eigenvalues of 7. Then all the E();,T’)
have dimension at leat 1 by Proposition 5.1.11 and therefore V is the direct sum of the
E(A;,T) by Corollary 5.1.19. We conclude by Theorem 5.1.24. O

The converse of the above proposition is false, as demonstrated by 7" = Id;, which has
only one eigenvalue (1) despite being diagonalisable.

Until now, we have seen conditions that imply (or are equivalent to) diagonalisability.
One important consequence of diagonalisability is the following more precise version of
the fundamental theorem of linear maps (Theorem 3.1.33).

Lemma 5.1.28. Let V be a finite dimensional vector space and let T € £(V') be an
operator. If T is diagonalisable, then V = Im(T) @ ker(T).

Proof. Let # = (vy,...,v,,) be a basis for which

A
)‘m

Up to reordering the v;, one can suppose that A\; = -+ = A, = 0 while A, ,4,..., A, are non-
zero for k € {0,m, ...,}. Then ker(T) = span(vy, ..., v;,) and Im(T") = span(vy_q, ..., ¥, )-

Observe that if no A; are 0, then k£ = 0 and we indeed have V' = Im(T') @ {0} since
ker(T') = span(@) = {0}. Similarly, if all A; are 0, then V' = {0} & ker(T). O

Question 5.1.29. Can you find an operator T such that Im(7T") @ ker(T) C V' ?
Hint: T cannot be diagonalisable.

[ Infinite dimensional vector spaces L

If T is an operator on an infinite dimensional vector space V, then the equivalences
II <= III <= IV of Theorem 5.1.24 are still true. Some people use them to define
the diagonalisability of T'. That is, T' € £(V) is said to be diagonalisable if there
exists a basis of V' consisting of eigenvectors of T. While the infinite dimensional
situation is much more complex than the finite dimensional one, some results
remain true, as for example Lemma 5.1.28.

5.1.4 Nilpotent operators

In this subsection, we introduce a new kind of operators that have a special relationship
with the eigenvalue 0. This definition will be useful to show some of the forthcoming
results.
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Definition 5.1.30. ]

An operator T € £(V) is nilpotent if there exists k € N such that T% = 0 ).

The 0 operator is of course nilpotent, but it is easy to find other examples.

Example 5.1.31. The differentiation operator D € £(P(R),,) defined by Dp :=p’ is
nilpotent. Indeed, D™p = p™ = 0 for every polynomial of degree at most m.

However, the differentiation operator D € £(P(R)) is not nilpotent. Indeed, for every
k we have DF(x*1) = k! # 0.

Example 5.1.32. For A € F, define an operator T' € £(F?) by

0 A
Tv= [O 0:|’U.

If A =1, this is the operator from Exercise 5.1.26. Using the matrix, one can check that
T? =0, and hence that T is nilpotent.

More generally, if ' € £(F™) is represented by a matrix with zeros on and below the
diagonal, it is nilpotent. In fact, we will soon show that all nilpotent operators on finite
dimensional vector spaces appear in this form. In order to do that, we will need a few
technical lemmas about kernels.

Lemma 5.1.33. Let V be a vector space and let T € £(V') be an operator.
1. {0} = ker(T?) C ker(T") C --- C ker(T) C ker(T7+1) C --;
2. If there exists k with ker(T**1) = ker(T*), then ker(T™) = ker(T*) for all n > k.

Proof. For the first assertion, suppose that v € ker(77) for some non-negative integer j.
Then T v = T(T7v) = T0 = 0 and therefore v € ker(T7*1) as desired.

For the second assertion, we want to prove that ker(T**7) = ker(T*+*1) for every
non-negative integer j. We already know that the left to right inclusion is true. To
prove the other inclusion, let v be in ker(7*++1). Then T**+!(T7v) = Tk+7*1y = 0 and
thus T7v is in ker(T**!) = ker(T*). Therefore, T**iv = T*(T7v) = 0, which shows that
v € ker(T*+7). O

The above result is particularly useful for finite dimensional spaces. Indeed, in this
case we have the following.

Lemma 5.1.34. Let V be a finite dimensional vector space. Then ker(T4™(V)) =
keI.(Tdim(V)-‘rl) — ker(Tdim(V)+2> ——

Proof. By the first assertion of the last lemma, we have

0 < dim(ker(T)) < - < dim(ker(79™V))) < dim(ker(T4™(V)+1)) < dim(V).
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By the pigeonhole principle,? at least one of these inequalities is an equality. Therefore,
there exists k < dim(V) with dim(ker(T*)) = dim(ker(T**!)). We conclude using the
second assertion of Lemma 5.1.33. O

[ To go further L

Results similar to Lemmas 5.1.33 and 5.1.34 hold for Im(77), but with the inclusions
reversed. More precisely, for any vector space T and any operator, one always
have

V =Im(T°% 2 Im(T) 2 Im(7?) D - 2 Im(7Y) C Im(T7*+!) D -

Moreover, if there exists k& with Im(7%) = Im(7**!), then Im(T*) = Im(T") for
all n > k. Finally, if V is finite dimensional, then Im(7%™V)) = Im(T") for
all n > dim(V). The proofs of these statements are similar to the proofs of
Lemmas 5.1.33 and 5.1.34.

Using Lemma 5.1.34, one obtain a variations of Lemma 5.1.28.

Proposition 5.1.35. Let V be a finite dimensional vector space and let T be an operator
on V. Then
V = ker(T4™V)) @ Tm (T4™(V)),

Proof. Let m := dim(V). We first prove that the sum is direct, that is:
ker(T™) N Im(T™) = {0}. (5-4)

Suppose v is in the intersection ker(7") N Im(7"™). Then T™v = 0 and there exists
u € V with T™u = v. If we apply T™ to both sides of the last equation, we obtain
T?"y = T™vy = 0. Therefore u is in ker(T?™) = ker(T™) by Lemma 5.1.34 and
v=T"u=0.

Equation (5.4) implies that ker(7"") 4+ Im(7™) is a direct sum. By Theorem 3.1.33
we have

dim(ker(T™) @ Im(7T™)) = dim(ker(7T™)) + dim(Im(7™)) = dim(V)
and we hence conclude that V = ker(T9™(")) @ Im(T%™(")) as desired. O

Proposition 5.1.36. Let V be a finite dimensional vector space and let T € £(V') be a
nilpotent operator. Then TY™V) = 0.

Proof. Since T is nilpotent, there exists k € N with 7% = 0, and thus ker(T*) = V. If
k < dim(V), then ker(T%™(V)) = ker(T*) = V by Lemma 5.1.33, while if k& > dim(V),
then ker(79™(V)) = ker(T*) = V, but this time by Lemma 5.1.34. In both cases, we
have T9™(V) = 0, g

2Recall that the piegeonhole principle asserts that if we need to distribute [ elements among k sets, for
some ! > k, then there is a set containing at least two elements.
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As announced after Example 5.1.32, nilpotent operators have a special matrix repre-
sentation.

Proposition 5.1.37. Let V be a finite dimensional vector space and let T € £L(V') be
an operator. Then T is nilpotent if and only if there exists a basis 9B of V such that

O. L IRREEE *
mg = | .
O vevnnns 0

Proof. “=” We have ker(T) C ker(T?) C - C ker(T™) = V where m = dim(V).
Moreover, since T is nilpotent it is not injective. In particular, ker(T") # {0}. So we
can start with a basis %, of ker(T) and extend it to a basis B, of ker(T?) and continue
step by step to obtain a basis & = (vq,...,v,,) of V. By the above, v, is in ker(T).
Therefore, Tv; = 0 and hence the first column of [T]% contains only 0. More generally,
v; is in ker(T7). Therefore, Tw; is in ker(T7~') C span(vy, ”"Uﬂ_l)' In other words,
Tv; = ay ju; + -+ a;; qv;_; for some a; ; € F. That is, the 7™ column of [T]% has
zeroes on the diagonal and below.

“«<” Suppose that A = [T]Z is an upper triangular m x m matrix with 0 on the

diagonal. Then A™ is the zero matrix, and therefore T™ is the zero operator. O
When F = C, nilpotent operators can be characterised by their eigenvalues.

Proposition 5.1.38. Let F be a field, let V # {0} be an F-vector space and let T € £(V)
be an operator.

1. If T is nilpotent, then 0 is an eigenvalue of T, and T has no other eigenvalues;

2. If F = C, V is finite dimensional and 0 is the only eigenvalue of T, then T is
nilpotent.

Proof. 1. If T is nilpotent, then T* = 0 for some k € N, so T is not injective and hence
0 is an eigenvalue. Now, suppose that A is an eigenvalue of T' with eigenvector v # 0.
Then 0 = T*v = A\*v. We conclude that A* = 0 and hence that A = 0.

2. The proof is postponed to Proposition 5.1.51. O

5.1.5 Generalised eigenvectors

At the end of the chapter on linear maps, we asked

Major Question 3.2.47. ]

Given V and T € £(V), find a basis % such that [T]Z is “as simple as possible”
(for example: diagonal, upper triangular, with many zeroes, ...).
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A first answer to this question was given by Theorem §.1.24 which asserts that T is
diagonalisable if and only if there exists a basis % of V consisting of eigenvectors of T, if
and only if dim(V) = Zfz , dim(E(A;, T')), where the sum is taken over all the eigenvalues
of T. If T does not have enough eigenvectors, then it is not diagonalisable. But there
is still hope we can find a basis % consisting “almost eigenvectors” such that [T]g is
“almost diagonal”. See Proposition 5.1.56 for an intermediate result in this direction.

'_[ Definition 5.1.39. ]

Let V be a vector space, let T' € £(V') be an operator and let A € F be a scalar. A
non-zero vector v is a generalised eigenvector of T' corresponding to A if there
exists a positive integer j such that (T — A1d )?v = 0.

For A € F, its generalised eigenspace is the set

G\ T) :={ve V|34, (T — Aldy)v = 0}.

J

Given a generalised eigenvector v, one can always obtain an eigenvector w by applying
T — A1dy, to v enough time, as demonstrated by the next result.

Lemma 5.1.40. Let V be a vector space and let T € £(V') be an operator. Let v be
a generalised eigenvector corresponding to A € F. Then there exists j € N such that
w = (T — X\1dy, /v is an eigenvector of T corresponding to \. In particular, )\ is an
etgenvalue of T'.

Proof. Let k be the smallest non-negative integer such that (T'— AIdy,)*v # 0. Since
v # 0, such a k always exists. Then w := (T — A1dy,)*v is non-zero and (T — A\ Idy,)w = 0
by minimality of k. O

The following result directly follows from the definition.

Lemma 5.1.41. For V a vector space, T € £(V) and operator and \ € F (not necessarily
an eigenvalue), we have

G\, T) ={0} U {v €V |vis a generalised eigenvector of T' corresponding to \}.

In the last section, we proved some results about kernels. As an interesting consequence
of Lemma 5.1.34, we show that generalised eigenspaces are indeed subspaces of V.

Proposition 5.1.42. Let V be a finite dimensional vector space and let T € L(V) be
an operator. Then for all A € F

G\, T) = ker(T — \1d,,)d=(V),
In particular, G(\,T) is a subspace of V.

Proof. 1t follows from the definition that we have G(\,T') = Uj> | ker(T'— AIdy ). Using
Lemmas 5.1.33 and 5.1.34 we have Uj21 ker(T — A1dy )’ = ker(T — A1dy,)3™V) which
concludes the proof. O
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As we just saw, G(A,T') is a subspace of V' and we have E(A\,T) C G(A,T) C V. This
explains the name of generalised eigenspace. If v is an eigenvector, then the corresponding
eigenvalue ) is uniquely determined by the equation T'v = Av. For generalised eigenvectors,
it is a priori not obvious that the corresponding eigenvalue is unique. Fortunately, this is
the case if V is finite dimensional.

Lemma 5.1.43. Let V be a finite dimensional vector space and let T € £(V') be an
operator. Then each generalised eigenvector corresponds to a unique eigenvalue.

Proof. Suppose that v is a generalised eigenvector of T' corresponding to the eigenvalues
A and p. We need to show that A = u. Let k be the smallest positive integer such that
(T — pIdy)kv = 0, and let m := dim(V). One can suppose m > 1, as otherwise there is
no generalised eigenvector. Then

= (T — A1dy)™v
= ((T — p1dy) + (u— A Idy,) " v

= b — X" (T — pldy) v
7=0

where by = 1 and the values of the other binomial coefficients b; do not matter. If we
apply the operator (T — p1dy,)*~! to both sides of the above equation we obtain

0= (u—A)"™T — pldy)**
By minimality of k, (T — pIdy,)* 1v # 0 and hence p = \. O

z 4z
Exercise 5.1.44. Let T € £(C3) be the operator defined by T [z;} = [ 02]. Compute
Z3

the eigenspaces and generalised eigenspaces for T

Solution. Let & = (e;, €9, e3) be the standard basis of C3. Then

0 40
A::[T]gz{o 0 0].

0 0 5

Then the eigenvalues of T" are 0 and 5 (see Subsection 5.2.1 and specifically Lemma 5.2.6
for how to easily compute them). Let us compute the eigenspaces and the generalised
eigenspaces of the eigenvalues.

Eigenspace and generalised eigenspace for A = 0. We have

A—0Id = A, (A—01d)* = A% =

0 0 O
0 0 0f.

0 0 53
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21 21
0 Zl c C 5 G(O, T) - keI‘ T3 - Z2 Zl, 22 € C .
0 0

So E(0,T) is of dimension 1 and hence a strict subspace of G(0,T") which is of dimension 2.

Therefore,

E(0,T) =kerT = {

Eigenspace and generalised eigenspace for A = 5. We have

—5 4 0 —53 300 0
A—51d={0 -5 0], (A—5Id)*=4*=| 0 —5% 0.
0 0 0 0 0 0
Therefore,

0
E(5,T) = ker(T — 51d) = { {0} 23 € C},

0
G(5,T) = ker(T — 51d)? = { [0] zg € C}.
%3

So E(5,T) = G(5,T) is of dimension 1.
Altogether, we have

E(0,T) @ E(5,T) C G(0,T) ® G(5,T) = C3.
O

Some of the results of Subsection 5.1.2 for eigenvectors still hold for generalised
eigenvectors.

Lemma 5.1.45. Let V be a finite dimensional vector space and let T € £(V) be an
operator. Suppose that v, and vy are two generalised eigenvectors, corresponding to
the eigenvalues Ay and A\, respectively. If A\, # X\, the vectors v, and v, are linearly
independent.

Proof. Let p; and py be two scalars such that

0 = pyv1 + pavy. (5-5)

We want to show that pu; = py = 0. Let m := dim(V), let k := max{l | v; ¢ ker(T —
A Idy)!} > 0 and let w := (T — X\, Idy)¥v; # 0. By maximality of k we have (T —
A Idy)w = 0. That is, w # 0 is an eigenvector of T, with eigenvalue \;. Let f(t) =
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(t — X;)F and let g(t) = (t — X\,)™. Both are polynomials in P(F). Now, we apply
f(T)g(T) =g(T)f(T) to Equation (5.5) and obtain

0= py (T — A Idy)™(T — Ay Idy)Foy + pp(T — Ay Idy ) ¥(T — Ay Idy) ™,

Since w # 0 is an eigenvector corresponding to A;, and since A\; # \,, w is not a
generalised eigenvector corresponding to A,. We conclude that (T'— Ay Id;, )" w # 0 and
hence that ; = 0. A similar argument shows that u, = 0 and therefore that v; and v,
are linearly independent. O

The above Lemma can easily be generalised to the case of finite families of vectors.
The proof is left to the reader.

Theorem 5.1.46. ]

Let V be a finite dimensional vector space and let T € £(V') be an operator. Suppose

that vy, ..., vy, are k eigenvectors, corresponding to the eigenvalues Ay, ..., A\, respec-
tively. If the \; are pairwise distincts, then (vy,...,vy) is a linearly independent
list.

We have seen that if T" is an operator on V, then both Im(7") and ker(7") are T-invariant.
We can generalise this.

Lemma 5.1.47. Let V be a vector space and let T € L(V) be an operator. Let
p(t) € P(F) be any polynomial. Then both Im(p(T')) and ker(p(T)) are T-invariant.

Proof. Suppose u belongs to ker(p(T")). Then p(T)u = 0. Thus
(p(T))(Tw) = (p(T)T)u = (Tp(T))u =T (p(T)u) = T0 =0,

where we used the fact that for polynomials p(t) and ¢(t) we always have p(t)q(t) =
q(t)p(t). Hence Tu is in ker(p(T')). So we have just proved that ker(p(7T')) is invariant
under 1" as desired.

Suppose u belongs to Im(p(T)). Then there exists v € V such that u = p(T)v. Thus

Tu="T(p(T)v) = p(T)(Tv).

By the above equation, T'u is still in Im(p(T")), which shows that Im(p(T")) is T-invariant.
(]

In Corollary 5.1.19, we showed that Zfz L E(\;,T) is always a direct sum, and a

subspace of V. In Theorem 5.1.24, we then showed that @le E(A;,T) = V if and
only T is diagonalisable, if and only if there exists a basis consisting of eigevectors.
Theorems 5.1.48 and 5.1.49 will show that even if T is not diagonalisable a similar
formula holds for generalised eigenspaces.
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Theorem 5.1.48. |

Let V' be a finite dimensional vector space over C and let T € £(V') be an operator.
Then there exists a basis of V' consisting of generalised eigenvectors of T.

Proof. We will do an induction on m := dim(V'). Observe that the desired result holds if
m = 0 as in this (degenerated) case we have no generalised eigenvectors but the empty
list is a basis. If mm = 1, then any non-zero vector is both a basis of V' and an eigenvector
for T

Now, suppose that m > 2 and that the desired result holds for all complex vector
spaces of dimension strictly less than m. Let A be an eigenvalue of T', whose existence is
guarantee by Theorem 5.1.13. Applying Proposition 5.1.35 to ' — A1d;, we obtain

V =ker(T — Ald,)™ @ Im(T — A1d,)™.

On one hand, every non-zero vector in ker(7— A1dy,)™ # {0} is a generalised eigenvector
of T. Hence, any basis % of ker(T'— A1dy,)™ # {0} consists of generalised eigenvectors
of T. On the other hand, ker(T'— AId,)™ # {0} as A is an eigenvalue of T'. Therefore,
Im(T — A1dy,)™ # V is of dimension strictly less than m, and is invariant under T' (by
Lemma 5.1.47 for the polynomial p(t) = (¢t — A\)™). Let S € £(Im(T — AId,)™) be the
restriction of T" to Im(7 — A1dy,)™. By the induction hypothesis applied to the operator
S, there exists a basis € of Im(7T"— A1d, )™ consisting of generalised eigenvectors of S.
Since S is the restriction of T, every generalised eigenvectors of S is also a generalised
eigenvector of T'. Altogether, B U € is a basis of V' consisting of generalised eigenvectors

of T. O

The following theorem makes the link between nilpotent operators and generalised
eigenspaces. It also shows why generalised eigenspaces are the right enlargement of
eigenspaces.

J Theorem 5.1.49. ]

Let V' be a finite dimensional vector space over C, and let T € £(V') be an operator.
Let A\, ..., A\, be the distinct eigenvalues of T'. Then

1. Each of the G()\;,T) is a T-invariant subspace;

3. The operator T := (T — A, IdV)’G()\ - is a nilpotent operator on G(\;,T).

B

Proof. 1. We have G()\;,T) = ker(T — A;Idy,)™. We conclude by Lemma 5.1.47.
2. Firstly, the sum Zf: ) G(A;,T) is a direct sum since generalised eigenvectors
corresponding to distinct eigenvalues are linearly independent the sum. See the proof

of Corollary 5.1.19 for more details. Secondly, the existence of a basis of generalised
eigenvectors (Theorem 5.1.48) implies that V = G(A{,T) + -+ G(A,, T).
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3. By 1, T; := T — A;1d is an operator on G(A;,T). It then follows from Propo-

sition 5.1.42 that T;ﬁm(G(}\j’T)) is the zero operator on G(\;,T), and hence that T; is

nilpotent. O

[_{ Remark 5.1.50. |

As an easy corollary, one can finally shows that an operator whose eigenvalues are all
0 is nilpotent. This finishes the proof of Proposition 5.1.38.

Proposition 5.1.51. Let V' be a finite dimensional vector space over C and let T € £(V)
be an operator. Suppose that 0 is the only eigenvalue of T. Then T is nilpotent.

Proof. Since 0 is the only eigenvalue, T'=T — 01d,, is nilpotent on V' = G(0,T). O

Proposition 5.1.51 is not true for real vector spaces. The reason is that an operator T'
might have only 0 has a real eigenvalues, but other complex eigenvalues.

Example 5.1.52. Let V = R3 and let

0
A:[ 0—1]_
10

Then the characteristic polynomial of A is x 4(¢) = t(t* + 1) and the complex eigenvalues
of A are 0, i and —i. So the only real eigenvalue of A is 0. However, we have A # 0,

0 0 O

A? = [0—1 o] +0,

0 0-1

and A7 = Id; # 0 for all j > 3. So A is not nilpotent, despite having all its real
eigenvalues equal to 0.

As another corollary of Theorem 5.1.49 we have the following, which finishes the proof
of Proposition 5.1.38.

Proposition 5.1.53. Let V be a finite dimensional vector space over C, and let T € £(V)
be an operator. Then T is diagonalisable if and only if E(A\,T) = G(\,T') for all X € C.

Using (generalised) eigenspaces, one can defined to quantities associated to an eigenvalue
A of an operator T'.

Definition 5.1.54. ]

Let V be a vector space, let T € £(V) be an operator and let A € F be an
eigenvalue of T'. The algebraic multiplicity of A\ in T is defined as

malg<A) = malg(Aa T) = dlm(G(Aa T))
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The geometric multiplicity of A in T is defined as

Myeo(A) = myeo (A, T) 1= dim(E(A, T)).

mgeo

Clearly, we always have mg,,(\) < m,,(A). The following characterisation of diagonal-
isability for operators on complex vector spaces directly follows from Proposition 5.1.53.

Lemma 5.1.55. Let V be a finite dimensional complex vector space and let T € £(V).

Then T is diagonalisable if and only if mye,(A,T) = m,, (A, T) for all A € C.

The name “geometric multiplicity” is because it is related to E(\,T"), which we think
of as some geometric invariant of 7. The name “algebraic multiplicity” is because we
can compute it directly from a polynomial associated to 7. We will talk more about this
polynomial in the next section.

Before ending this section, let us mention one more use of Theorem 5.1.49. Namely
the fact that for operators on complex vector spaces, one can always find a basis % for
which [T)2 is particularly nice.

Proposition 5.1.56. Let V #+ {0} be a finite dimensional vector space over C, and let
T € £(V) be an operator. Then there exists a basis B for which [T]% is diagonal by
[triangular blocks]. More precisely, [T% is of the form (all matriz entries not shown are
zero)

T _
Lok

.)\1

B

.)‘k i

where the j™ diagonal block is an m,, () X My, (A;) triangular matriz with A; on the
diagonal and 0 below the diagonal.

Proof. Let Ay, ..., A, be the distinct eigenvalues of 7" and let us write U, := G();, T)). For

each j € {1,...,k}, the restriction T} := (T — ), IdV)|U is a nilpotent operator on U;.

i

So by Proposition 5.1.37 there exists a basis %; of U; such that [Tj]gj is a my, X my
J

matrix with zeros on the diagonal and below the diagonal. This implies that [T\U ]? is
.
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a m,,(A;) X my,(A;) matrix with A; on the diagonals and 0 below the diagonal.

0 *x..... * )\] Koot *

B; R, .
T\ 1d - SN [T ] _
( J V)|G()\j,T) @, (4; |G(>\j,T) @, ;

Let & := %, U---U%B,. Since V is a direct sum of the generalised eigenspaces, & is
a basis of V. It then follows from the T-invariance of the U; that [T)% is diagonal by

block, with the j diagonal block being equal to [T|U]§] O

In this subsection, we defined generalised eigenvectors and we have seen that V is a
direct sum of generalised eigenspaces. Moreover, we also proved that for operator on
complex vector spaces, there exists a basis % for which [T]Z is diagonal by [triangular
blocks]. But it is possible to find an even “nicer” (with more zeroes) matrix representation
of T'. In order to do that, we need to introduce some new tools. The first of them, the
characteristic polynomial, will help us to compute eigenvalues.

5.2 Characteristic and minimal polynomials

Standing assumption

In this Section, V' will always be a finite dimensional non-zero vector space.

The aim of this section is to define powerful tools, called the characteristic polynomial
and the minimal polynomials, that will help us to compute the eigenvalues of an operator.
In order to define the characteristic polynomial of T' will we use the determinant, and
hence the matrix representation of T'. We hence start by developing an eigen-theory for
matrices similar to the one for operator.

5.2.1 Characteristic polynomial for matrices

The eigen-theory for matrices mirrors to the one for operators studied in Subsection 5.1.2.
Let us make that explicit.

'_[ Definition 5.2.1. ]

Let A € F™™ be a matrix. We say that A € F is an eigenvalue of A if there
exists a non-zero v € F™ such that Av = Awv.

A non-zero vector v satisfying Av = Av is called an eigenvector of A, corresponding
to the eigenvalue .

The eigenspace of T' corresponding to A € F is the set

E\A)={veF™|Av = lv}.
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Recall that given a matrix A € F™™ we have an operator L, € £(F™)

L,: F" — F™

T — Ax.

It directly follows from the definitions that A is an eigenvalue for A if and only if it
is an eigenvalue for L 4. Similar statements hold for eigenvectors and eigenspaces. This
implies that results similar to the ones in Subsection §5.1.2 hold for matrices.

As for operators, it is important to clarify the base field F. The following example is
simply Exercise 5.1.12 rewritten in term of matrices.

Example 5.2.2. Let A = [7(1) é] Then L, is the operator T' from Exercise 5.1.12, so we
know that A has no eigenvalues if F = R, and has eigenvalues i and —i if F = C. One
can also observe that whenever F = R, L, is the rotation by angle 7/2, which explains
why it has no eigenvalues.

Using matrices instead of operators allows us to use the determinant. We can hence
define

'_[ Definition 5.2.3. J

Let A € F™™ be a square matrix. The characteristic polynomial of A is

X 4(t) :=det(t1d,, —A).

\. J

'_[ Remark 5.2.4. ]

Some authors define the characteristic polynomial as det(A — t1d,,) instead of
as det(t1d,, —A). The only difference between the two definitions is a (—1)™
multiplicative factor. In practice this does not change anything. Indeed, the two
things that interest us about x 4 () are its roots and its divisors. Both notions are
unchanged by the multiplicative factor (—1)™.

If A is a m X m matrix, then its characteristic polynomial is a polynomial in ¢ of degree
m with coefficients in F. Moreover, the leading coefficient of x 4(¢) (that is the coefficient
of t™) is 1.

The characteristic polynomial is a powerful tool that allows to easily compute the
eigenvalues.

Theorem 5.2.5. ]

Let A € F™™ be a square matriz and let A € F. Then A is an eigenvalue for A if
and only if it is a oot of x 4 (that is, if and only if x,(A\) =0).

Proof. Analogously to Proposition 5.1.11, A is an eigenvalue of A if and only if A1d,, —A
is not an invertible matrix, that is if and only if det(A1d,, —A) = 0. O
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The following important result directly follows from the definition.

Lemma 5.2.6. Let A € F™™ be a square matriz. If A is a diagonal matriz or a
triangular matriz (upper triangular, or lower triangular), then the eigenvalues of A are
exactly its diagonal coefficients.

We can now easily compute the eigenvalues from Exercise 5.1.44.

040
0 0 0f.

0 0 5

Example 5.2.7. Let

A::

Then x 4(t) = (t — 5)(t — 0)? and the eigenvalues of A are 5 and 0.
Let us revisite Exercise 5.1.12 and Example 5.2.2.

Example 5.2.8. Let A = [_(1) (1)] Then

x4 (t) = det {j _ﬂ =2 +1.

Therefore, it is clear that A has no eigenvalues if F = R, and has eigenvalues i and —i if
F=C.

The characteristic polynomial is of great help to prove fundamental properties of
eigenvalues.

Proposition 5.2.9. Let A € R™™ be a matriz with real entries. If X € C is a complex
eigenvalue of A, then its conjugate X is also an eigenvalue of A.

Proof. In general, X is an eigenvalue of A if and only if x 4(\) = 0, if and only if x 4 (A) = 0.
But since A has real entries, its characteristic polynomial x 4 (¢) = ay+a,t+--+a,,t"™ has
real coefficients. Therefore, x 4 (t) = ag +a;t + -+ a,,t". We conclude that y () = 0

if and only if x 4 (A) = 0, if and only if X is an eigenvalue of A. O

F[ Theorem 5.2.10. ]

J

Let A € C™™, Then

1. x4(t) = (—1)™det(A) +at+ast? +-+a,, t" L+t with aq, ..., a,,_1 €
C;

2. xa(t) =t —=X)({t—Xy) - (t—A,,), where Ay, ..., A, € C are the C-eigen-
values of A, possibly with repetition.

Proof. The first assertion comes from the product formula for the determinant. The
second assertion, is the fundamental theorem of algebra: an m-degree polynomial with
complex coefficients has m roots when counted with multiplicity. O
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The characteristic polynomial also helps us to show that two similar matrices have
the same eigenvalues. Recall that two matrices A, B € F™™ and B are similar if there
exists an invertible matrix P € F™™ with A = P~ BP.

Proposition 5.2.11. If A, B € F"™™ are similar matrices, then
1. det(A) = det(B);

2. xa(t) = xp(t).
Proof. Let P be an invertible matrix such that A = P~1BP. Then we have det(A4) =
det(P~!BP) = det(P~!) det(B) det(P) = det(B).

For the second assertion,

X4 (t) = det(tld,, —A) = det(t1d,, —P 1 BP)
= det(P~1(t1d,, —B)P)
= det(t1d,, —B) = x5(t). O

5.2.2 Characteristic polynomial for operators

We now have everything that we need to define the characteristic polynomial of an
operator. Indeed, if T' € £(V) is an operator on a finite dimensional vector space of
dimension m, and 98 and € are two bases of V, it follows from Proposition 3.2.46 that the
matrices [T]2 and [T]€ are similar. Therefore, by Proposition 5.2.11, det(tId,, —[T]2) =

det(tId,, —[T]%).

'_[ Definition 5.2.12. |

Let V be a finite dimensional vector space and let 7' € £(V') be an operator. The
characteristic polynomial of T is

XT(t) = det([T]g - tIddim(V))a

where & is any basis of V.

. J

Similarly, if T € £(V) is an operator on a finite dimensional vector space, using
Proposition 5.2.11 one can define its determinant by det(T') := det([T|%) for any basis
B otV.

Using our work on matrices, one can show the analogous of Theorem 5.2.5.

Theorem 5.2.13. ]

Let V' be a finite dimensional space, let T € £(V') be an operator and let A € F.
Then X is an eigenvalue for T if and only if it is a root of xr (that is, if and only

if xr(A)=0).
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Proof. Let B be a basis for V. Then A is an eigenvalue of T if and only if 7' — A\ 1dy, is
not an invertible map, if and only if

[T\ —1dy]% = [T1% — Mdgimv)

is not an invertible matrix, if and only if A is an eigenvalue of [T]g‘o'g We conclude by
Theorem 5.2.5. O

Corollary 5.2.14. Let V be a finite dimensional vector space over C and let T € £(V)
be an operator. Then T is nilpotent if and only if xp(t) = t3™V),

Proof. By the previous theorem, x,(t) = t3™(") if and only if 0 is the only eigenvalue of
T. By Proposition 5.1.38 this is equivalent to 1" being nilpotent. O

So the eigenvalues of T' are exactly the eigenvalues of [T'|%, where & is any basis of
V. How about the eigenvectors of T' 7 Recall that given a basis % of an m dimensional
vector space V', we have an isomorphism

[lg: V—F™

v [V] 5.

Theorem 5.2.15. ]

Let V be a m dimensional vector space, let T € £L(V) and let B be a basis
of V. Then for any v € V, the vector v € V is an eigenvector of T € L(V)
(corresponding to the eigenvalue \) if and only if [v]g € F™ is an eigenvector of
[T)Z € F™™ (corresponding to the eigenvalue \).

Proof. Recall we have a commutative diagram

v L v

[-ml lugg

F* —— F™
(T1%

where [+ ]g: V — F™ is an isomorphism. For every v € V we have [Tv|g = [T]2[v]g4.
Therefore, Tv = v if and only if [Tv]g = [M)]g if and only if [T]%[v]g4 = A[v]g, which
finishes the proof. O

Exercise 5.2.16. Let T € £(P(R),) be defined by T'(f(z)) := f(z)+ (z+1)f'(z). Find
the eigenvalues and eigenvectors of 7.

Solution. Let B = (1,z,2?) be the standard basis of P(R),. We compute:
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‘We hence have

110
A=[TZ=10 2 2|.
00 3

The characteristic polynomial of T' (and hence of A) is given by the following easy
computation

t—1 -1 0
0 t—2 —2}:@—1)@—2)@—3).
0 0 t—3

X7 (t) = det(A —t1ds) = det

We conclude that the eigenvalues of T' (and of A) are 1, 2 and 3. Finally, the eigenvectors

of T are given the eigenvectors of A. Therefore, to find it we need to solve system of
linear equations.

Eigenspace for A = 1. We have E(1, [T]%) = E(1, A) = null(Id; —A) and hence

E(1,T) = {z € R?| (A —Id;)z = 0}

IEERR

Therefore, E(1,T) = {a | a € R}. In other words, the eigenvectors of T' corresponding to
the eigenvalue 1 are exactly the non-zero constant polynomials.

Eigenspace for A = 2. This time we solve

E(2,T)={2€R3|(A—21d;)z =0}

B 1 -1 07 I+ 0
Azl o Il
| 23 0 0 —1] [ 0

fa
:{ a aER}.
10

Therefore, E(2,T) = {a + ax | a € R} and the eigenvectors of T' corresponding to the
eigenvalue 2 are {a +az|a € R,a # 0}.
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Eigenspace for A = 3. Finally we solve

E(3,T)={2z€R3| (A—31d;)z =0}

S
3] oenl

Therefore, E(2,T) = {a + 2az + az? | a € R} and the eigenvectors of T corresponding to
the eigenvalue 3 are {a + 2az + az? | a € R,a # 0}. O

The next result shows that the characteristic polynomial behaves well with respect to
restriction to invariant subspaces.

Lemma 5.2.17. Let V be a finite dimensional vector space and let T € £(V') be an
operator. If U C'V is a T-invariant subspace, then x| (t) divides xp(t).
U

Proof. Let of = (uq,...,u;) be a basis of U. Extend it to B = (uy, ..., u;, vy, ..., V,,_;)
basis of V, where | = dim(U) and m = dim(V) > . Write B = [T]Z and A = [T|
Then it follows from the definition of matrix representations that

a

A|C

0 |D

for some C € Fv™ ! and D € F™ 4™, Then xp(t) = det(t1d,, —B) = det(tId, —A) -
det(t1d,,_, —D) = x(t)xp(t). 0

While we were able to define the characteristic polynomial for a finite dimensional
space over F, for the following result we will need that F = C. This result explains the
name “algebraic mutliplicity” for m,, (A, T).

Proposition 5.2.18. Let V be a finite dimensional vector space over C and let T € £(V)

be an operator. Let \,...,\, be all the distinct eigenvalues of T. Then xp(t) =
(Al — t)malg(AllT) cee ()\k: — t)malg(AIwT)'

Proof. This directly follows from the matrix representation of T given in Proposi-
tion 5.1.56. U

We can finally prove one of the fundamental results of eigen-theory.
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Theorem 5.2.19 (Cayley—Hamilton theorems3).

Let V' be a finite dimensional vector space and let T € £L(V)). Then x1(T) = 04y

Proof. We will only prove the theorem for C and R. For a general field F, see Appendix 5.
Let us first suppose that F = C. Let Aq,..., A, be the eigenvalue of T'. Then
V= @le G(A;,T) by Theorem 5.1.49. Let v be any vector in V. Then v = vy + - + vy,

for some v; € G(A;,T). Using that (T — A; Idv)‘G is nilpotent on G(\;, T') we have

(AjvT)
(T — A, 1dy) ™= Dy = 0 for all j € {1,...,k}. It follows that

xr(T)v; = (
= (

And similarly, x(T)v; = 0 for all j € {1,..., k}. Therefore,

T — )\2 Idv)malg()‘Q) (T _ Ak Idv)malg()\k))(T _ )\1 Idv)malg()\l)vl

(
(T — Ay Idy,)™sP2) (T — A, 1dy, )™)Y = 0.

Xr(T)v = (Oxr(T)) (vy + -+ ) =0+ +0=0.

We now prove the case F = R. Let T be an operator on a real vector space V of
dimension m. Fix a basis & of V and let A = [T]% € R™™. The trick is that an m x m
matrix with real coefficients is also an m x m matrix with complex coefficients, so we can
apply the Cayley—Hamilton theorem to the complex matrix A. Here are the details. One
can define an operator S on C™ such that the matrix representation of S, with respect
to the standard basis & of C, is also A. That is, S =L,: C™ — C™, v = Av. Then
xr(t) = det(t1d,,, —A) = xs(t) and [xr(T)]% = xr(A) = x5(4) = [xs(S)]E = 0 is the
0 matrix. O

5.2.3 Minimal polynomial

Standing assumption

In this subsection, V' # {0} will always be a non zero finite dimensional vector
space.

The characteristic polynomial is a powerful tool that encode informations about
eigenvalues. But it is sometimes not precise enough. For example, the following two
matrices have the same characteristic polynomial (t — 1)? despite being quite different:

10 11
Id?z[o 1]’ A:[o 1]'

While these two matrices have the same characteristic polynomial, they are very different
from the point of view of eigen-theory. Indeed, we have C? = E(1,1d) 2 E(1,A4) =

{[] [z €c}.

3Named after Arthur Cayley (1821-1895) and William Rowan Hamilton (1805-1865), but the first general
proof was published by Ferdinand Georg Frobenius (1849-1917).
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In this subsection, we will introduce another polynomial naturally associated to an
operator, which will be able to distinguish between Id, and A.

Definition 5.2.20. |

A non-zero polynomial p(t) = a,t" +--+a,t+ay (a, # 0) is monic if the leading
coefficient is 1, that is if a,, = 1.

Example 5.2.21. If T € £(V) is an operator on a finite dimensional vector space
V # {0}, then x(t) is monic.*

Proposition 5.2.22. Let V # {0} be a finite dimensional non-zero vector space and let
T € £(V) be an operator. Then there exists a unique monic polynomial My (t) such that:

1. Mp(T) = 0gv);
2. My (t) has the smallest degree among non-zero polynomials satisfying 1.
Moreover, My (t) has degree at most dim(V).

Proof. Let m := dim(V). Then dim(£(V)) = m? and hence the family Id,,, T ..., 7™ is
linearly dependent in £(V). Let | := min{k | T* € span(Idy, T} ..., T* 1)}, so I < m? by
the linear dependence lemma (Lemma 2.4.36). Since T° = Id,, is not in span(@) = {0}
we have [ > 1.

By definition of [, there exists Ay, A{,..., A\;_; in F such that 0 = A\jIdy +M\T + - +
N T + T Define Mp(t) := ! + A8 + -+ Xt + Ay. Then M(t) satisfies 1, but
also 2 by minimality of [.

Suppose now that ¢(t) is also a monic polynomial satisfying 1 and 2. In particular,
q(t) is a monic polynomial with degq = degMp. Then, (M —¢)(T) =0—0 = 0 and
deg(M, —q) <1—1. We conclude that M, —gq is the zero polynomial and thus M, = ¢
is unique.

Finally, the characteristic polynomial x, satisfies 1 by the Cayley—-Hamilton Theorem
(Theorem 5.2.19) and has degree m = dim(V’). By minimality of the degree, M, has
degree at most m. O

Definition 5.2.23. ]

J

Let V' # {0} be a finite dimensional non-zero vector space and let T' € £(V') be
an operator. The minimal polynomial of T is the unique monic polynomial
My (t) € P(F) given by Proposition 5.2.22.

Lemma 5.2.24. Let V #+ {0} be a finite dimensional vector space and let T € £(V)
be an operator. Then deg(My(t)) > 1. Moreover, deg(M(t)) = 1 if and only if there
exists A € F such that T = \1d,,.

4This is why we choose to define x 4 (t) by det(¢tId —A) instead of by det(A — t1d).
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Proof. Since M (t) is monic, it is not the zero polynomial. But since M, (7T) = 0, M (¢)
cannot be a non-zero constant polynomial. We conclude that M (¢) has degree at least
1.

Since the minimal polynomial has degree at least one, we have My (t) =t — A if and
only if T'— AIdy, = 0, if and only if T'= A1dy,. O

The above lemma implies that the minimal polynomial distinguishes the matrices from
the introduction of this subsection.

Example 5.2.25. Let & be the standard basis of C? and let T be the operator

represented by [T]S = [(1) ﬂ Then xp(t) = (t—1)% = X1, (t)- However, Mp(t) has

degree at least 2 (and hence exactly 2 by Proposition 5.2.22), while My _(t) =t — 1.
C

Not only the minimal polynomial is the unique polynomial of smallest degree annulling
T, it is also the smallest one for divisibility.

Proposition 5.2.26. Let V # {0} be a finite dimensional non-zero vector space and
let T € £(V) be an operator. Then for any q(t) € P(F), q¢(T) = 0 if and only if M,(t)
divides q(t).

Proof. “«<” Suppose M (t) divides ¢(t). Then there exists a polynomial p(t) € P(F)
such that ¢(t) = My (¢)p(t). Therefore, ¢(T) = p(T) M (T) = 0.

“=" By the Euclidean division of polynomials, there exists r(t),s(t) € P(F) such
that q(t) = s(t) Mp(t) + r(t) and degr(t) < deg M, (t). Now, if ¢(T) = 0 we also have
r(T) = 0, which by minimality of M (¢) implies that r(¢) is the zero polynomial. That
is, q(t) = s(t) Mp(t). O

Corollary 5.2.27. Let V #+ {0} be a finite dimensional vector space and let T € £L(V)
be an operator. Then the minimal polynomial M (t) divides the characteristic polynomial

xr(t)-

Proof. This directly follows from the proposition and the Cayley—Hamilton theorem
(Theorem 5.2.19). O

Theorem 5.2.28. ]

J

Let V' # {0} be a finite dimensional vector space, let T € £L(V') be an operator and
let X € F. Then X is an eigenvalue of T if and only if it is a root of the minimal
polynomial.

Proof. “<” If Mp(A) = 0, then x,(A) = 0 and thus X\ is an eigenvalue of T' by Theo-
rem 5.2.13.

“=” We have My (t) = t' + a;_;t" 1 + -+ + a;t + a, for some | < dim(V) and some
coefficients a; € F. Suppose that A is an eigenvalue of 7'. Then there exists a non-zero
vector v with Tv = Av. Therefore, for all positive integer j we have T9v = Mv. Then
Mp(MNv = (A + a_ A7+ -+ a A + ag)v = My (T)v = 0. Since v # 0, we conclude
that M, (\) = 0. O
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Corollary 5.2.29. Let V #+ {0} be a finite dimensional vector space over C and let
T € £L(V) be an operator. Let Ay, ..., \; be the distinct eigenvalues of T'. Then there exists

integers ky, ..., k; with 1 < k; <mg (X, T) such that Mp(t) = (£ — A" - (8 — X))k

Example 5.2.30. Let & be the standard basis of C® and let T € £(C?) be the operator
given by

6 3 4
[TIE=10 6 2| = A
00 7

Then x5 (t) = (t — 6)2(t — 7) and the eigenvalues of T are 6 (with algebraic multiplicity
2) and 7 (with algebraic multiplicity 1). Then we have two possibilities for the minimal
polynomial: either M. (t) = (t — 6)%(t — 7), or Mp(t) = (t — 6)(t — 7). The second
possibility occurs if and only if (A —61d;)(A — 71Id;) = 0. But

03 4171 3 4 0 —3 =
(A—6Idg)(A—T7Idg)= [0 0 2|| 0 —1 2| =[x % x| +0,
00 1/L0 00 £k

where the * are entries that might or might not be 0. We conclude that M, (t) =
(t—6)2(t—7). Therefore, for all eigenvalues, the geometric and the algebraic multiplicities
are the same.

The minimal polynomial has the advantage to be able to distinguish operators that the
characteristic polynomial cannot. However, the minimal polynomial has the disadvantage
to be more complicated to compute in general. Hopefully, for nilpotent operators, one
can easily compute it.

Proposition 5.2.31. Let V # {0} be a finite dimensional vector space and let T € £(V)
be an operator such that T—\1dy, is nilpotent for some A € F. Let k be the smallest integer
such that (T — A1dy,)* = 0. Then X is the only eigenvalue of T and My (t) = (t — \)¥.

Proof. Let S := T — AId,. The minimal polynomial Mg(¢) is a monic polynomial
that divides (by Corollary 5.2.27) xg(t) = t4™V. Therefore, Mg(t) = t* for some
1 < k < dim(V). By minimality, k is the smallest integer such that S¥ = 0. We conclude
that My (t) = (t — \)*. O

Observe that if T is nilpotent, it satisfies the hypothesis of Proposition 5.2.31 for
A=0.

5.2.4 A word about matrices

All the work we did on nilpotent operators, the characteristic polynomial and the minimal
polynomial naturally translates to the realm of matrices. For example, we say that a
square matrix A € F™™ is nilpotent if there exists an integer k such that A* = 0 is the
zero matrix. One easily shows that an operator T' € £(V') on a finite dimensional vector
space is nilpotent if and only if the matrix [T]Z is nilpotent for any basis % of V. One can
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also define the generalised eigenspace of A as G(A\, A) := G(\,L4) = null(A — \1d,,,)™,
where L 4 is the operator defined by L, (z) = Az. Finally, the minimal polynomial of A
is defined in a natural way, and one have My (t) = Mpja(t).

The Cayley-Hamilton theorem Theorem 5.2.19 remains true for matrices. More
precisely, it says that for any square matrix A we have x4(A) =0 € F™™,

J Remark 5.2.32. ]

When seeing the Cayley—Hamilton theorem for the first time, some people would
like to write the following incorrect “proof” of the matrix version of the theorem:
“We have x 4(A) = det(AId—A) = det(0) = 0”. While this seems appealing,
this does not work. First of all, the matrix version of the theorem says that
X4(A) = Opn,» is the zero matrix, not the scalar Op = det(Opn.»). Secondly, in
the expression det(tId —A), the variable ¢ appears as the diagonal entries of the
matrix ¢ Id,,. To illustrate this, let us consider the simple example A = [é 8] (this
is the orthogonal projection onto the z-axis). This matrix has eigenvalues 0 and 1,
and hence characteristic polynomial ¢(¢ — 1). We can easily verify that the matrix
A indeed satisfy A(A —Id,) = 0. However, we have tId, —A = [tgl g] If we

substitute the matrix A for ¢ in this expression, we obtain

R )

which is not even a valid matrix expression.

Finally, here is an example showing that the above incorrect proof cannot be
made correct. Let g4 (t) := tId —A be the trace (sum of the diagonals entries)
of tId—A. Then g4(A— A) = q(0) = 0, but g4(A) # 0 in general. If we take
A= [é 8] as above then g, (t) =t — 14+t = 2t — 1 and we easily verify that

qa(A) =2A-1d, = [ O] #0.

When solving concrete problems about T' € £(V), it is often easier to take a basis
3B of V, translate the problem into a problem for [T]%, solve the matrix version and
then translate the solution back to T'. Let us exemplify that by computing the minimal
polynomial of an operator.

Example 5.2.33. Let T' € £(V) be an operator on a finite dimensional vector space.
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Suppose we have a basis & such that

T _
Lok

.)\1

A

(If V is a complex vector space, such a basis always exists by Proposition 5.1.56.) The
minimal polynomial of T is hence of the form My (t) = (t — A;)¥1 - (t — \;)*t for some
kj € {1,...,my,(A;,T)}. Write Ay, ..., A, for the diagonal blocs occurring in [T)%. To
compute k;, observe that N; := )\ Idmalg(AhT) —A, is a triangular matrix with Os on
the diagonal, and hence nilpotent. Therefore, My (t) = tF1, where k, is the smallest
integer such that (N;)** = 0. In other words, to find k, it is enough to compute
N, N2, ... ,Nlmalg()\l’T) and to stop as soon one of those matrix is the 0 matrix. Finally,
My (t) =My (t—X) = (t— A;)¥1. The other exponents ks, ..., k; are computed in a
similar way.
Let us apply this procedure on a concrete example. Suppose that

3

Then xp(t) = (t —1)2(t — 3)2 and M (t) = (t — 1)*1(¢t — 3)*2 with 1 < ky, ky < 2. Using
the above notation we have A; = [(1) ﬂ and N; = [8 g] So N; # 0 but N2 = 0 and we

conclude that k; = 2. For the eigenvalue 3 we have A, = [g g] and Ny, =0, so k, = 1.
Altogether, M, (t) = (t — 1)%(t — 3).

5.3 Jordan normal form

In this section, we will finally give the definitive answer to our main question.

Major Question 3.2.47. ]

Given V and T € £(V), find a basis % such that [T]Z is “as simple as possible”
(for example: diagonal, upper triangular, with many zeroes, ...).
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5.3.1 Existence of the Jordan normal form

We already saw in Proposition 5.1.56 that if 7' is an operator on a complex finite
dimensional vector space, there always exists a basis such that [T]g is a diagonal by
blocks matrix. Moreover, if Ay, ..., \; are the eigenvalues of T', then [T]% has [ diagonal
block Aj, ..., A}, and each A; is an m,),(A;, T') X m,},(A;, T) upper triangular matrix with
A; on the diagonal. In this section, we will see that one can always choose a basis such
that the A; itself are made of particularly nice blocks.

'_[ Definition 5.3.1. ]

A square matrix J € F¥F is called a Jordan block of eigenvalue A € F if it is of

the form
A

1
Al
J=
1
A
In particular, if K = 1, then a Jordan block of eigenvalue A is simply the following
1 x 1 matrix [)\]

. J

It directly follows from the definition that the eigenvalues of a k x k£ “Jordan block of
eigenvalue \” J is indeed A, with algebraic multiplicity k. We have x ;(t) = (t — A)* and
the matrix AId; —J is nilpotent. Moreover, by direct matrix computations we have

0.---0 —1

k-1 h 0

0
Therefore, (AId;, —J)¥ = 0 and M (t) = (t — A\)* by Proposition 5.2.31.

Proposition 5.3.2. Let

. E Fm,m
J

n

be a matriz where each J; € F*iki s a Jordan block of eigenvalue A and size kj. (So
m = Z?Zl k;.) Then x;(t) = (t—=X\)™ and M;(t) = (¢t — M where k = max{k,, ..., k,}.

Proof. This is basically Example 5.2.33. But here is a detailed proof. The matrix J is
upper triangular, of size n with A on the diagonal. This directly implies the formula for
the characteristic polynomial. For the minimal polynomial, since J is diagonal by block,
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we have
(AIdy, —J;)!
(AId,, —J)! = (A1dy, =) .
(AL, —J,)!
for all I € N. Therefore, M, (t) = (t — A\)¥ for
k=min{l| Vj € {1,...,n}, (J; — A1dy )" = 0} = max{ky, ..., k,}. O

Example 5.3.3. Let m =4 and A = 2. Up to permutation of the blocks, there are 5
matrices that are diagonal by [Jordan blocks]:

2 1 1 2 1
2 2

1
20 | 2 11|’

1
2 ] 2] 2

1
2

! 2] 2]

All of these matrices have characteristic polynomial x,(t) = (t — 2)*. For the minimal
polynomials, we have M (t) = (t — 2)%, Mg (t) = (t —2)3, M, (t) = M, (t) = (t — 2)?
and My (t) =t —2.

The case of Jordan blocks of distinct eigenvalues is similar to what happens in Propo-
sition 5.3.2. Simply treat together all the block sharing one common eigenvalue.

Example 5.3.4. Let

5]
Then we have M 4 (t) = (t — 4)2(t — 5), where the exponent 2 in (¢t —4)? is the size of the

largest Jordan block of eigenvalue 4, while the exponent 1 in (t —5)! is the size of the
largest Jordan block of eigenvalue 5.

In Question 3.2.47 we asked if it was always possible to have a “nice” matrix represen-
tation of an operator. By nice, we mean: a diagonal by Jordan blocks matrix.

Definition 5.3.5. ]

Let V' # {0} be a finite dimensional vector space and let T' € £(V') be an operator.
A Jordan normal form (also called a Jordan normal form) for T is a matrix
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representation of the form
Ji

[T]g = ) (5-6)
J,

where J; is a Jordan block of an eigenvalue of T' (different blocks might have the
same eigenvalue).

A basis & for which [T]Z is a Jordan normal form is called a Jordan basis for 7.
A square matrix is a Jordan matrix if it is diagonal by block, with each block a
Jordan block. That is, if it is as the matrix appearing in the right-hand side of
Equation (5.6).

Let A € F™™ be a square matrix. The Jordan normal form of A is the Jordan
normal form the operator L, € £(F™), L4: v Av.

As a direct corollary of Proposition 5.3.2 we obtain.

Corollary 5.3.6. Let V #+ {0} be a finite dimensional vector space and let T € £L(V)
be an operator. Suppose that T admits a Jordan normal form J and let \j, ..., \; be
the distinct eigenvalues of T. Then My (t) = (t — Ay - (8 — X)) where ky s the
mazimal size of a Jordan block of eigenvalue A; occurring in J. ’

Every nilpotent operator admits a Jordan normal form (here we don’t need that
F=0C).

Lemma 5.3.7. Let V # {0} be a finite dimensional vector space and let T € £L(V) be
a nilpotent operator. Then there exists a Jordan basis B for T. Moreover, the Jordan
normal form for T is unique up to a permutation of the Jordan blocks.

Proof. If T = 0 is the zero operator, then in any basis the matrix representing T is the
0 matrix and hence a Jordan matrix. We can hence suppose that T'# 0. Let k be the
smallest integer such that 7% = 0. By the above, k > 2.

{0} = ker(T°) C ker(T) C - C ker(T*1) C ker(T*) = V.

In Proposition §5.1.37, we started with a basis of ker(T') an extended it step by step
to obtain a basis € of ker(T*) = V such that [T]Z is upper triangular (with 0 on the
diagonal). Here we will go in the opposite direction: start with a maximal independent
family of ker(7%) \ ker(T*1) and extend it carefully to a basis & of V such that [T]Z is
a Jordan matrix.

For j € {1,...,k}, let us write d; := dimker(T7). So 1 < d; < dy < - < d;, and
d; = dim(E(0,T")) is the geometric multiplicity of 0 while d;, = dim(G(0,7T")) = dim(V)
is the algebraic multiplicity of 0. Write ¢, := d;, — d;,_; > 1. We will show that J has ¢,
blocks of size k.
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In order to ease the understanding of the proof, we will illustrate it (in blue) for

We have dj, = dj,_; + ¢;,. Therefore, it is possible to find ¢;, vectors vy 1, vy 9, .., Vg ¢,
in ker(T*) such that span(ker(T*1), v, 1, vy, ... Ve, ) = ker(T*). (For example, take
any basis of ker(T*"!) and extend it to a basis of ker(T*).) This implies in particular
that the vy, 1, vy 9, ..., V4, are linearly independent and moreover that a non-trivial linear
combination of the vy, 1,vy o, ..., V4, never belongs to ker(T*~1). For l € {1,...,¢c;} and
jeAL .., k—1}, let v, == Tk_jvk,l. So for example, v,_y 3 = T2’Uk’3. In our example,

J
we have ¢, = 2, which gives us the following 8 vectors.

ker(T) C ker(T?) € ker(T3) C ker(T*) = V. (5.7)
V1,1 V21 V31 V4,1
V1,2 V2 2 V3 2 V4,2

Since the vy ; are in in ker(T*) but not in ker(T*1), the v;, are in in ker(77) but not
in ker(77~1). Moreover, it follows from the fact that non-trivial linear combination of
the vy 1,y 9, ., Uy, Dever belongs to ker(T*~1) that the list

‘%k = (Ul,la v2,17 7Uk,17 7U1,ck’ 7Uk,ck)

is linearly independent.
Observe that T'(v; ;) = v;_q; if j > 2 by definition, and T'(v; ;) = 0 as vy ; is in ker(T').
Before going further, let us look a little more at 9%,,. As we have just seen, U, := span(%,,)

is T-invariant and [T'[ ]g’; is a diagonal by block matrix, with ¢; Jordan blocks of size k.
k

1 2 k
1 1[0 1
J. of
B 2
[T|Uk]@i = o ’ gy = 1
J, k 0

We will now take care of the Jordan blocks of size k — 1 (if any). Let ¢;_; :=
dy_, —d,_5 —c,. By the above, ¢,_; > 0. If ¢;,_; = 0, then there will be no Jordan
blocks of size k — 1 and we can directly go to the next step. This is the case in our
example, so we do not add vectors to the list in Equation (5.7). If ¢,_; > 1, take any

basis €,_, of ker(T*72). It is possible to complete Gl—2s Vk—1,15 > Up—1,¢, 1O @ basis
Gr—s V1,15 > Vbo1,00 V1,410 -+ Uk 1,cpep s of ker(T*1). Forl € {c, +1,...,¢; +
¢,1} and j e {1,...,k—2}, let v;,; := T*Juv; ;. Then both the list

‘%kfl = (Ul,ck+17 7Uk71,ck+17 7U1,ck+ck,17 7vk71,ck+ck,1)

and %), U %y, are linearly independent. Moreover, for any v;, € B, UBy,_, T(v;,) =

vy, if j > 2 while T(v, ;) = 0. Finally, U,_; := span(%j_,) is T-invariant and

[T, ]g’:i is a diagonal by block matrix, with ¢, _; Jordan blocks of size k — 1.
k-1 -
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We conclude that U, 4+ U,_; is a direct sum, that U, @ U,_; is T-invariant and that

[T, oU ]gigg:*l is a diagonal by block matrix, with ¢; Jordan blocks of size k followed
kOVg-1 —1

by ¢,_; Jordan blocks of size k — 1.

g, -
[T‘ ]@kU@k_l — Jck
Uk®Uk—1 '%’ku'%k—l Jck—i-l ’
L CptCr—1
( 1 2. k-1 K
1[0 1 i
: ROV | if je{1,...,¢},
k-1 0
Ji=9 kL 0]
1 2 k—1
1[0 1
2 ' . .
: ifje{c+1,...,¢c,, + 11}
= 0
Iterating this procedure, we obtain integers ¢, _o = dj,_o — d;,_3 — ¢, — 1 Up to
ci=d;—0—c¢,——c, and B = B, URB;,_, U--UB, is a basis for V such that [T]Z%
is a diagonal by block matrix, with ¢; Jordan blocks of size k, ¢,_; Jordan blocks of size
k—1, .., and ¢; Jordan blocks of size 1. In our example, we have c; =0, ¢, = 1 and

¢y = 0, which gives 11 vectors forming a Jordan basis

ker(T) C ker(T?) C ker(T3) C ker(T*) = V.
v1,1 0 Va1 ‘_' V3.1 ~ Vg1
V1,2 A V3,2 <« V3,2 An Vg2
V1,3 i V2.3
V1,4

For our particular example, we conclude that the normal Jordan normal form has 2
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Jordan blocks of size 4, 0 of size 3, one of size 2 and one of size 1.

[0

1 -
01

0 1
0

S =

O =

i 0]

In order to finish the proof, we still need to show the unicity of the Jordan from.
But in any Jordan normal form, a Jordan block of size k£ in a Jordan normal form of T’
correspond to a vector in ker(T*) \ ker(T*~1). Therefore, the number of Jordan blocks
of size k is equal to ¢, = dim(ker(T*)) — dim(ker(7™')), which depends only on 7.
Similarly, one can show that for every j € {1, ..., k}, the number of Jordan blocks of size
J is exactly c¢; and hence depends only on T'. This proves that the Jordan normal form is
unique, up to permutation of the Jordan blocks. O

We finally answer Question 3.2.47: every operator on a complex vector space admits a
nice matrix representation.

Theorem 5.3.8. ]

Let V #+ {0} be a finite dimensional vector space over C and let T € £L(V') be an
operator. Then there exists a basis B of V such that [T|% is a Jordan normal form

for T. Moreover, the Jordan normal form for T is unique up to a permutation of
the Jordan blocks.

Proof. Let A, ..., \; be the eigenvalues of T. Then, by Theorem 5.1.49, V = G(A\;,T) &

- @G(\, T), each of the U, := G(;, T) is invariant by T'—\;Idy, and S, :=T — A, IdV‘Uj

is a nilpotent operator on U;. Therefore, by Lemma 5.3.7 there exists a basis %; be a basis

of U; for which [S]]g’ is diagonal by [Jordan blocks of eigenvalue 0]. We conclude that

J

[T]U]gJ is diagonal by [Jordan blocks of eigenvalues A,]. Finally, # = %, U---U%, is a basis

for V (by direct sum) and [T]Z is diagonal by block, with blocks [T|U1 gi, s [T\Um]gi
(by invariance of the U; and construction of %):

&

T3] cs,

B
[T]g — [T2].93’z ]

.
T3] g,
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By looking carefully at the proofs of Lemma §5.3.7 and Theorem 5.3.8 one obtain the
following important relation between the Jordan form and the geometric multiplicity.

Proposition 5.3.9. Let V # {0} be a finite dimensional vector space over C and let
T € £L(V) be an operator. Let X\ be an eigenvalue for T. Then my., AT is the number of
blocks of eigenvalue A in any Jordan form of T.

Proof. In the proof of Lemma 5.3.7, each sequence vy ;, ... s Vr g gives rise to one Jordan
block. The number of such sequences is equal to the dimension of ker(7').

Therefore, for a general (not necessarily nilpotent) operator, the number of Jordan
blocks of eigenvalues X in a Jordan form is equal to dim(ker(T — AId)) = my,, AT. [

Theorem £5.3.8 relies on Theorems 5.1.48 and 5.1.49. A careful look at the proofs of
these results shows that the key point is that the operator T has “enough eigenvalues”,
which is equivalent to xp(t) = (t — A\)™aeP0T) (¢ — \))a=(A0T) gplits as a product of
monomial. So we have

'_[ Theorem 5.3.10. |

Let F be a field, V # {0} be a finite dimensional F-vector space and T € £(V)
be an operator. Suppose that xp(t) = (t — Ay)® - (t — X\)% for some \; € F and
a; € N. Then

1. The \; are the distinct eigenvalues of T and a; = m,,(A;,T);

alg

2. Each of the G(\;,T) is a T-invariant subspace;
5. V=GO, T) @ &GO\, T);

4. The operator T := (T — X;1dy,)| \ is a nilpotent operator on G(A;,T).

G\, T

5. There exists a basis B of V such that [T]% is a Jordan normal form for T.
Moreover, the Jordan normal form for T is unique up to a permutation of
the Jordan blocks.

Below is a small example that follows the algorithm of Lemma 5.3.7 to find a Jordan
basis.

2
Example 5.3.11. Let A = [é 3 2}. Since A is triangular, its only eigenvalue is 2, with
algebraic multiplicity 3.

We compute

0
2M—A:[40], (2I1d—A)2 = 0.
000

So we have {0} C ker(2Id—A) C ker(2Id—A)? = V and M,4(¢) = (t — 2)2. In other
words, in the Jordan normal form for A the size of the biggest Jordan block is 2. Since
A is a 3 x 3 matrix, it means we have two Jordan blocks, the second one being of size 1.

21
That is, the Jordan normal form of A is J = []
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0 f 0
To find a Jordan basis, we solve [*1 0 ] [y] = [8] and find ker(2Id—A) = E(2,4) =

000] Lz
{{72] Y,z € R}. This means that dim(ker(2Id —A)) = 2 while dim(ker(2Id —A4)?) =
dimV = 3. Since 3 —2 = 1, we need to find one vector vy, in ker(2Id —A)*> =V but

1
not in ker(2Id —A). One can for example take vy ; = [8].

Now, we compute

v = (21d—A)vy = [—(1) 0 ] [é] = [—(1)].

000] [0 0

Finally, we complete v, ; into a basis (v; 1,v; ) of ker(21d —A). One can for example
0
take vy 5 = [?]

Altogether, vy 1,v; 1,v; o is the desired Jordan basis.

'[ Remark 5.3.12. ]

A careful analysis of the proof of Theorem 5.3.8 shows that even if F # C, the
proof still works for all T" with “enough” eigenvalues. For F = R this means
that all complex eigenvalues are real numbers. In general, this mean that the
characteristic polynomial can be written as a product of degree 1 polynomials:
xr(t) = (t — Al)malg(/\l) N~ )\l)malg(/\z).

While we will no check the details of the above assertion, we will use it to prove
the next corollary.

\.

Corollary 5.3.13. Let V # {0} be a finite dimensional vector space and let T € £L(V)
be an operator. Let Ay, ..., \; be the distinct eigenvalues of T'. Then T is diagonalisable

if and only if Mp(t) = (t —Ay) - (t—N))-

Proof. Suppose that T is diagonalisable in some basis . Then [T]g is a Jordan normal
form for T', in which all blocks have size 1. We conclude that My (t) = (t —Ay) - (t — X;)
by Corollary 5.3.6.

Now suppose that M, (t) = (t — Ay) -+ (t — A;). Then T admits a Jordan normal form
J by Theorem 5.3.10. The maximal size of a Jordan block with eigenvalue A; in J is 1
(the exponent of (£ — A;) in Mz (t). So all Jordan blocks have size 1 and J is a diagonal
matrix. g

In term of matrices, we obtain the following results.

Lemma 5.3.14. For every A € C™™ there exists an invertible matrix P € C™™ such
that P~*AP is the Jordan normal form of A.

If (vq,...,v,,) is a Jordan basis for A, then one can take P = [v; vy ... v,,] (v; is the
§™ column of P).
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Proof. Let us write L, € £(C™) for the operator L 4(v) = Av. Then we have [L4]€ = A
for the standard basis &, while by Theorem 5.3.8 there exists a Jordan basis % such
that [L4]% =: J is a Jordan matrix. But then the matrices 4 and J are similar.

If # = (vq,...,v,,) is a Jordan basis, with corresponding Jordan matrix J, then
AP = [Av, Avy ... Av,,)] = [v; vy ... v,,]J = PJ,so PP AP = J as desired. O

Corollary 5.3.15. Two complex square matrices A, B € C™™ are similar if and only
if they have the same Jordan normal form.

Proof. “=" If the matrices A and B are similar, they represent the same operator T" and
hence have the same Jordan normal form (up to permutation of the Jordan block).
“«<” Let J be the Jordan normal form of A and B. Since the Jordan normal form
is unique (up to permutation of the Jordan block), J = P7'AP = Q !BQ for some
invertible matrices P, ) € C™™. This gives A = (QP_l)le(QP_l). (Observe that the
“«<” implication is true for any field F, not only for C.) O

The following summarises the important relations between eigen-theory and the Jordan
normal form.

'_[ Summary 5.3.16. ]

Let V # {0} be a m dimensional vector space over C and let T € £(V') be an
operator. To such a T, one can associate:

o Its distinct eigenvalues Ay, ..., \; (we necessarily have 1 <[ < dim(V));
o For each eigenvalue, its algebraic multiplicity m,,(A;, T) = dim(G();,T'));

o For each eigenvalue, its geometric multiplicity my.,(A;,T) = dim(E(\;, T));

geo
o The characteristic polynomial xp(t) = (t — Ay )PasP) o (f — X)) PaeX0)

e The minimal polynomial Mp(t) = (£ — A) - (& — X)), where the k; are
positive integers;

e The Jordan normal form J of T.
Then we have the following:
o m,(A;) €{1,...,dim(V)} and Z;=1 m,,(A;) = dim(V') (Theorem 5.1.49);

, where J, is the Jordan normal form of T|G(>\ )
J 'a

..J)\
(Theorem 5.3.8);

l
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o My, (A;) € {1,...,my,(A;)} is the number of Jordan blocks of eigenvalue ),
in J/\j. In particular J>\j is diagonal if and only if and only if m,.,(A;) =
My, (A;) (proof of Lemma 5.3.7);

. kAj € {1,...,my,(X,)} is the size of the biggest Jordan block of eigenvalue
Ajin JAJ_. In particular J>\j is diagonal if and only if and only if all kAj =1
(Corollary 5.3.6);

 The sum of the size of all Jordan blocks of eigenvalue A; is equal to malg()\j)
(follows from the definition of m,,(A;)).

5.3.2 Computation of the Jordan normal form

Knowing that the Jordan normal form exists is good. Being able to compute it is better.
This is the subject of this subsection. As we have seen in the last subsection, in order to
find a Jordan basis for a matrix A or for an operator T, it is enough to be able to find a
Jordan basis %; it for each generalised eigenspace G(};, A), which is done by looking
at null(A;Id —A4) ¢ - C null(A; Id —A)ki = G(Aj, A), where 1 < k; <m,,(A;, A) is the
smallest integer such that (A;Id —A)*i = 0. Alternatively, k; is the size of the biggest
Jordan block of eigenvalue A; in the Jordan normal form of A.
Let us work on a concrete example.

Example 5.3.17. Let A be the complex square matrix

9 —4 2 2 t—2 4 -2 2
2 01 3 2 t -1 -3
A=19 9 3 3] sotldy—A=1 o o, 3 3
9 6 3 7 9 6 -3 t—7

We start by computing the characteristic polynomial of A. We will prove that x 4(t) =
(t —2)%(t —4)2. Tt is of course possible and easier to ask a computer to do it. We will do
it by hand to show how it can be done. First do rows operations (that do not change the
determinant) on tId, —A: 7y > r; + (1 —1t/2)ry, 75 > 753 — 1y and 74 > 14 — 75 to Obtain

2 3

0 -5 +t+4 -3 3—5
det(A — t1d,) = det | 2 ¢ -1 3
0 —t+2 t—2 0

0 —t+6 -2 t—4

2 3 -

—L4t+4 L3 325

—t+6 -2 t—4
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which we can develop along the third column to obtain

- —t+2 t—2 L t+4 L-
det(A—tId4)—(10—3t)det[_t+6 _2]+(8—2t)det[ t12 t—9

= (10 — 3t)(—4 + 2t — (—12 + 8t — t?))
3 2
+(8—2t)(—8+2t+2t* -5 — (—6+4t— %))
= (10 — 3t)(8 — 6t + t2) + (4 — t)(—4 — 4t + 5t2 — 3)
= (80 — 84t + 282 — 3t3) + (—16 — 12t + 24t? — 9¢3 + t1)
=t4 —12t3 + 52t2 — 96t + 64.

So we have x 4 (t) = t* — 12t3 4+ 52t% — 96t + 64 and we still need to find the roots. Since
all the coefficients are integers, if a rational root exists it is of the form »/q, where p
is a divisor of 64 (constant coefficient) and ¢ a divisor of 1 (leading coefficient).5 So
the possible rational roots are in {41, +2, 44, +8, +16,4+32, +£64}. By testing, we find
that both 2 and 4 are roots. Therefore, (t — 2)(t — 4) = t? — 6t + 8 divides x 4(¢). A
polynomial division (similar to a long division) gives us t* —12t> + 52t — 96t + 64/12 _ 61+ 8 =
t2 — 6t +8 = (t —2)(t —4). We have just showed x 4(t) = (t —2)%(t —4)2. Therefore, the
eigenvalues of A are A\; =2 and A\, = 4, both with algebraic multiplicity 2. We will now
give two methods to compute the Jordan normal form. The first one will always work
and gives a Jordan basis, but might be computation intensive. The second one might
not work for big matrices, but is easier for small matrices.

Method 1: follow the proof of Lemma 5.3.7. For every eigenvalue, we will compute
the nullspaces of (A\Id —A)? for 1 < j < m,, (A, A) to determine the number and sizes of
Jordan blocks corresponding to eigenvalue .

For A\; = 2. We have m,,(2, A) = 2 hence {0} C null(2Id; —A) C null(21d, —A)? =
G(2,A). So we will have 1 Jordan block of size 2 and eigenvalue 2 if null(21d, —A) #
null(21d, —A)?%, but 2 blocks of size 1 if null(2Id, —A4) = null(21d, —A)2. We have

0 4 -2 -2
2 2 -1 =3
2 6 -3 -5
To compute null(21d, —A), we solve the system
0 4 -2 -2 T 0
2 2 -1 =3| |y| o
2 2 -1 -3 z| |0
2 6 -3 =5 w 0

5This is the “rational root theorem”, which is not a trivial result.
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Since the second and third rows are equal and r, = r; + ry, this system is equivalent to

x
04 —2 2] [y| o
{2 2 -1 —3]' z _[o]
w
2y—=z
So we have null(2Id, —A) = Y1 1y,z € R}. This is a dimension 2 subspace and
2y—=z

hence equal to G(2, A). Therefore, we can choose any basis of null(2Id, —A) as a basis
of G(2, A). For example, one can take v; = [2,1,0,2]T and v, = [0,1,2,0].

We now take care of A\, = 4. Once again m,,(4, A) = 2 and we thus have 1 Jordan
block of size 2 if null(41d, —A) # null(41d, —A), but 2 blocks of size 1 if null(41d, —A) =
null(41d, —A). We have

2 4 -2 =2
2 4 -1 -3
2 6 -3 -3

To compute null(A—41d,), we solve the system (where we do 7o > 174 — 7, '3 > 75 —77)

0 4 —2 —21 [z 0 2 4 —2 —21 [z 0
2 2 -1 —3| |y 0 0 0 1 —1| |y 0
2 2 —1 =3 |z T lo| = o —2 3 —1| |z| " |o|"
2 6 -3 —5] |w 0 2 6 -3 —3] |w 0

We hence have y = z = w and = = 0. Since null(41d, —A) is of dimension at least 1, we
conclude {0} C null(41d, —A) = {[0,y,y,y]" | y € C} C null(41d, —A)%? = G(4, A). We
have

1 2 -1 -1
11 0 —1
A2 —
(41, -2 =4|, o | ||
1 2 -1 —1

It is not necessary to have a full description of null(41d, —A)?, only to find a vector v, that
is inside null(41d, —A)?, but not inside null(41d, —A). One can solve a system to find
v, or simply guess v, = [1,—1,—1,0]T. Finally, taking vy = (41d, —A)v, = [0,1,1,1]T
gives us a basis vs, v, of null(4I1d, —A)? = G(4, A) with v; € null(41d, —A).

Let us take B = (v,, vq,v5,v,) for a basis. We have Av, = 2v;, Avy, = 2v,, Avg = 4u,
and Av, = vg + 4v,. So, for P := [v; vy v3 v,] wWe have
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That is:

PlAP = = J

is the Jordan normal form of A.

Method 2: compute the minimal polynomial. The characteristic polynomial of A is
Xa(t) = (t —2)%(t — 4)%, and thus the minimal polynomial is M 4 (t) = (t — 2)%(¢t — 4)%
for some 1 < ky < 2 and 1 < k; < 2. We hence have 4 candidates: (t —2)(t —4),
(t—2)%(t—4), (t —2)(t —4)? and (¢t — 2)(t — 4). Among these four polynomial, we need
to find the minimal one satisfying p(A) = 0. This means we need to test at most 3
polynomials. We have

0 —4 2 2172 —4 2 0 000
2 —2 1 3||-2 —4 1 3 0 —4 * =
(A=2Md)(A-4ld) =1 5 5 1 3||—2 —2 —1 3|~ |« *
—2 —6 3 5] -2 —6 3 3 * x x

Exercise 5.3.18. For the following four matrices, decide which ones are similar. (They
all have characteristic polynomial t* and are hence nilpotent.)

70 1 00 7 70 1]0 0 7
00 1/0 0 0[0 0
A=1100 olo |’ B=\1%"0T0 11"
| 0 0 0[0]. L0 0/0 O]
70 1]10 0 7 00 1 07
0 0/0 0 000 1
C=19"0T0l0 | D=149000
L0 0 0[0]. L 00 0 0|

Solution. The matrices A, B and C are already in Jordan normal form. These Jordan
normal form are distinct (even up to permutation of the blocks), which implies that
these matrices are mutually non-similar. For D, we have rank(D) = dim(col(D)) = 2
so dim(null(D)) =4 —2 = 2. But D? = 0 and thus dim(null(D?)) = 4. So we choose
2 = dim(null(D?)) — dim(null(D)) vectors u, and v, in null(D?) but not in null(D).
Then we write u; := Du,y and v; := Dv, to obtain a basis (u;,u,,v;,vs) of C%. Since we
have two sequences u;, uy and vy, vy of length 2 we have two Jordan blocks of size 2 x 2.
In other words, the Jordan normal form of D is

0 10

o =IO O

0 0]0
0 00
0 00

Therefore, D and B are similar. O
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While the minimal polynomial and the characteristic polynomial are useful tools to
compute the Jordan normal form, they are not always sufficient to recover the Jordan
normal form as demonstrated by the following example.

Example 5.3.19. The following two matrices have the same characteristic polynomial
(t —2)* and the same minimal polynomial (t — 2)2, but not the same Jordan normal
form.

2 1
2 B

Observe that the geometric multiplicity of 2 in A is 2, while it is 3 in B, so we can still
distinguish A and B using eigen-theory. (In both cases, the algebraic multiplicity of 2 is
4.

For following two matrices, the only eigenvalue 2 has geometric multiplicity 2 and
algebraic multiplicity 4 in both cases, but the Jordan normal form are not the same.

2 2 1
1 2
2 ’ 2 1

2] 2

Observe that the above two matrices do not have the same minimal polynomial and so can
still be distinguished by eigen-theory. Indeed M (t) = (t — 2)2 while M (t) = (t — 2)%.

It is possible to construct bigger matrices such that eigen-theory is not able to distin-
guish between them. The following two matrices have the same characteristic polynomial
(t —2)7 and the same minimal polynomial (¢ — 2)3. Moreover, they have the same eigen-
values 2, with the same algebraic multiplicity 7 and the same geometric multiplicity 3.
Nevertheless, they do not have the same Jordan normal form.

1
2

N2 1 T N2 1
2 1 2 1
2 2

N =

N

2 1
i 2]l i 2]

The matrices from Example 5.3.19 were not randomly chosen. Indeed, one can prove:

Lemma 5.3.20. Let V be a finite dimensional vector space over C and let T be an
operator with only one eigenvalue, so xp(t) = (t — X\)™=%N and My (t) = (t— \)*r. Then

(recall that mge,(A;) = dim(E(X;,T)) is the geometric multiplicity)

geor"J

1. If my(A) <3, then (m,,(A), ky) determines the Jordan normal form J of T}
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2. If m,,(X) <3, then (m,,(N), my, (X)) determines the Jordan normal form J of
T;

8 If my,(X) <6, then (my,(N), ky, mye,(N)) determines the Jordan normal form J
of T.

Proof. By Theorem 5.3.16, J is a matrix of size m,),(A) with m,,, () blocks of maximal
size ky. To determine J, it is enough to know the number b,, of blocks of size n for each
1 <n <m,,(A). But the total size of J is the sum of the size of the blocks:

malg(/\) =1+ 41424424tk ++k,, (5.8)

by b, b

ky

where b, > 0 for n € {1,...,ky — 1}, by, > 1 and by + by + - + b, = m,,,(A) is the
number of blocks.

For a given m,},(A\) < 6, one can list all the decompositions according to Equation (5.8)
and check that no two such decompositions share the same triple (m,,(A), ky, Myeo(A))-
Alternatively, one can try to find the smallest counterexample possible. This will both
prove the statement and explain how to obtain the matrices Example 5.3.19.

First of all, in order to find two distinct decompositions of a given m,,()), one should
have k) > 2, as there exists a unique decomposition of m,),()) using only 1s. It is also
trivial that such a counterexample need to use at least two summands, that is m,. (A) > 2
and so m,,(A) > ky + 1.

If k5 > 3, then m,),(A) > 4. If k) = 2, then the only possibility tow have two different
decomposition of m,),(A) is to have a 2 in such a decomposition that splits into two 1s in
the other decomposition. But in 2 =1 + 1, the left hand side has k, = 2 while the right
hand side has ¢, = 1. Therefore, the smallest counterexample to 1is 24+2=2+1+1,
which is matrices A and B from Example 5.3.19.

If one uses only 1s and 2s, one cannot write m,, () in two different ways using the
same number of summands. In other words, a counterexample to 2 necessarily has k, > 3.
Which, using my,(A) > 2, gives us m,,(A) > 4. For an explicit counterexample, one can
hence take 3 + 1 = 2 4+ 2, which is matrices C' and D from Example 5.3.19.

For 3, one already knows that a counterexample has k, > 3. Moreover, since both
decomposition have the same c, the smallest counterexample possible is 3+341 = 34242,
which is matrices E and F' from Example 5.3.19. O

geo
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[ To go further

The content of this appendix can be skipped without harm and will NOT be
in the exam. As its name suggests, it is meant for readers interested in delving
deeper into the theory of vector spaces.

1 More about set theory

The formalisation of set theory and the use of infinite sets' were two major achievements
of the 20™ century mathematics. They were the tools that allowed to ground mathematics
in logic and they still are the foundations of most modern mathematics.

In what follow, we will only take a glimpse at set theory. We will neither be fully
formal nor go into the details. Good references to learn set theory are:

o Herbert B. Enderton, The Elements of Set Theory (Academic Press, 1997);
o Derek Goldrei, Classic Set Theory (Chapman & Hall/CRC 1996);

o The Open Logic Project, Set Theory, An Open Introduction (https://builds.
openlogicproject.org/courses/set-theory/)

1.1 A glimpse at set theory

In Section 1.1, we only saw a naive version of set theory where sets were “collection of

elements” and were not properly defined. We will present here a less naive version, even

if not totally formal. The version of set theory we present is known as (ZF) set theory:?
The main idea of (ZF) is that we have:

1. The standard symbols of logic: = (equality), — (negation), V (disjunction, “or”), A
(conjunction, “and”), = (logical implication), V (“for all” quantifier), 3 (“there
exists” quantifier), ( and ) (parentheses);

2. Variables X;, X5, .., all of them representing “sets”;

*Notably by George Cantor (1845— 1918).

2(ZF) is named after Ernst Zermelo (1871-1953) and Abraham Fraenkel (1891-1965). There exist other
axiomatisations of set theory, as (NBG), named after John Von Neumann, Paul Isaac Bernays (1888-1977)
and Kurt Friedrich Godel (1906-1978)). (ZF) is probably the most commonly used axiomatisation of set
theory.
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3. A special new symbol € we need to make sense of.

Using the logic symbols and the newly added € symbol, it is possible to write down
“formulas”, as for example IXVY : =(Y € X). Not every sequence of symbol is a formula,
as for example the parentheses need to be balanced. We will not here give an explicit
definition of what is a formula. The symbol of logic satisfies the standard axioms of logic.
For example:

~(p(z) AY(2) = (mp(@)) V (m(2)),

which means that if (p(z) and ¥(z)) is false, then either ¢(x) is false or ¥ (z) is false (or
both), and vice-versa.

To make sense of the symbol € we need to introduce new axioms, which are formulas
containing € that we decide should be always true.

(1) Axiom of extensionality. If two sets have the same elements, they are equal.

(2) Axiom of the empty set. There exists a set with no elements, written @ (this is
equivalent to the existence of at least one set).

Some other axioms are straightforward and easily understood.

(3) Axiom of pairing. If X and Y are sets, then there exists a set Z containing both X
and Y as elements and no other elements (Z = {X,Y}). In particular, given X one
can construct a new set {X}, simply by taking ¥ = X in the above construction.

(4) Axiom of union. Given a set C' (think of C as a collection of sets), there is a
set U whose members are exactly the elements that belong to some set X in this
collection C. We denote this set U by | JC and call it the union of the sets in Z.
For example, if C = {X,Y,Z}, then | JC=XUY U Z.

Before writing down the next axiom, we introduce the notation ¥ C Z, meaning
VX: X €Y = X € Z. When this happens, we say that Y is a subset of Z.

(5) Axiom of power set. given a set X, there exists a set 9(X) whose elements are
exactly the subsets of X. P(X) is called the power set of X.

Using the above axioms, it is possible to encode integers using sets: 0 := & (the set with 0
elements), 1 := {0} = {&} (the set with exactly one element: 0), 2 := 1U{1} = {@, {&}},
3:=2U{2}, ... That is, we start with &, we apply to it the operation Y U {Y} to create
a new set, and we repeat this indifinetely.

(6) Axiom of infinity. There exists an infinite set X. Formally, there exists a set X
containing & and such that if Y € X, then Y U{Y} € X. So X contains 0, 1, 2, ....

The final few axioms are more complex. Before writing them down, observe that it is easy
todefine XNY =g asVZ:~(Ze€ XANZe€Y)orequivalentlyas ~3Z2: Ze€ XANZ €Y.

(7) Axiom of regularity (or of foundation). It basically says that no set can contain
itself. Formally, if X is non-empty, then there exists Y € X such that X NY = &.
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(8) Axiom schema of replacement. This essentially says that if Z is a set and f a
“function” with domain Z and such that f(X) is a set for every X € Z, then
the “image” of f is a set. (Function and image can be defined in term of logical
formula.)

We also have the following, which is in fact a consequence of the axiom schema of
replacement and of the existence of the empty set.

(9) Axiom schema of specification (or separation, or restricted comprehension). If X
is a set and ¢ is a logic formula then {Y € X | p(Y) is true} (the collection of all
elements of X satisfying () is a set.

Using this axiom, one can finally define X NY :={Z € X |Z € Y}. Thisis {Z € X |
©(Z) is true} for the formula p(z):=xz €Y.

Using the above, one can define an ordered pair (X,Y) for example as {X,{X,Y}},
and then use this to define functions, products and so on.

[ To go further L

Below are the formulas for the axioms of (ZF), using the same numbering as above.
We use Y C X as a shorthand for Vz: 2 € Y = 2z € S. In the following formulas,
we will use lower case letters as  when we think of  as an element of some bigger
set X. But you need to remember that in (ZF), everything is a set. In particular,
an element z € X is itself a set.

(1) VXVY :Vz(z€e X < z€Y) = (X=Y).
(2) 3XVy: ~(y € X), such an X will be written @& and is unique by (1).

(3) VXVY3IZVz:2€ Z <= (z=XVz=Y),sucha Z is written {X,Y} and
is unique by (1). If X =Y, then Z = {X}.

(4) VXIUVz:2€U <= (FY:Y € X Az€Y), such U is written | X;

(5) VX3PVy:ye P < y C X, such P is written P(X);

(6) IX: e XAN(Vy:ye X = (yU{y}) € X);

(7)) VX: X +@ = Fylye XA (XNy=g)), where XNy = & is a shorthand
for -dz:2€ X ANz eEy.

(8) Let ¢ be any formula in the language of (ZF) with free variables Z, y, X,
but R not free (think of ¢ as ¢ = ¢(Z,y, X) not depending on R). Then:
VX : (Vy:ye X = 3Zp(Z,y,X)) = 3IRVy(y e X < 3Z(Z €
RA¢(Z,y,X))).

The part Vy : y € X = 317 (X, y, Z) means that for every y € X there

exists a unique Z such that ¢ is true. That is, we can think as ¢ as a
functional whose domain is X and whose codomain is the collection of all
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sets. Given y € X it uniquely determines a set Z. Under this interpretation,
the set R is the “range” of ¢. In simpler words, this axiom means that if ¢
is a “functional” with domain X, then its “range” is a set.

A similar formula holds for the general case where ¢ has free variables among
Z,y,X,wq,...,w,, but R is not free.

(9) Let ¢ be any formula in the language of (ZF) with free variables y, X, but
Z not free. Then: VX3ZVy:ye Z < ((y € X) Ap(y,X)). Such a Z is
denoted {y € X | ¢(y)}.

A similar formula holds for the general case where ¢ has free variables among
y, X,wy,...,w,, but Z is not free.

[ To go further

For the sake of completeness, here is a definition of formulas, or more precisely
of well-formed formulas.

o If X and Y are variables, then X = Y and X € Y are formulas (called
atomic formulas);

e If ¢ and % are formulas and X is a variable, then the following are formulas:
—e, (e AY), (0 V), (p = 1), IXp, and VX ;

o All formulas are obtained by repeated applications of the above rules.

In the constructions 3X¢ and VX, any instance of X in ¢ is said to be bound
(we sometimes says that it is a dummy variable).

We say that Y in 1 is free if it appears in ¥ and is not bound. Finally, Y is
not free in 9 if either it is bound or it does not appear at all in . Intuitively,
non-free variables are variables we can use without harm. Non-free variables are
the one we can “reuse” without creating problems. For example, in 3r : 72 = z,
the variable r is bound (and not free), z is free and y is not free. So the formula
Jy: (Fr:r>=2)Ay =0 (oreven Ir : (Ir : > = ) Ay = 0, but this is not
recommended) still depends on z, while 3z : (37 : 2 = x) Az = 0 does not depend
on x anymore.

1.2 Infinite sets: cardinality and arithmetic

First of all, what is an infinite set? By definition, a set X is finite if there exists a
bijection between X and one of the “integer” m constructed in the previous subsection.
Equivalently, a set is finite if it has m elements for some integer m. A set is infinite if it

is not finite.
A main difference between finite and infinite sets is the possibility to pick up element

inside them. More precisely, if X is a non-empty set, then there exists z in X. This is
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trivial. More generally, if Y is a finite set, whose elements are non-empty sets X;, X5,
-, X,,, then in each X, one can pick an element z,. Sadly, the similar statement for a
general set Y cannot be proven using only the axioms of set theory from the previous
subsection. If we want to be able to simultaneously choose an element x in each element
X of a possibly infinite set Y we need to take it as an axiom. This is called the axiom of
choice.

(AC) If'Y is a set whose elements are non-empty sets, there exists a function f: ¥ — P(Y)
such that for each X € Y we have f(X) € X.

(AC) has a lot of important consequences, but also some strange ones. Most (but not
all!) mathematicians accept it as an axiom and so will we do. The main motivation for
us to accept it has an axiom, is that it is equivalent to every vector space has a basis, see
Subsection 2.4.4. If we add (AC) to the other axiom of (ZF), we obtain a theory known
as (ZFC).

Another nice consequence of (AC) is that a set X is finite if and only if every injective
function f: X — X is bijective, if and only if every surjective function f: X — X is
bijective. That is, we have a converse to Lemma 1.2.17. This is not necessarily true
without (AC)!

We can use injections and bijections to define the cardinality of infinite sets. Indeed, if
X and Y are finite sets, then there exists a bijection X < Y if and only if #X = #Y.
Moreover, there exists an injection X < Y if and only if #X < #Y. We can use this as
a definition and say that for two sets X and Y (possibly infinite) we have #X < #Y if
there exists an injection X < Y. One can show that if both X & Y and Y & X, then
there exists a bijection X <» Y.3 Therefore, two sets X and Y have the same cardinality
if and only if there exists a bijection between them.

One can use the above to show that #IN = #Z = #Q, but #N < #R.

It is possible to do arithmetic with infinite cardinals. For example, one can define
#X +#Y = #(XUY), #X - #Y := #(X x Y) and (#X)#Y := #(XY) which works
as usual addition, multiplication and exponentation for finite sets. If we assume (AC)
arithmetic with infinite sets is very easy. Indeed, let X and Y be two sets with at least
one of them infinite, then:

#X + #Y = max{#X, #Y}
#X - #Y = max{#X, #Y}
HXHY > LY if #X > 2.

2 Vector spaces beyond R and C

As said at the beginning of Subsection 2.2.1, the theory of vector spaces can be carried over
any field F', where heuristically a field is a set with addition, multiplication, subtraction
and division (except by 0).

3This is called the Schroder-Bernstein Theorem, from Felix Bernstein (1878-1956) and Friedrich Wilhelm
Karl Ernst Schroder (1841-1902). Its proof does not require (AC).
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In this section, we will give a formal definition of fields and see some of their elementary
properties. In a second time, we will have a glimpse at generalisation of fields and of
vector spaces.

2.1 Fields

As stated in Subsection 2.2.1, it is possible to define vector spaces over any field F. But
what is exactly a field?

,.[ Definition 2.1. ]

A field is a set F endowed with two internal operations:

4y FxF 5 F  FxF 5 F
(xay)'_>$+Fy (xay)HxFya

satisfying the following properties (where we write + for + and - for -g)

(1) Ve,y,z€F: (z+y)+z=x+ (y+ 2); (associativity of +)
(2) 0=0p €eF,Vz €eF:0+2z=2=1x+0; (neutral element for +)
(3) VzeF, 3z’ e F:z+2' =0=2"+x; (inverse for +)
(4) Ve,yeF:z+y=y+uz; (commutativity of +)
(5) Ve,y,z€F:(z-y)-z=z-(y-2); (associativity of -)
(6) Il =1peF,VeeF:1l-a=z=2z-1, (neutral element for -)
(7) Ve#0e€F,FzcF:z-2=1=%-x; (inverse for -)
8) Ve,yeF:z-y=y-x; (commutativity of -)
(9) Vz,y,z€F:z-(y+2)=z-y+z-2 9) (left distributivity)

We usually write —z for the additive inverse (z’ from (4)) and z~! for the
multiplicative inverse (Z from (7)).

\. J

As seen in Subsection 2.2.1, Q, R and C are examples of fields. But they are not the
only ones. For example, Q[i] := {a + bi|a,b € Q} C C is also a field. There even exist
finite fields!

For every prime number p, there exists a unique field F, with p elements. This field,
also written Z/pZ, is the field of integers modulo p. That is, we take Z and identify m
and n if they have the same rest for the Euclidean division by p. For example, if p = 3,
then 7 and 31 are identified because 7 = 2-3 4+ 1 and 31 = 10 -3 + 1. In particular,
any integer can uniquely be identified to an element of {0,...,p — 1}. Addition and
multiplication are defined in a natural way. For example, for a, b in {0,...,p—1}, a +F, b
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is the unique integer ¢ € {0,...,p — 1} with a + b = mp + ¢ for some m € Z.

Example 2.2. The field F, with 2 elements (useful in computer science) is defined by
({0,1},+, ), where the addition and multiplication table are given by

— O =

+(0 1 <10

0/0 1 0]0

111 0 1]0
So, 14+ 1 =0 and hence —1 = 1.

More generally, for every prime number p and positive integer r, there exists a unique
field F,» with p” elements. Moreover, any finite field is of this form. However, if r > 2,
then E,. is not of the form Z/p"Z!

2.2 Vector spaces beyond fields

A careful exam of what we have seen in Chapter 2 shows that we never used the assumption
that the multiplication in F is commutative. Therefore, all the results we have seen
remain true for vector spaces over “non-commutative fields”. Such non-commutative
fields are called division rings. Formally, a division ring is a set D with two internal
operations + and - satisfying axioms (1) to (7) of Definition 2.1, as well as axiom (9) (left
distributivity) and

(10) Vz,y,2€F: (z4+py) g 2= p2+p ¥y F 2 (right distributivity)

One important result in the theory of division rings is that any finite division ring is
necessarily commutative and therefore a field. Another important result, is the Frobenius
theorem, see the To go further box on page 16. The full statement of Frobenius Theorem
says that it is possible to define a multiplication on R"™ that extends scalar multiplication
and turns (R", +, -) into a division algebra if and only if n € {1,2,4}. In each case, there
exists a unique such multiplication. The case n = 1 is the usual real numbers. For n = 2
we simply recover the complex numbers. Finally, for n = 4 we obtain the quaternions
H.4 Quaternions are defined similarly to C, by H := {a + bi + ¢j + dk | a,b,c,d € R}
where 14, j, k are symbols not in R satisfying: i = j°> = k> = —1 and ij = k, jk = i,
ki =j, ji = —k, kj = —i and ik = —j.

[ To go further L

If we replace R by C, we obtain the Gelfand—Mazur Theorem:* it is possible
to define a multiplication on C™ that extends scalar multiplication and turns
(C",+, ) into a division algebra if and only if n = 1.

“Israel Moiseevich Gelfand (1913—2009) and Stanistaw Mieczystaw Mazur (1905-1981).

4H is in honour of William Rowan Hamilton (1805-1865).
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All results of Chapter 2 are true for vector spaces over general division rings. Most
results of Chapter 3 on linear maps are also true, but extra care needs to be taken for the
matrix representation of linear maps developed in Subsection 3.2.2. However, neither the
eigentheory from Chapter 5 nor the determinant map can be extended to the generality
of division rings.

For more on vector spaces on division rings, see

o Gertrude Ehrlich, Fundamental Concepts of Abstract Algebra (Dover Publications,
2013);

o Nathan Jacobson, Lectures in Abstract Algebra, II. Linear Algebra (Springer, 1953).

Finally, if you take an advanced course in abstract algebra, you might learn about
rings and modules. Rings are “division rings without division”. Formally, a ring is a set
A with two operations + and - satisfying axioms (1) to (6) of Definition 2.1, as well as
the left and right distributivity of - over + (axioms (9) and (10)). For example, (Z,+,-)
is a ring. If in the definition of a vector space (Definition 2.2.2) we replace the field F
by a ring A, we obtain what is called a module over A. The theory of modules is far
more complex than the theory of vector spaces and most results we have seen are not
true anymore in this generality. For example, not every module has a basis.

3 Infinite matrices

We have seen in Section 3.2 that if V' and W are vector spaces of dimension m and n we
have £(V,W) = F™™. Can we have a similar statement for infinite dimensional vector
spaces? While we can do it to some extent, this approach has serious limits as we will
see.

3.1 Countably infinite matrices

Let us first try to understand countably infinite matrices. It is possible to naturally define
countably infinite vectors FYo:l =~ FN where X, = |N]| is the cardinality of the set of
natural numbers However, we have seen that if V' is a vector space with dim (V') = |N| we
have V = F™N) where FN) is the subspace of FN consisting of vectors with only finitely
many non-zero coordinates. We will see that something similar happens for matrices.
For any integer n, one naturally defines FX¥o'™ as the set of X, x n matrices. That

is, an element of FRo™ is of the form [a; ;] 1<i, with all the a; ; in F. One similarly
1<j<n

define F™Ro and FRo:®o. All these sets are vector spaces, where addition and scalar
multiplication are done coordinate-wise.

In FRo®o we have a special matrix; the identity matrix Idy, which has 1s on the
diagonal and 0Os everywhere else.

We will see in a moment that FRo-Xo is too big for what we want to do. It is therefore
tempting to look at the subspace F(®o:Ro) of matrices with only finitely many non-zero
coordinates. However this subspace is too small for our purpose. Indeed, it does not
contain Idy_ .
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As we have seen, it is possible to define arbitrary matrices A = [a; ,] in F¥o™. However,
we would like them to satisfy some interesting properties. We will see that this will force
us to restrict our attention to a subspace of FXo:". Ideally, multiplying on the left by it
should be a linear map from F™ to F™N). One easily checks that multiplication on the
left by A induces a linear map in £(F", FN). Now, let ey, ..., e, be the standard basis of
F". Then for a fixed 1 < k < n, the image Ae;, = [a; x];<; is in F™N) if and only if all
but finitely many of the a; ; are 0. So left multiplication by A is in £(F", FMN) if and
only if each column of A has only finitely many non-zero elements. (This is equivalent to
all but finitely many rows of A are 0.)

Observe that for any matrix A in F™Ro, left multiplication by it on the left is a linear
map from F™N) to F™,

Finally, for A in FRo-®o multiplying on the left by it is a linear map from F(™) to FN,
Its image is inside F™N) if and only if each column of A has only finitely many non-zero
elements.

In view of the above, for m,n € N U {R,} define Matﬁffln(F) to be the subset of F™™
of all matrices such that each column has finitely many non-zero elements. This is a
subspace of F™. Moreover, we have (F™™), C Matfff‘n(F) C F™", where (F™"), is
the subspace of matrices with finitely many non-zero entries. The first inclusion is an
equality if and only if n is finite, while the second inclusion is an equality if and only if
m is finite. One can check that for m,n,l € N U {X,}, if A is in Matfgfln(F) and B in

Matff?(F), then AB is well-defined (because columns of B have finitely many non-zero
elements) and in Matcrgf‘n(F) (because columns of A and B have finitely many non-zero
elements).

Given two vector spaces V and W of respective dimension m and n in N U {R,}
and respective basis & and C one can define a function [-]: £(V, W) — Mat‘jgfln (F)
similarly to what was done for the finite dimensional case. That is, the j** column of
[T]S, is given by the coefficients in T'(v;) = ay jwy + - + a; jwy. The trick here is that
any vector w € W can be expressed as a finite combination of elements of C. This
ensures that columns of [T]S have finitely many non-zero elements. One then verifies
that [-]$ is an isomorphism of vector spaces.

The verification of the rest of the statements of Section 3.2 is left to the curious reader.

’_[ Remark 3.1. ]

In view of the above, one can think that linear maps between vector spaces
of countably infinite dimension behave as well as linear maps between finite
dimensional vector spaces. Indeed, in both cases the matrix representation map
[-1S: €(V, W) — Mat(;f?n(F) is an isomorphism.

One of the main advantage of the matrix representation in the finite dimensional
case is that Matff?n(F) = F"™" is a particularly nice space and that we have many
tools to study it. For example one can compute the determinant and the trace of a
finite matrix. Such tools are not anymore available (at least not straightforwardly)
for infinite matrices. This makes the matrix-representation less useful.
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Finally, if at most one of m or n is infinite, the space Mat‘;fif‘n(F) is infinite
dimensional. This implies that one cannot hope for “easy” computations on a

computer.

3.2 Uncountably infinite matrices

We have seen how to extend the matrix representation to vector space whose dimension
is countably infinite. Is it possible to generalise this more and treat the case of arbitrary
vector space? We will see that, in some sense, this can indeed be done.

Let k; and k5 be cardinals. If at least one of them is uncountable, then it is not
anymore possible to define matrices as we did for countable cardinals. So we need to do
something similar to what we did to define FS for an uncountable S.

For m,n € N we defined a m x n matrix A = [a, ;] as a two dimensional table. One
can alternatively see A as a function A: {1,...,m} x {1,...,n} — F where A(7, j) = a, ;.
It is therefore possible to define F"1:%2 := F*1*"%2 for arbitrary cardinals. This is a space
of functions, and hence a vector space. If k; = k5, the “identity matrix” is the Kronecker

delta function:
1 ifa=p
0(a, B) =
(e, 8) {0 otherwise

with domain k; X k4 and codomain F.

We then define Matzﬁll,‘m2 (F) as the subset of F*1%2 of all functions A such that for
any (3 € ko, only finitely many of the A(«, ) are non-zero. It then remains to check that
Ma.t(;ﬁ:,% is a subspace of Fr1:z2,

For A € Matfﬁ‘f62 (F) and B € Mat,cg"ﬁg (F), we define their product AB as the function
C € Frvrs defined by C(a, 8) = > A(a,v)B(v,8). While this is an infinite sum,

only finitely many of the terms are non-zero since B is in Mat,cfirjng (F), so the product
AB is well-defined. One can also check that AB belongs to Matfffﬁs (F) and that this is
the standard matrix product if x,, K, and k5 are finite.

Finally, for any V and W with given bases % and % one can define [-]%: £(V, W) —

Matfl?l?l(w),dim(v) (F) and verify that it satisfies the desired properties.

YERY

Remark 3.2. |

Once again, in this general situation it is not easy to do computations in the space

Mat,cfi’@ (F). Many of the standard tools for matrix are not anymore available. It

is therefore more indicated to see Matfiﬁ

" (F) as a curiosity than as a fundamental
: 1,R2
tool.

4 Inner product spaces beyond R and C

The theory of inner product spaces can be generalised to some fields, but not to all. We
will first explain how to generalise the real case and then explain how to generalise the
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complex case.

4.1 Ordered fields

A key point in the definition of inner product is that we ask it to have value in R,. In
order to generalise inner products to a field F we need to have a meaningful notion of
A>0in F.

’_[ Definition 4.1. ]
An ordered field is a 4-tuple (F, +, -, <) such that:

(1) (F,+,-) is a field;

(2) < is a total order on F: for every z, y and z in F
(i) z <,
(ii) If both z < y and y < z, then z < z,
(iii) If both z <y and y < z, then z =y,
(iv) z<yory<y;
(3) The order < is compatible with the fields operations: for every z, y and z
in F
(i) fzx <ythenx+ 2z <y+z,
(ii) If both 0 <z and 0 <y, then 0 < z - y.

J

For example, both R and Q are ordered fields (with the standard order). It is possible
to show that C cannot be turned in an ordered field (that is, for any total order < we
put on it, (C, <) is not an ordered field). Similarly, finite fields are never ordered fields.

If F, < is an ordered field and V is an F-vector space, then one can mimic Defini-
tion 4.1.11 to define inner products on V. Every statement about real inner products that
do not use the norm generalise to this context, with the exception of Subsection 4.2.3. In
particular, any statement that use only the square of the norm [[v]|? = (v, v) is still true.

To be able to define a norm on V, we need F to contain all \/(v,v), so F = Q won’t
work. But if V' is an inner product space over (F,<) and F contains {\/z |z € F,,},
then it is possible to define the norm by |jv|| = 1/(v,v). In this case, all statements of this
chapter about real inner product spaces, with the exception of Subsection 4.2.3, remain
true for F-inner product spaces.

As an example, we can look at the field A C R of algebraic numbers: a real number
r is in A if and only if there exists a polynomial p with integer coefficients such that
p(r) = 0. Then A is an ordered field (wit the usual order), A # R (it does not contains
w) and for every a > 0 in A, its square-root /a is still in A. It is therefore possible to
define inner product spaces over A and also to define the norm of vectors in such spaces.
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4.2 *-Fields

As we have seen, C cannot be turned into an ordered field. We were however able to
define complex inner product spaces using the complex conjugation. It is possible to
generalise this to Q[i] := {p + ¢i | p, ¢ € Q} but also to a broader context.

'_[ Definition 4.2. ]
A *-field is a field F together with a map *: F — F such that for all  and y in F:

. J

Suppose that F is a *-field and contains ordered subfield E such that z* = z for all
x € E. Then for every F-vector space V it is possible to define inner products over V in
a similar fashion as we did for complex vector spaces in Definition 4.1.11. That is, we ask
(v,v) € Es for all v € V. In this general context, every statement about complex inner
products remains true for F inner products.

Once again, to be able to define a norm on V, we need F to contain all /(v,v). But if
V is an inner product space over F and E contains {\/z |z € E.}, then it is possible
to define the norm by |v| = 1/(v,v). In this case, all statements of this chapter about
complex inner product spaces remain true for F-inner product spaces.

As we have seen, the theory of inner product spaces can be generalised to fields other
than R and C. However, for a general ordered field F' spaces of functions might be really
strange and difficult to understand. This is why we usually stick to F = R or C.

5 Eigen-theory beyond C

In Chapter 4, we saw many results that were true only for complex vector spaces, but
not for real vector spaces. All these results use that F = C only to guarantee that any
operator on a complex vector space has at least one eigenvalue (Theorem 5.1.13). But
this only relies on the fact that all polynomials with complex coefficients have a root
in C. Therefore, all results of this chapter remain true for fields F satisfying a similar
criterion.

5.1 Algebraically closed fields

In the proof of Theorem 5.1.13, we only used F = C to ensure that any polynomial in
P(F) of degree at least 1 has at least 1 root in F. This is true for C (and is sometimes
called the fundamental theorem of algebra), but not true for R (think of p(z) = 22 + 1).
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If a field F satisfies “the fundamental theorem of algebra”, then Theorem 5.1.13 and all
its consequences will also be true for F.

Definition 5.1. |

A field F is algebraically closed fields if any polynomial p € P(F) has at least
one root in F.

For example, C is algebraically closed, but R is not. For another example of alge-
braically closed fields, start with Q and add all complex _numbers thai are roots of
polynomials with rational coefficients to obtain a new field Q with Q C Q € C. So

Q={z€C|3pePQ):p(z) =0}

This new field Q contains v/2 (root of z2 — 2), i (root of z2 4 1), but does not contains .
The field Q does not only contain all roots of polynomials with coefficients in Q, one can
shows that it also also contains roots of polynomials with coefficients in Q and that it is
algebraically closed.

The main result of the theory of algebraically closed field is that for any field F, there
exists a smallest algebraically closed field K containing F. Such a field is called the
algebraic closure of F and written F. So a field is algebraically closed if and only if
F=F.

If F is algebraically closed, then all results of Chapter 5 that were stated for C remain
true for F.

Proposition 5.2 (Theorems 5.1.13 and 5.1.48, Corollary 5.1.15, Proposition 5.1.51). Let
F be an algebraically closed field, let V' be an F-vector space and let T € £(V) be an
operator. Then:

1. If V # {0}, then T has at least one eigenvalue;
2. If dim(V) > 2, then T has an invariant subspace that is neither {0} nor V;

3. If dim(V) is finite, there exists a basis of V consisting of generalised eigenvectors
of T;

4. If 0 is the only eigenvalue of T', then T is nilpotent.

Proposition 5.3 (Propositions 5.1.38 and 5.1.51 and Corollary 5.2.14). Let F be an
algebraically closed field, let V #+ {0} be a non-trivial finite dimensional F-vector space
and let T € £L(V) be an operator. Then the following are equivalent:

1. T is nilpotent,
II. 0 is the only eigenvalue of T';

III. xp(t) = tdmV),

202



To go further

Proposition 5.4 (Proposition 5.1.53, Lemma 5.1.55, and Corollary 5.3.13). Let F be an
algebraically closed field, let V + {0} be a non-trivial finite dimensional F-vector space,
and let T € £L(V) be an operator. Then the following are equivalent;

1. T s diagonalisable;
II. EA\,T) =G(\T) forall X € F;

I mye, (A, T) = m,, (A, T).

geo (

IV. Mp(t) = (t = Ay) - (t — \;) where Ay, ..., \; are the distinct eigenvalues of T

Theorem 5.5 (Theorem 5.1.49 and Proposition 5.2.18).

Let F be an algebraically closed field, let V' be a finite dimensional F-vector space,
and let T € £(V') be an operator. Let A\q,..., A\, be the distinct eigenvalues of T'.
Then

1. Each of the G()\j,T) is a T-invariant subspace;
2. V=G, T)®® G\, T);

3. The operator T; := (T — \; Idv)| is a nilpotent operator on G(A;,T);

G\, T

jo

4. XT(t) = ()\1 — t)malg()\l) ()\k — t)malg()\k)‘

Proposition 5.1.56 (there exists a basis & such that [T]Z is diagonal by block) remains
true for algebraically closed fields F, this is mostly an intermediate result.

Proposition 5.6 (Lemma 5.3.14 and Corollary 5.3.15). Let F be an algebraically closed
field. Then

1. For every square matrix A € F™™ there exists an invertible matrix P € F™™
such that P~ AP is the Jordan form of A;

2. Two square matrices A, B € F™™ are similar if and only if they have the same
Jordan form.

5.2 Cayley—Hamilton Theorem for arbitrary fields

In this short subsection, we will finish the proof of the Cayley-Hamilton Theorem
for an arbitrary field. Actually, the Cayley—Hamilton remains true for matrices over
commutative rings (R, +, —,,0,1), which are “fields without division”, see Appendix 2.2.

Theorem 5.7 (Cayley—Hamilton Theorem for operators).

Let V' be a finite dimensional vector space and let T € £L(V)). Then x1(T) = 04y
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Proof. The original proof of Theorem 5.2.19 given page 166 works for all algebraically
closed fields F.

Now, if F is an arbitrary field, then it is contained in its algebraic closure F and the
matrix trick for R C C in the original proof of Theorem 5.2.19 still works for F C F. [J

Theorem 5.8 (Cayley-Hamilton Theorem for matrices).

Let R be a commutative ring and let A € R™™ be a square matriz with coefficients
in R. Then x4(A) =0, is the zero matriz.

Proof. Since R (think Z) is a commutative ring, then it is a subring of its field of fractions
F = Frac(R) (think Z C Q). This field is itself contained in its algebraic closure Frac(R)
(think Z C Q C Q). So every square matrix A with coefficients in R is a matrix with
coefficients in Frac(R) and therefore satisfies x 4(A4) = 0. O

[ To go further

The Cayley—Hamilton Theorem also works for the quaternion division ring H, see
Appendix 2.2, which is a non-commutative division ring. It is however false for
general division rings.

6 Alternative proof of the existence of Jordan form

We conclude this appendix with a “short” abstract proof that every nilpotent operator
admits a Jordan normal form (Lemma 5.3.7). While this proof is totally correct, it is
not the most useful one when it comes to actually find a Jordan basis. The main idea is
similar to the proof on page 174, but this time we use induction.

Alternative proof of Lemma 5.3.7. The proof is done by induction on m = dim(V'). If
m = 1, the only nilpotent operator is the zero operator, which has matrix representation
[T)% = [0] in any basis, so we are done.

Now, suppose that m > 2 and that the theorem has been proven for every vector
space of dimension strictly smaller than m. If T is the zero operator, then its matrix
representation is a 0 matrix in any basis, and hence a Jordan form. So one can suppose
that T # 0. Our aim is to find a direct sum decomposition V' = U & W such that both
U and W are of dimension strictly less than V' and T-invariant. Indeed, in this case one
can apply the induction hypothesis to U and obtain a Jordan basis %;; for T’ ]U. One also

obtain a Jordan basis By, for T|W. Altogether, B = %B;; U By, is a basis of V' in which

[T)Z is diagonal by blocks (this follows from the T-invariance), with blocks [T|U]§Z and

(7], 15"
By
g = | Tl ]

B
0 [T],]3

In particular, [T]% is a Jordan form for T and B is a Jordan basis.
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We first describe U. Let k be the smallest integer such that T* = 0. Therefore, we
have
{0} € ker(T) C ker(T?) ¢ - G ker(T*k1) C ker(T*) = V.

Then there exists u;, € V but not in ker(T*1). For such an wy, u,_; = Tu, is in
ker(T*~1) but not in ker(T*~2) and so on, until we have u; = T* 'y € ker(T) but
uy # 0. In particular, the list wy,u;_q,...,u; is linearly independent by Exercise 3.2.35.
Let U := span(uy,uj_q,...,u;). This is a k-dimensional subspace of V' with basis
By = (uy, ... ,uy). We have Tu; = u; , for j € {2,...,k} and Tu; = 0. This implies
both that U is T-invariant and that [T\U]gg is a single Jordan block of eigenvalue 0 and
size k. If U =V, then %;; is a Jordan basis of V and we are done. Thus we can assume
that U # V is of dimension strictly less than m. Moreover, U # 0, so any direct sum
complement W will have dimension strictly less than m.

All that remind to do is to find a direct sum complement W C V of U, which is also
T-invariant. Let X = span(u,) and let Y be any direct sum complement: X @Y = V.
(For example, one can take Y = X' if V is an inner product space). So we have a
map P: V — F defined by P(Au,,y) := A. (P is the projection onto X followed by the
isomorphism X = F.) One can hence define a map S: V — FF by

Sv:= (P(v), P(Tv), ..., P(T*1v)).

Finally, we let W := ker(S) C V. We want to prove that W is T-invariant and a direct
sum complement of U. So let w € W and look at Tw. Then

S(Tw) = (P(Tw), P(T*w), ..., P(T*1w), P(T*w)).

Since w is in ker(S) we have P(Tw) = P(T?w) = ... = P(T*1w) = 0), while T* = 0
implies T*w = 0. Altogether, S(Tw) = (0,...,0), which proves that Tw is still in
W = ker(S). So we have just proven the T-invariance of W. Now, let u € U. Then
u = AUy + - A\puy. Therefore, Su = (A, Ag, ..., A). If u # 0, then at least one of the A;
is non zero and therefore Su # 0. We conclude UNW = {0}. Therefore, the sum U+ W is
direct. Finally, by the rank-nullity theorem we have dim(W) = dim(ker(S)) = dim(V) —
dim(Im(S)) > m — k. But then, dim(U & W) = dim(U) + dim(W) > k+m — k = m,
which implies U @ W = V.

The proof of unicity is similar as what we did in the other proof. ]
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