MTHioy - Advanced Linear Algebra Tutorial 1 - Solutions

Tutorial Questions

'_[ Question 1. ]
Let X = {a} and Y = {b, c}.

a. List all possible functions from X to'Y (you may draw a diagram).
b. List all functions from'Y to X.

c. Compose a function from the first list with a function from the second list
(in either order). What are all the different functions that arise in this way?

7

Solution.  a. To specify a function f: X — Y, we need to describe the image of each
element of X. Since X has only one element a, any function f: X — Y is uniquely
determined by f(a) € Y = {b,c}. That is, there are exactly two functions f; and
fo in Y which are defined by f,(a) = band f,(a) = c.

b. To define a function g: Y — X is equivalent to choose the value of g(y) € X for all
y € Y. Since X = {a} has only one element, we are forced to choose g(y) = a for
all y € Y. So there exists a unique function g: ¥ — X, defined by g(b) = g(c) = a.

c. Let us give the details for f; o g:

g f1
fieg: Y — X —Y
b— ar—b
c— a —b.

So fi o g is the constant function b. That is: (f; og)(y) = b for all y € Y. Similarly,
fo o g is the constant function ¢. Composing in the other direction we obtain that
both go f; and g o f, are the constant function a.

Observe that we have go f; = go fy =Idx with f; # fy, but fiog # fy0g and
none of them is equal to Idy .
[

'[ Question 2. ]
Let X,Y,Z be sets and suppose that f: X =Y and g: Y — Z are functions.

a. Show that if f and g are injective then go f is injective.
b. Show that if f and g are surjective then go f is surjective.

c. If go f is injective then what can you say about f or g? What if go f is
surjective?
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Solution.  a. Suppose that both f and g are injective and let a,b € X be two elements
of X such that (go f)(a) = (g f)(b). We need to prove that in this case one
necessary have a = b. From (go f)(a) = (g o f)(b) one obtain g(f(a)) = g(f(b))
and so f(a) = f(b) by injectivity of g and finally a = b by injectivity of f.

b. Suppose that both f and g are surjective and let z € Z be any element of Z.
By surjectivity of g, there exists y € Y such that g(y) = z. By surjectivity of f,
there exists x € X such that f(z) = y. But then (ge° f)(z) = g(y) = 2, proving
surjectivity of g o f.

c. We will show that g o f injective implies f injective, but g might not be injective;
and that g o f surjective implies g surjective, but f might not be surjective.

We start by providing a counterexample to the two incorrect implications. Let f;
and g be the functions from the solution to Exercise 1.a. Then go f; = Idx is both
injective and surjective. However, g is not injective as g(b) = g(c) even if b # c,
and f; is not surjective as ¢ ¢ Im(f;).

Suppose now that g o f is injective. Let a,b € X be any two elements with
f(a) = f(b). By applying g on both sides we have (go f)(a) = (go f)(b) and hence
a = b by injectivity of g o f. We have just proved injectivity of f.

Finally, suppose that g o f is surjective. Let z € Z be any element. Then, by
surjectivity of g o f, there exists € X such that z = (go f)(z) = g(f(z)). Since
y:= f(z) is in Y, we have z € Im(g), proving surjectivity of g.

[ |

'_[ Question 3. ]
Recall that F stands for R or C. Let m be an integer. Prove that F™ satisfies
the distributive properties, that is, for all a,b € F and u,v € F™ we have:

1. a(u +v) = au + av;

2. (a+b)v=av+ bv.

Solution. Let u = [uq, ..., u,,]" and v = [vy,...,v,,]". Then
Uq Uq Uy + v
alu+v)=a I S I =a :

i a(u1 + Ul) ] {: au1 + a/Ul

au,, + av,,

au, av,
= : + : = au + av,
au av
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where we used the distributivity property a(u; + v;) = au; + avy in F. [ |

Recall that the identity map on a set X is the function Idy: X — X given by
Idy(z) =z for all x € X.

Question 4. ]

Let f: X =Y and g: Y — X be functions. Suppose that go f =1Idy. Does it
follow that fog=1dy?

Solution. No. See the solution of Question 1 for a counterexample. |

Further Questions

'_[ Question 5. ]
Let X and Y be finite sets and f: X = Y be a function.

a. Assume that f is injective. Find a function g: Y — X such that go f = Idx.

b. Assume that f is surjective. Find a function g: Y — X such that fog = Idy .

J

Solution. a. Suppose X non-empty and let x, be any element of X. Define g: ¥ — X
by:
the unique = € X such that f(z) =y if y € Im(f)
9(y) = .
T otherwise.

It is then straightforward that go f = Id .

[ To go further

If X = & there is a unique function from X to Y: the empty function. So if
X =@ =Y, the empty function is its own inverse. If Y is not empty, then
there is no function from Y to @.

Observe that we did not use that X and Y are finite. That is, we actually proved a
bit more than what was stated. Moreover, one can check that the g we constructed
is surjective. So we have proved: if f: X — Y is an injective function between
arbitrary sets, there exists a surjective function ¢g: ¥ — X with go f = Idy.

b. If f is surjective, then ¥ = Im(f). One can define g: Y — X by for each
y € Y =Im(f) choosing a € X such that f(z) = y. One can check that such a
g is injective and f o g = Idy.. So we have proved: if f: X — Y is an surjective
function with Y finite, there exists an injective function g: ¥ — X with fog = Idy..
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[ To go further L

If Y is infinite, we need the axiom of choice (AC) to be able to make infinitely
many simultaneous choices. So, if we assume (AC) we have: if f: X - Y
is an surjective function between arbitrary sets, there exists an injective
function ¢g: Y — X with f o g =1dy. Actually, this statement is equivalent
to (AC). This is one of the reason to assume (AC): it implies that injective
and surjective functions behave “dually”.

The following questions are intended as revision for Year 1 Linear Algebra.

'_[ Question 6. ]

J 3

Solve the system of linear equations
$1+3$2*5Z3=4
x,+4xy —8x3 =7

_3.'E1 - 7:62 + 91‘3 == _6

J

Solution. By doing the row transformations ry = 7o —r; and r3 = r3 + 3r; we obtain
the equivalent system

Doing one last row transformation r5 = r5 — 2r, one have the, also equivalent, system

T, + 3z — Sx3 =4

0=0.
We conclude that x4 is free, x5 = 3 + 323 and z; =4 — 3z4 + dz3 = —5 — 4x,. |
Question 7. ]
2 -2 1
Let A= |3 5 0. Compute det(A) and AL
-1 3 4
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Solution. There are many ways to compute the determinant. We will compute it by
developing the determinant according to the last column, giving:

3 5 2 -2
det(A)zl-det[_1 3]+0+4-det[3 5]

=(9+5)+4(10+6) = 78.

They are also many methods to compute the inverse of A. We will show to of them.
Firstly, we will use the formula

1

-1 _
AT = det(A)

adj(A),

where adj(A4) = ((—1)**7 det(cofactij))iTj. Recall that cofact,; is the matrix obtained from
A by erasing the i-row and j-column. Let us unravel this for our specific example. So we
have

a b ¢
adj(A)" = ((—1)"" det(cofact,;));; = [d e f} ,
g h i

where we need to compute the coefficients a to i. For example,

5 0 3 0
a=1-det{3 4]:20 b=—1-det[_1 4:]=—12.

By computing all the coefficients, one obtain

20 —12 14
adj(A)T= |11 9 —4,
-5 3 16

And finally
20 11 -5
a1
A = 3 —-12 9 3.
14 —4 16
While the above method always work, it is lengthy. Another way to compute the
inverse is to use operations on rows. The idea is to start with [A| Id] and to do raw

transformations to obtain [Id | B]. The matrix B obtained with this process is A~!. If
we apply that to our concrete example, we obtain

10/39  1l/78 —5/78 1 20 11 -5
A7l = |—2h3 326 1/ =02 -12 9 3|,
/39 —2/39 8/39 8l —4 16

which is identical to the answer obtained via the cofactors method. The details are shown
on the next page.
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ri 120
2 —2 1]1 0 0 ra Ty = ¥2my 1 —1 1| 12 0 0
[3 5 0/0 1 0]: DTt [0 8 —3k| -3 1 0]
-1 3 4]0 0 1 2 9% | 1k 0 1

0 1 —3/6|—36 1 0 0 1 —3/16|—3716 18 0

1 -1 1f 1/2 0 0 1 -1 1k 1/2 0 0
e —
0 0 39 | 78 -1 1 0 0 1 T/39  —2/39 8/39

0 1 0|—2h3 3/6 1/
0 0 1| 7/39 —2/39 839

—2/13 36  1l/26
T/39 —2/39 839

1 —1 0| 1639 1/39 —4/39 1 0 0| 1039 11/78 —5/78
10 .
0 1
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Tutorial Questions

Question 1. ]

Let V' be a vector space. Prove that (—1)v = —v for all v € V. (Before starting,
think about what the minus sign on each side means.)

Solution. The left hand side of the equation is —1g -gpv. That is: the scalar multiplication
of —1 € F and v € V, where —1 is the additive inverse of 1 in F. The right hand side of
the equation is —y,v, that is the additive inverse of v.

We have
v+ (=1)-v=1-v+(-1)-v=(1+(-1)v=0-v=0.
We conclude that (—1)v is an additive inverse of v and hence (—1)v = —v by unicity of
the additive inverse. |

'[ Question 2. ]

Determine if the following subsets of R3 are subspaces. Give reasons.

{f
o J

Solution.  a. U is a subspace of R3. Firstly, 2-0—3-0+40 = 0so [0,0,0]" is in U.
Secondly, let u; = [71,%;,2]" and uy = [Z4,¥s, 25]" be two elements of U and let
A € R be a scalar. By assumption, we have

€R3 2x—3y+z:0}.

€R3 xyzzO}.

20, —3y; + 2, =0 and 2zy — 3yy + 29 = 0.

By multiplying the first equation by A and adding the result to the second equation,
we obtain
0= A(2z; —3y; +21) + (225 — 3y + 25)
=2(Amy + T3) — 3(Ay; + o) + (Azg + 25).
Therefore, Au; 4+ u4 is in U, finishing the proof that U is a subspace.
One can show that U is in a plane containing the origin in R3.
b. W is not a subspace of R3. Indeed, both [1,1,0]" and [0,0,1]" belong to W, but
there sum [1,1,0]" +[0,0,1]T = [1,1,1]7 is not in W.

Geometrically, W is the union of the three coordinates planes (the zy-plane, the
xzz-plane and the yz plane), see Figure 1.
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Figure 1: The union of the three coordinates planes.

Observe that the fact that U is a subspace of F3 but W is not remains true for an

arbitrary field F.

Question 3. ]

A sequence (g, Tq,Ts,...) € RN is increasing if z,, < z,,,; for all m € N. Does
the set X of all increasing sequences form a subspace of RN ? Give reasons.

Solution. No, because X is not closed under scalar multiplication. For example (0,1,1, ...

is in X, but —1-(0,1,1,...) = (0,—1,—1,...) is not. |
Question 4. |
Let V' be a vector space and U C V be a subspace. Suppose that w € U and v € V.
Prove that v € U if and only if u+v e U.
Solution. If v is in U, then u 4 v is also in U because U is a subspace.
Ifu+wvisin U, then v=—1-u+ (u+v) is also in U because U is a subspace. =~ W

Question 5. ]

J

Let U be the xy-plane in R3®. Find distinct subspaces Wy, W, of R? such that
UsW,=Ue W, =R3.

Solution. Let W; :={[0,0,2]" |z € R} and let W, := {[0,2,2]" |z € R}. Then U® W, =

U W, =R3.

For each W,, we need to prove three things: 1. that it is a subspace of R?, 2. that
U+ W, = R3, 3. and finally that U + W, is a direct sum. We will only check the last
two properties, and only do it for W,. The proof for W] is similar (and even simpler)

and the proof that the W, are subspaces of R? is elementary.
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Let [z,y, z]T be any vector of R3. Then [z,y,2]" = [z,y—2,0]T +]0, 2, 2]" is in U + W,
and so U + W, = R3. Finally, suppose that 0 = u + w with « € U and w € W,. So
[0,0,0]T = [x,%,0]T +[0,2,2]T for some x,y,2 € R. But this implies

0==x
O=y+z
0=z

and we hence conclude that both u and w are the 0 vector. This shows that the sum
U + W, is direct.

Observe that a similar proof shows that U @ W = R2 if W is any line containing the
origin and not included in U.

[ To go further

The above statement remains true if we replace R by F, in which case a line
simply means a subspace of dimension 1. That is, a line containing the origin
is any subspace of the form {[\;z, A3z, A32]" | 2 € F} for some A;, Ay, A5 with at
least one A\; #0 .

Further Questions

Question 6. ]

Is addition of subspaces commutative? That is, for subspaces U, W of V, is it true
that U+ W =W +U? Explain.

Solution. Addition of subspaces is commutative, because addition of vectors is. Indeed,
a vector v € V belongs to U + W if and only if there exists u € U and w € W such that
v = u + w. By commutativity of vectors addition: u+ w = w + u. So v € V belongs to
U + W if and only if there exists u € U and w € W such that v = w + u, that is if and
only if v belongs to W 4+ U.

Observe that we did not used the fact that U and W are subspaces. Therefore, addition
of subsets (of a vector space) is commutative. [ |

Question 7. |

Does every subspace of V' have an additive inverse? That is, for each subspace U
of V, does there exist a subspace W such that U +W = {0}?

Solution. No. This is the case if and only if U = {0}, in which case W = {0}. Indeed,
we always have U CU + W. So if U + W = {0} for some W, then U = {0}. [ |
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Question 8. ]

Recall that a function f: R — R is even if f(—z) = f(z) for all x € R; and odd
if f(—z) = —f(x) for all x € R. Let U, and U, respectively denote the set of
even and odd functions in R®. Prove that RR = U, @ U,.

Solution. Once again, we need to prove 3 things: 1. that both U, and U, are subspaces
of RR 2. that U, + U, = RR, 3. and finally that U, + U, is a direct sum.

Firstly, the constant function 0 is both even and odd. Moreover, if f and g are two even
functions (respectively odd functions) and A € R a scalar, one easily verify that \f 4 g is
still even (respectively odd). Indeed, this directly follows from (Af+g)(z) = Af(z)+g(x).
We conclude that both U, and U, are subspaces of R®.

Then, let f be any function of RE. Define two functions f, and f, by:

oty = TOIIED gy D TED)

On directly have (f, + f,)(z) = f(z) for all x € R and so f, + f, = f. We also have
flea) + f=) _ fle) + fl=x)

fua) = TR T TT) _ j (a)
and
sy = 1A= 10) S0 —Son)
So f. is even and f, is odd, showing that f is in U, + U,. This finishes the proof that
U,+U, = RR.

Finally, let f be in U, N U,. Then for every z € R, let y = —z. We have:

But this implies that f(z) = f(—y) = —f(—y) = —f(x) and so f(z) = 0. Therefore, f is
the zero function, U, N U, = {0} and the sum is direct. [
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Tutorial Questions

'_[ Question 1. ]

Let (uq,uy,us) be a list of vectors of a vector space V.

a. Show that if (uy,uq,us) span V then so does the list (u; — uy, Uy — Ug, Usg).

b. Show that if (uy,uy,us) is linearly independent then so is the list (u; —
Uy, Uy — Ug, Us).

J

Solution.  a. We will show that span(u,uy,us) = span(u; — ug, Uy — Us, Us), €ven
they are not necessarily equal to V. The D inclusion is clear, so let us prove
span(uy, Uy, us) C span(u; —uy, Uy —Us, uz). Let v € span(uy, uy, ug). There exists
scalars A;, Ay and A3 such that

V= AUy + AUy + Agug
= Ap(uy —ug) + (Ag + A1) (ug — ug) + (A3 + Ay)us.
Since all of A\;, Ay + Al and A3 + X\, are in F, we have just shown that v belongs to
span(u; — Ug, Uy — Us, U3), which finishes the proof.

b. Suppose that (uq,uy,us) is linearly independent and let A\;, A, and A5 be scalars
such that
0= Ay (uy —uy) + Ag(uy —ug) + Agus.

We have to show that this implies that all the A, are zeros. We have
0= Ajuy + (Ay — Apuy + (Az — Ag)us.

By linear independence of (uq,u,,us), all the coefficients A\;, Ay — A; and Az — Ay
are zeros. This directly implies that all the A; are 0, as required.
|

Question 2. |

J

Let V' be a finite dimensional vector space and suppose that U C V is a subspace.
Prove that if dim(U) = dim(V') then U =V.

Solution. By assumption, dim(U) = dim(V). So there exists a finite basis B =
(uy,...,u,) of U, where n = dim(V). Then % is a linearly independent family of
vectors of U, hence also of vectors of V. Since it has dim (V') elements it is spanning in
V. So U =span(B) =V. [ |
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'_[ Question 3. ]
Consider the subspace U = {p € P(R), | p(1) =0} of P(R),.

a. Find a basis for U. (Hint: if a polynomial p satisfies p(a) = 0 then (z — a)
is a factor of p(z).)

b. Extend the basis you found to a basis of P(R),.

c. Find a subspace W of P(R)y such that U @ W = P(R),.

Solution. We will show the result for a general field F.

a. On one hand, we know that P(F), is of dimension 3 (with basis (1, z,z?)). On the
other hand, U # P(F), (for example, because = ¢ U). By Question 2, this implies
that U is of dimension at most 2. So if we find a linearly independent family of
length 2 we are done. For example, one can take the family (p, = z—1,p, = 22 —1).
We claim that this family is linearly independent. Indeed, if 0 = Ap; + up,, then

0=pz?+ Az + (=X —p)
and therefore p = 0 = A, which proves the claim.

b. We already have a length 2 linearly independent family. So for any ¢ € P(F),
not in span(p,,p,) = U, the family (p;,p,, q) is linearly independent by the linear
dependence lemma. Since it is a length 3 linear independent family in a dimension
3 vector space, it is linearly independent.

For a concrete example, one can take ¢ = 1 the constant polynomial 1. But g =z
or ¢ = z2 also work.

c. Let ¢ ¢ U be any polynomial in P(F), but not in U. We claim that for W := span(q)
we have U @ W = P(F),. It is clear from above that U + W = P(F),. It remains
to prove that the sum is direct. Let p be in U N W. We need to show that p = 0.
We have p = A\g € U. If p # 0, then ¢ = A\~'p € U; a contradiction.

Question 4. ]

Let U and W be g-dimensional subspaces of R®. What are the possible values of
dim(UNW)? Can U+ W be a direct sum?

Solution. Once again, we will prove the statement for a general F.
We have

dim(U + W) = dim(U) + dim(W) — dim(U + W) < dim(R?°) = 5.
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In other words, dim(U N W) = dim(U) + dim(V) —dim(U + W) > 3+3 —5 = 1. But
we also have dim(U + W) < dim(U) = 3. So, dim(U + W) belongs to {1,2,3}. We now
show that all this value can happens.

If U = W, for example U = W, = {[z1,2,,75,0,0]" | z; € F}, then dim(U N W;) = 3.

For U as above and W, = {[0,z,,75,74,0]" | z; € F} the subspace U N W, =
{[0, 24, 24,0,0]" | z; € F} is of dimension 2.

Finally, for U as above and Wy = {[0,0, x5, 2,,75]" | z; € F} the subspace U N W, =
{[0,0,25,0,0]" | z; € F} is of dimension 1.

Since dim(U N W) > 1, the sum U + W is never direct. Indeed, the sum U + W is
direct if and only if U N W = {0}, if and only if dim(U N W) = 0. [ |

Question 5. ]

J

Let V' be a vector space. Suppose that for each integer m > 0, there exists a list of
m linearly independent vectors in V. Prove that V is infinite dimensional.

Solution. By Grassman’s exchange lemma, if V has a linearly independent family of
length m, then any spanning family has length at least m. In particular, any base of V'
has at least m elements, for all m € N. We conclude that a basis cannot be finite. W

Further Questions

Question 6. |

J

Prove that RN is infinite dimensional. (More generally, if S is an infinite set
then (FS), and F° are infinite dimensional.)

Solution. By Question 5, it is enough to exhibit arbitrary long linearly independent lists.
For any i € Ny, define e¢; = (0,...,0,1,0,...) to be list with a 1 in coordinate i and 0
everywhere else. We claim that for any m, the family (eq, ..., e,,) is linearly independent.
Indeed, let A\; be scalars such that

0= i A€
i=1

Then
(0,0,...) = (A, A, 0,000)

forcing all the \; to be 0.
A similar proof shows that (F°), (and thus also F¥) are infinite dimensional as soon
as S is infinite. Indeed, for s € S one can define a map xg: S = F by

a(t) = {1 ift =s

0 otherwise.
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We now claim that for any finite subset A C S, the family (x,)qc4 is linearly independent.
Indeed, let (A,),ca be a family of scalars such that

0= Z AaXa-
acA

Then, for a € A one can evaluate both sides of the above equality on a to obtain 0 = A, -1,
and thus A, = 0.

[ To go further

It is in fact possible to show that for any S, finite or infinite, we have dim((F%),) =
#8. Recall that for finites S, one have (F%), = F¥5.

Question 7. ]

Explain why all the subspaces of R? are precisely {0}, all straight lines through
the origin, all planes through the origin, and R3.

Solution. First of all, let us remind that a line in R? is a subset of the form
L,,={\+v|XeR}

for some vectors v and u # 0. A line L, , goes through the origin if and only if v = 0.
Let us fix u € R3. One easily check that 0 € L, , and that L, , is closed under addition
and scalar multiplication. In consequence L, , is a subspace of R3, of dimension 1 ((u)
is a basis).

Similarly, a plane in R? is a subset of the form
={A\u; + Auy + 0] A, A € R}

Uy,Ugz,V

for some vectors v and non-collinear (that is linearly independent) u; and u,. Once again,
a plane F, ,  goes through the origin if and only if v =0 and F, , , is a subspace of
R3, of dimension 2 ((u;,u,) is a basis).

Finally, it is clear that both {0} and R? are subspaces of R? (of respective dimension
0 and 3). We will now prove that any subspace U of R? is of the form {0}, L, , (for
some non-zero u), B, ., (for some linearly independent u; and u,) or R?. To do this,
we will do a case-by-case analysis depending on dim(U) € {0, ..., 3}.

If dim(U) = 0, then U = {0}.

If dim(U) = 3 = dim(R3), then U = R? by Question 2.

Suppose now that dim(U = 1) and take any u # 0 in U. Then dim(span(u)) =1 =
dim(U) and thus U = span(u) = {\u| A € R} = L,  is a line through the origin. We
also have the converse: any line through the origin is a subspace of dimension 1.

Suppose finally that dim(U) = 2. Take any u; # 0 in U. Since dim(span(u)) =1 <

= dim(U), there exists u, € U \ span(u;). By the linear dependence lemma, the
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family (uq,us) is linearly independent and hence a basis of U. So U = span(uy,u,) =
{Muy + Auy | N, € R} = P, is a plane containing the origin. We also have the

1,2,
converse: any plane containing the origin is a subspace of dimension 2. |
z
0
Y -
T B
v
Uq,Usy,0
Uoy /
Uq
= 7
| - = 7
:I: /
Lu1,0 //
/7
/7
/
/7
4

/ Ug,0

Figure 2: Subspaces of dimension 0 (the origin), 1 (line through the origin) and 2 (plane
through the origin) of R3. The last kind of subspace is R? itself.
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Tutorial Questions

'_[ Question 1. ]

Determine whether the following functions are linear maps.

a. Ty: R? = R given by Ty ([y]) = y.

b. T,: C — C given by T,(z) = z, where C is regarded as a real vector space
(a+ bi = a— bi is the complex conjugation).

c. Ty: C — C given by T,(z) = z, where C is regarded as a complex vector
space.

d. T5: P(R) = R given by T5(p) = p(2).

. 7

Solution.  a. T) is not linear. Indeed, T} ([é] + [g]) =T (H]) =1-1 =1 while
T ([)+T([])=1-0+0-1=0#1

[ To go further

We have actually showed for any F the map T;: F2 — F, [";j] > zy is not
linear.

b. T, is R-linear. Indeed, for z,w € C and A € R we have T,(Az+w) = dAz4+w=
AZ +w = Az +w = NI, (2) + Ty (w). The above equalities can be verified explicitly
by writing z = a + bi and w = ¢ + di.

c. T, is not C-linear. Indeed, iT,(1) = il = i, but Ty(il) =i = —i % i.

d. Tj is linear. Indeed, let p and ¢ by two polynomials in P(R) and A € R. Then
T3(Ap +q) = (Ap + 4)(2) = Ap(2) + q(2) = AT'(p) + T(q).

[ To go further

The same proof shows that for any field F, and any element a € F, the map
P(F) — F,p > p(a) is linear. Even more generally, if S is any set then the
map F¥ = F, f = f(a) is linear. This map is called the evaluation at a.

For a linear map T € £(U,V), we write ker(T") = null(7T") for its kernel (also called
nullspace): ker(T) = {u € U | T(u) = 0}. We write Im(7") = range(T") for the image of
T (also called range): Im(T) ={v eV |Fu e U : T(u) = v}.
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'[ Question 2. ]

Let U, V, and W be vector spaces, and suppose T € L(U,V) and S € L(V,W)
are linear maps.

a. Prove that ker(T) is a subspace of ker(ST).

b. Prove that Im(ST) is a subspace of Im(S).

Solution. We have
U-ZLsv Ssw.
\/

ST

a. Both T' and ST have domain U, so both ker(T") and ker(ST') are subspaces of U.
It is thus enough to prove that ker(T") is a subset of ker(ST'). Let u be any element
of ker(T), so T'(u) = 0. Then (ST)(u) = S(T'(u)) = S(0) = 0 and hence u is in
ker(ST') as desired.

b. Both S and ST have codomain W, so both Im(S) and Im(ST) are subspaces of
W. It is thus enough to prove that Im(ST) is a subset of Im(S). Let w be any
element in Im(ST'). So there exists u € U with (ST)u = w. In particular, there
exists v = T'(u) in V (the domain of S) such that S(v) = S(T'(u)) = (ST)(u) = w
and hence w is in Im(S) as desired.

Remark o.1. ]

The inclusion ker(T") C ker(ST') might be interpreted as ST is less injective than
T. We recover the particular case: if ST is injective then so is T
The inclusion Im(ST') C Im(S) might be interpreted as ST is less surjective than
S. We recover the particular case: if ST is surjective then so is S.

Question 3. ]

Let T € £(V,W) be an injective linear map. Suppose that (v, ...,vy) is a linearly
independent list of vectors in V. Prove that (T, ..., Tv},) is a linearly independent
list in W.

Solution. Let A{,.., A, be scalars such that
k

0="> NTuv;.
j=1

We need to prove that all the A; are 0. By linearity of 7" we have 0 = T(Zle Ajvj). By

injectivity of T one obtains

0=
J

AU

k
777
=1
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By linear independence of the (vy,...,v;) we conclude that all the A; are 0. ]

'_[ Question 4. ]
Let V., W be vector spaces such that W is finite-dimensional. Let T € £(V,W) be
a linear map.

a. Prove that T is surjective if and only if there exists a linear map S € L(W,V)
such that TS = Idy,. (Hint: Define S on any basis of W then extend
linearly.)

b. Prove that T is injective if and only if there exists a linear map S € L(W,V)
such that ST =1d,. (Hint: Similar to the above, but choose a basis of W
carefully.)

\. J

Solution. First of all, we know that for functions f: X — Y and g: Y — Z we have:
e if go f is injective then f is injective;
o if go f is surjective then g is surjective.
Since Id y is bijective, this directly shows:
a. if ST =Idy, then T is injective;
b. if T'S = Idy;, then T is surjective.

Observe that we don’t need to suppose that W is finite dimensional, or that S is a linear
map (S a function is enough).

For the other direction, we will use bases to translate our problem for linear maps on
vector spaces to a problem about functions on sets. We can do this, because a linear map
T:V — W is uniquely determined by what it does on a given basis & of V.

a. Let n = dim W. Suppose that T is surjective and let € = (w, ..., w,,) be any basis
of W. For any w; € €, choose a preimage v; € V so T'(v;) = w;. There exists at
least one such v; by surjectivity. We define S: € — V by S(w;) = v; and extend
it to a linear map S € £(W,V). Then for any w; we have T'Sw; = w;. Since T'S
is the identity on the basis €, it is the identity everywhere: T'S = Idy;;.

b. Suppose that T is injective and let @ = (wy, ..., w;) be a basis of Im(7T"). Since T
is injective, for every j € {1,...,k} there exists a unique v; € V with T'v; = w;. We
claim that o = (vq,...,v;) is a basis of V.

First, we prove that & is a spanning family for V. Let v be any vector in V. Then
Tv € Im(T') = span(2) so there exists A;, j € {1,...,k} such that
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By injectivity, v = ijl A;v; is in span(df).
We now prove that & is linearly independent. Suppose that

k
0= Zx\jvj

j=1
for some A;. Applying T on both sides, one obtain 0 = Zfz ) Ajw; and conclude
that all the A; are 0, proving linear independence of <.

Now, since @ is a basis of Im(7T)) C W, we can extend it to a basis € =
(Wi ey Wiy Wigqy --v, Wy, ) Of W. We define S on & by:

S(w;) = {vj if j € {1,...,k}

0 otherwise

and then extend it to a linear map S € £(W,V). One have ST (v;) = v, for all
jeA{l,...,k} and so ST =1d,,.

[ Infinite dimensional vector spaces
\

The statements remain true for a general, not necessarily finite dimensional, vector
space W if we assume (AC). We use (AC) in two different places. Firstly, for
the existence of a basis of W, and secondly when T is injective and we choose a
preimage of w;.

'[ Question 5. ]

Rephrase the following problems in terms of linear maps between vector spaces.
(Do not solve the problems.)

a. Find all smooth functions f: R — R that satisfy f” —3f" +2f =0.

b. Find all real sequences (zy,xq,...) that satisfy x, .o =z, .1+, +1 for all
n € N.

J

Solution.  a. The space of smooth functions is C*°(R) = {f: R — R | f smooth} =
{f: R = R|Vn: f™ exists}. Let D: C°(R) — C®°(R), f — f’ be the differentia-
tion operator. This is a linear map. Define T := D? —3D + 21d, where D? = Do D.
This is also a linear map from €*°(R) to itself and T'(f) = f” —3f' 4+ 2f. We have
f7=3f +2f=0if and only if f € ker(T).

b. The space of real sequences is RN = {(zg, z,,25,...) | Vj: z; € R}. Let S: RN —
RN be the backward shift: S(zq,zq,...) = (T1,Zs,...). Finally, let ¢ = (1,1,...)
be the constant sequence 1. We want to find all sequences z € RN such that
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S2(z) = S(z) + x + c. So if we define T = S? — S —1d, a sequence z satisfies the
questions if and only if T'(x) = c.
|

Further Questions

Question 6. ]

Let U, V, and W be vector spaces, and suppose S, Sy € LU, V) and T € £L(V, W)
are linear maps. Prove that the following distributive property holds: T(S; + S5) =
TS, +T5S,.

Solution. This is similar to the proof of (T} +T,)S =T, S + T, S viewed in class. Let u
be any vector in U. Then

(T(Sy + S3))u =T((S; + S)u)

T(S;u + Syu)

=T (Su) + T(S5u)

=(TS))u+ (TSy)u= (TS, +TS5)u

and thus T'(S; + S,) =TS, + TS,. [ |

Question 7. |

Let T € £L(U,V) and S € £L(V,W) be linear maps. Show that ST =0 € £L(U,W)
(the zero map) if and only if Im(T) is a subspace of ker S.

Solution. “="” Suppose ST = 0. Let v be any element in Im(7"). By assumption, there
exists u € U such that Tu = v. But then, Sv = S(Tu) = (ST)u = Ou = 0 and thus v is
in ker(S) as desired.

“«<” Suppose that Im(7") C ker(S). Then for any v € U we have (ST')(u) = S(Tu) = 0,
showing that ST is the 0 map. |
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Tutorial Questions

Question 1. ]

Let D: P(R) — P(R) be the differentiation operator. Is D invertible? ]

Solution. The operator D is not injective and hence not invertible. Indeed, both the
constant polynomial 0 and the constant polynomial 1 are sent onto 0. |

Question 2. |

Let U be the subspace of €= (R) spanned by the basis B given by (e®,ze®, x%e®).
Let D € £(U) be the differentiation operator. Find the matriz [D]Z.

Solution. We compute each column of [D]%.

1
Firstly, D(e®) = e® =1-¢% +0-xe® + 0 - z%e” so [D(e%)|g = [8]. Then, D(ze®) =
1
e? + ze” and therefore [D(ze”)| 4 = [(1)] Finally, D(z%e®) = 2ze® + x%e® and therefore

0
(Dlae")] = [2].
Altogether, we have

1 10
DIZ=10 1 2
0 01
|
Question 3. ]
Let T € £(V,W) be a linear map and suppose Sy, Sy € L(W, V) satisfy S;T = 1dy,
and T'Sy = Idy,. Prove that T is invertible. What is the inverse of T %
Solution. We have
Sl - Sl IdW - S1T82 - Idez == Sz.
Therefore S| = S, is the inverse of T', which is therefore invertible. |

Question 4. |

J

Let T € £(V,W) be a surjective linear map. Suppose that U is a subspace of
V' such that ker(T) & U = V. Prove that the restriction T'| : U — W is an
isomorphism (recall that the restriction is defined by T| (u) = Tu for all u € U).

Solution. The map T\U is the restriction of a linear map, and thus linear. It remains to
show that it is injective and surjective.
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We first prove injectivity. We both have ker(T'| ;) C U and ker(T[ ;) C ker(T). We
conclude ker(T'| ) C U Nker(T). But since the sum U @ ker(T) is direct, we have
U Nker(T') = {0}, proving that T'[  is injective.

We now prove surjectivity. Let w € W be any vector. By surjectivity of T', there exists
v € V such that T'(v) = w. Since V = ker(T') @ U, there exist (unique) u; € ker(T")
and uy € U such that v = u; + uy. So w = T(v) = T(ug + uy) = T'(uy) + T(uy) =
0+ T(uy) = T, (uy), proving surjectivity of T'| . [ |

'_[ Question 5. ]
Let x1,...,z,,1 € R be distinct. Define a linear map T: P(R),, — R"*! by
T(p) = [p(x1), -, P(Tp31)]"

a. Prove that T is injective. (Hint: By the division algorithm, any non-zero
degree n polynomial has at most n distinct roots.)

b. Show that for any y,,...,y,.1 € R, there exists a unique polynomial p of
degree at most n such that p(x;) =y, for all 1 <i <n+1. (Hint: Show
that T is an isomorphism.)

J

Solution.  a. Let p be any polynomial in ker(7"). So p(z;) = - = p(x,,1) = 0. That
is, p is a polynomial of degree at most n with (at least) n + 1 distinct roots. We
conclude that p is the zero polynomial and so that ker(7T") = {0}.

b. Both ?(R),, and R""! have dimension n + 1. Therefore T being injective is also
surjective, and hence bijective. In particular, for any y,,...,y,,.; € R there exists

a unique polynomial p € P(R),, such that T(p) = [y, -, Yns1] -
|

Further Questions

’_[ Question 6. ]

J )

[Continuing from Question 5, if you want to solve it explicitly] Let (eq, ..., e,,1)
be the standard basis for R and p; = T '(e;) € P(R),,- In other words, p; is
the unique polynomial of degree at most n satisfying p;(xz;,) =1 and pi(:rj) =0 for
i+ j.
a. Find an explicit formula for p,(xz). (Hint: a non-zero polynomial p satisfies
p(a) =0 if and only if (x —a) is a factor of p.)

b. Write down T~ [y, ..., Y, 1] in terms of the p,’s and y;’s. (This is known
as Lagrange’s Interpolation Formula.)
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Solution. ~ a. We first construct polynomials that satisfy g;(z;) = 0 if i # j, but might
not have the correct value for g;(z;) = 0. This is quite easy.

Let ¢, (x) := (x — ) - (¢ — x,,,;) and define similarly ¢, := (z —z)(z —z3) - (x —

Z,.1) and g3, ...,q, up to g, ;(z) == (r —z)(x — zy) - (x —z,,; +1). In other
words,
q; = H (z — zy).
1<k<n+1
ki

Then for any 1 < j < n + 1 one have

0 if 7+,
au(wy) = Hlﬁ’g?“(% —z,) #0 ifi=j

It is now easy to construct the p,, by normalising their value at x;:

k T—z
b Hlﬁkﬁ#?-i-l( k) _ (.’L‘—S(Jk)
’ Hlﬁkﬁﬂ"‘l (:’v’L - xk) 1<k<n+1 (:E’L - xk)
k#i T ki

b. We have [y, ..., Ypi1)" = Y161 + = Ypi1€n41- By linearity

n+1 n+1 n+1

_ - (z — )
T yy, - ayn+1]T = Z%’T ;) = Zyipi = Yi H e
i=1 i=1

i=1  1<k<n+l (z; — y)
ki

Question 7. ]

Prove that V is isomorphic to L(F, V). (Hint: consider the function F: L(F,V) —
V defined by F(T) =T(1). This function is called evaluation at 1.)

Solution. We need to prove that F' is a bijective linear map.

We first prove injectivity. Let T be an element of the kernel of F'. That is: T: F —» V
is a linear map such that 7°(1) = 0. But then, for every A € F we have T(A\) =T (A 1) =
AT(1) = X- 0= 0. This proves that ker(F') = {0} and so F is injective.

For surjectivity, let v be any vector in V. Since 1 is a basis of F', there exists a unique
linear map T': F — V satisfying T(1) = v. We have F(T') = v as desired.

Alternatively, one can prove bijectivity of F' by finding an inverse. Let G: V — L(F,V)
be the map defined by G(v): F — V, A = Aw. That is, each v is send by G onto the
map G(v) = T from the surjectivity proof. One easily verify that (G o F)(T) =T and
(F o G)(v) = v, proving that G is the inverse of F'.

Finally, we show that F is linear. Let S,T£(F,V) be two linear maps and let A € F
be a scalar. Then FIAS +T) = (AS+T)(1) = X-S(1)+T(1) = AF(S) + F(T) as
desired. ]
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Tutorial Questions

Question 1. ]
J

Let Ry: R? — R? be a rotation about the origin through an angle of 6. Find
the matriz [Ry|&, where & is the standard basis for R?. Use this to prove that
RypoR, = Ry, 4. (Hint: use the trigonometric formulas cos(a+b) = cos(a) cos(b) —
sin(a) sin(b) and sin(a + b) = sin(a) cos(b) + cos(a) sin(b).)

Solution. We have & = ([(1)], [?D Simple trigonometry allows us to compute the
coordinates of R, [é] and R, [(1)]

]
0 i
_ rcos 6 {
Ry M
sin 61 :
— sin 0 coé 0 T
So we have 5 ;
1 cos 0 —sin
Ry [0] - [sin 9] and Ry [1] - [ cos 9] ’
which implies
g |cosf —sind
[Rols = [sinﬁ cos 9]'

We then compute

[Re ° R¢]§ = [Re]g[f%]g
[cos§ —sin 9] [cos ¢ —sin d)]

1 |sinf)  cosf||sing  cos¢

[cos O cos ¢ —sinfsing — cos fsin ¢ — sin 6 cos ¢
sinflcos ¢ + cosfsing —sinfsing + cos b cos @
_ [cos(@+¢) —sin(@+9¢)] Ry, ]2

T [sin(@+¢)  cos(@+¢)|  LOTOE

We conclude Ry o R, = Ry, , as desired. ]
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'[ Question 2. ]

Let Sy: R? — R? be a reflection across the line through the origin which makes an
angle of 0 with the positive x-axis. Let 9B be the basis of R? given by v, = [COS 9]

sin 0

and vy, = [0 Find [S,|2. Then find [S,|€ by applying the change of basis
2 01 0lE

cos 0

formula, where & is the standard basis of R2.

Solution.
Y
Vg v cos B !
sin 6t vy = Sy
0 .
. 0
— slin 0 coé 0 T

A~

Sg
Syvs

Since Sy is a reflection along ! = span(v;) and v, L v; we have Sy(v;) = v; and
Sg(vy) = vy. Therefore, [Sy(vy)]g = [(1,] and [Sy(vy)]g = [7(1)]. Altogether we obtain

1 0
[Se]g = [0 _1]'
The change of basis formula gives us:
ol = Md]G[Ry)Z[1d]E.

So we need to compute [Id]%, and [Id]Z = [Id]z_l. We have Id v; = cos fe; + sinfe, and
Id vy = —sinfe; + cosfe,. This gives us

1% = [ ] and  [Id)Z = ([1d]%)"' = [

Finally, one have

% cosf@ —sinf| |1 0 cosf sind
[SG]%: ; 0 —1

sin @ cosf —sinf@ cos@

cosf —sinf

cosf sind
sin 6 cos @ ’

—sinf cosf

cos —sinf||cosb sin 0

o [sin@ cos 9] [sin@ — cos 9]

B [cos2 0 — sin’ 6 2 cos fsin 6] B [cos 20 sin 20]

2cosfsin® sin? — cos? 0 sin20 —cos 26



MTHioy - Advanced Linear Algebra Tutorial 6 - Solutions

Question 3. ]

Consider a basis B of R? given by v, = [i] and v, = [_g]. Let T be a

transformation that stretches in the v, -direction by a factor of 2, and in the

vy-direction by a factor of 3. Compute [T)E.

20

Solution. We have Tw; = 2v, and T, = 3v,, which gives [T]% = [O 3

] . The change

of basis matrices are given by

[3 —4

[Id];é ~ 14 3

] and (142 = ([1d]5)! =i[_3 4].

Finally,

qz—[3 42 O] L[ 3 4 _L[38 4] 6 & _17 66 12
€~ |4 3|0 3|25|—4 3] " 254 3]|-12 9| " 25[-12 59

F[ Question 4. ]

Let U be the subspace of C>°(R) spanned by the basis B given by (e, ze®, x%e®).
Let D € £(U) be the differentiation operator. Recall from Tutorial 5 that

110
[D]gzlo 1 2].

0 01

Is D invertible? If so, compute [D|% and use this to find the unique function
f € U satisfying f = x%e”.

7

Solution. Since det([D]%) = 1, the matrix [D]Z is invertible and so D is invertible. We

compute
110|100 n7nmtrs o9 ol1 -1 2
[o 1 2/0 1 0]: rer e 7 2 >[0 1 0/0 1 —2}
00100 1 001/0 0 1
Rl R R D
So [D]g Id Id (D))"
1 -1 2
0 0 1
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and f is given by
1 -1 2710 2
[flg = ([D]Z)[z%e*] g = [O (1) —2] {0] — {_2]'

In other words, f = 2e% — 2xe® 4 22e”. [ |

Further Questions

Question 5. ]

Continuing from Question 2] Compute [S,0S,])E. Explain what the transformation
0°P¢le
Sp oSy does geometrically.

Solution.

[Sg © S¢]§ = [Se]g[&ﬁ]g

_ [cos20  sin20][cos2¢  sin2¢
~ |sin20 —cos26||sin2¢ —cos2¢

[cos 20 cos 2¢ + sin 20sin 2¢  cos 20 sin 2¢) — sin 26 cos 2¢
|5in 26 cos 2¢) — cos 20sin 2¢  sin 20 sin 2¢ + cos 20 cos 2¢
_ [cos(20 —2¢) —sin(20 —2¢)] R «
T |sin(20 —2¢)  cos(20 —2¢)| [Ba-20]s-

We conclude that the linear map Sy © .S, is the rotation of angle 260 — 2¢. |

Question 6. ]
Let B and D be invertible n x n matrices over F. Let B = (by,...,b,) and

r n

D = (dy,...,d,) be bases of F™, where b; and d; are respectively the §™ column of

r'n

B and D. Ezplain how you can compute [Idg.]Z from B and D.

Solution. Let & be the standard basis of F™. Since the bjs and djs are column vectors in
F" we have b; = [b;]z and d; = [d;]¢. So

B = by by ...b,] = [[b1]g [bo]g - [b,]e] = [1d]5 and D = [1d]g.
Since D is invertible, we obtain

[1dg.)3 = (14)2[1d)5 = DB,
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Tutorial Questions

Question 1. ]

Let P € £(V) be a projection, i.e. P2 =P. Let b€ V. Show that there ezists a
solution © € V to Pz = b if and only if Pb=25.

Solution. If Pb =10, then x = b is a solution to Px = b.
Suppose that z is a solution to b = Px. Then applying P to both sides we have
Pb = P2z = Px =b. |

Question 2. ]

Suppose that P € £(V) is a projection. Prove that Id—P € £(V) is also a
projection (it is sometimes called the complementary projection to P). What is
the relationship between the image and kernel of P and Id—P?

Solution. The identity function Id = Idy, is in £(V). So P is in £(V) if and only if
Id —P is in £(V'), which proves that Id —P is linear. We have

(Id—P)? =1d* ~1d P — PId+P? =1d —2P + P = Id —P,

showing that Id —P is a projection.
A vector v is in ker(P) if and only if P(v) = 0, if and only if (Id —P)v = v, if and only
if (by Question 1) v is in the image of Id —P. We conclude that ker(P) = Im(Id —P).
Since Id —P is a projection, we have ker(Id —P) = Im(Id —(Id —P)) = Im(P). [ |

'[ Question 3. ]
Show that the matriz

1 -1 2

2 1 1
1 2 -1

represents a projection map on F3. Use this to determine whether the equations
Az = b and Az = c are consistent, where b= [1,1,0]" and ¢ = [1,—1,—1]". Write
b and c in the form u+ v’ where u € col A and v’ € null A.

J

Solution. Recall that a m x n matrix A, represents the linear map L, € £L(F", F™)
defined by L, (v) = Av. The linear map L 4 is a projection if and only if A? = A.
We need to show that A2 = A. A simple computation gives us
1 6 3 3
A% =213 6 —3
? L 3 6

= A.
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1 3 1 1 0
Ab:§3 = |1 :b and Ac:§0 #C.
0 0 0

By Question 1, Az = b is consistent, but Az = c is not.
We have col(A) = Im(L,) and null A = ker(L 4). It immediately follows that b =b+0
and ¢ = 0 + ¢ as b belongs to Im(L 4) and ¢ belongs to ker(L,). [ |

We verify

'_[ Question 4. ]
Let F be either R or C and let V be an F-vector space. Suppose that P € £L(V)
is an operator. Let T =2P —1d € £L(V).

a. Prove that P is a projection if and only if T? = 1d.

b. Suppose that P is an orthogonal projection to a line L through the origin in
R2. Give a geometric description of the operator T.

J

Solution.  a. We have T? = (2P —1d)? = 4P? — 4P + 1d = Id +4(P? — P). Therefore,
T? = 1d if and only if P? = P.

[ To go further L

In any field F, if P is a projection, then (2P —Id)? = Id. The converse is
not true in general. Indeed, it might happens that 4 = 0 in F. This is the
case in F, = {0, 1} for example. If 4 = 0 in F then one can show that 2 =0
and thus —1 = 1. This implies T' = Id is independent of P.

For a concrete example, let V = (F,)2. This is a F,-vector space with 4

elements: [8], [(3], [(1)] and [ﬂ Then the map S[y] = [¥] is a linear map but
not a projection as 5? =Id # S. However, (25 —1d)[y] = [gg:ﬂ =[] =
[4]-

b. T is the orthogonal reflection across L as demonstrated in the following pictures.

l l

2Pv 2Pv

Pv
Tv
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'_[ Question 5. ]

Let T € L(V,W) and S € L(W,V). Given b € W, consider the linear problem
Tz =b. Prove the following:

a. If TS =1dy, then © = Sb is a solution to Tx = b (in particular, the problem
is consistent for all b€ W ).

b. If ST = 1dy, then Tz = b is consistent if and only if T'Sb = b; in which
case there is a unique solution x = Sb.

. 7

Solution.  a. We have T'(Sb) = (T'S)b =1db =b.

b. If b =TSb = T(Sb), the system is consistent.

If the system is consistent, then Tx = b for some z. Applying S on both sides we
obtain Sb = STx = x. This shows both that Sb is a solution and also that it is the
unique solution.

Further Questions

Question 6. ]

Let D € £L(P(R)) be the differentiation operator. Find a right-inverse for D.
Does D have a left-inverse?

Solution. Intuitively, we want the right inverse to be the integration map [ p(z)dz.
Integration is defined up to an additive constant only. Since we want our map to be linear
we probably want to impose T'0 = 0 and more generally that the constant coefficient of
Tp is 0 for all polynomial.

Formally, let T: P(R) — P(R) be the unique linear map such that T'(z") = %Hx"“.
We have T'(ay + - + a,z") = agx + - + %Hxnﬂ. One easily verify that we have
DT (p) = p for any polynomial.

The map D has no left-inverse, as the equality SD = Id would implies that D is
injective, which is absurd. |

Question 7. ]

J

Suppose T € L(V,W) and S € L(W,V) satisfy TST =T and STS = S. Show
that T'S and ST are both projections. What are their images/kernel? (Hint: The
answers can be chosen from ker(S), Im(S), ker(T"), Im(T).)
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Solution. We always have ker(T') C ker(ST) and Im(ST) C Im(S) (Tutorial 4, Ques-
tion 2).

Suppose that TST = T. Then (ST)? = STST = S(TST) = ST and so ST is a
projection. A vector v is in ker(ST') if and only if STv = 0. This implies 0 = T'STv = Tv.
We conclude that ker(ST) C ker(T') as soon as TST =T.

Suppose now that ST'S = S. Then (ST)? = STST = (STS)T = ST is a projection.
Finally, let v € Im(S). Then there exists w such that v = Sw. But then STv = ST Sw =
Sw = v and therefore Im(S) = Im(ST).

The proofs for T'S are similar. |
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Tutorial Questions

Question 1. ]

Let V' be an inner product space. Suppose that u,v € V are vectors satisfying
(u,u)y =4, (v,v) =6 and (u,v) = —2. What is |3u — 2v|?

Solution. We have

[3u — 2v|? = (3u — 2v, 3u — 2v) = Y(u, u) — 6{u,v) — 6{v,u) + 4(v, v)
=9-4—6-(—2)—6-—2+4-6=84.

So |3u — 20| = v/84 = 2v/21. [

Question 2. |

Consider the wvector space P(R) equipped with the inner product (p,q) =
fol p(x)q(z)dx. Write the polynomial x as a sum p + q, where p is a scalar
multiple of 1 and q is orthogonal to 1.

Solution. Recall that if V is an inner product space and u and v are two vectors with

v # 0 we have u = %v + w with w orthogonal to v. In our case, we have p = ETB 1
and ¢ = x — p. To find p we compute
(,1) = [ zdzx= [—:UQ] =— and (1,1) = ldr = [z]} = 1.
0 2 1o 2 0
_1 _ 1
Sop=5andg=x— 3. [ |
’_[ Question 3. ]
Prove the converse of the Pythagorean Theorem:
If u and v are vectors in a real inner product space V satisfying |ul? + ||v]? =
[+ v||* then u and v must be orthogonal.
Ezxplain why the assumption that V is a real inner product space is necessary.
Solution. We have
lu+ )2 = (u+v,u+v) = {u,u) + (u,v) + (v, u) + (v, v)
2 2
= lul™ + o™ + (u,v) + (v, u).
Therefore, the equality |u|? + |v|?> = |u + v|? implies (in fact is equivalent to) 0 =

(u,v) + (v,u) = (u,v) + (u,v). If V is a real inner product space we conclude 0 = (u, v).
In other words, u and v are orthogonal.
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The above proof does not work for complex inner product spaces. But what about
the conclusion? It also fails for any complex inner product space V # {0}. Indeed,
let v #+ 0 be a non-zero vector and let v = iv. Then u and v are not orthogonal since
{(u,v) =1i- {v,v) =# 0. However, we have (u,v) + (v,u) = i(v,v) +i(v,v) = 0 and thus
Jul® + Jol® = Ju+ of*. =

Question 4. ]

Recall that the mean of n real numbers z, ..., x, is equal to %E;;l z;. Prove
that the square of the mean of zq,...,x, is less than or equal to the mean of
2 2

X7y, T

Solution. We want to prove that

1 j=1
or equivalently that
n 2 n
(Xo) <ndoat.
j=1 j=1

In order to do that, we will use the Cauchy-Schwarz inequality: |(u,v)|* < [ul?|v|?
for u = [zy,...,2,]" and v = [1,...,1]T in R™ and the standard dot product and the
corresponding norm |v| = /v e v. One easily check
(U b U)2 N (.’171 + o+ xn>27
Jul® = % + - + 23,
o] =n

and thus the desired formula follows. |

'[ Question 5. ]

[From Calculus] Let v: R — R™ be a smooth path, i.e., v(t) = [y, (t), ..., v, ()]
where each v;: R — R is a smooth function. Its derivative is given by v'(t) =
[V, (), ..., vo(t)]T. Prove that if v and & are smooth paths in R™, then for any t
we have (y(t) @ §(t)) = (7' (t) @ 6(t)) + (y(t) @ d’(t)) for the standard dot product
on R".

J

Solution. For a fixed ¢, the dot product is y(t) e 6(t) = 3°" | 7;(¢)9;(t). So the function
t > (y(t) @d(t)) is a smooth function from R to R and

(0 +50) = (L u80) =3 (u(05,0)
S IEA0L

=1
n

t
0+ 3850) = 08,0 + 3w

i=1 i=1
= (7 (t) 0 8(t)) + (7(t) # 8/ (2)). m
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Further Questions

Question 6. ]

[Continuing from Question 5] Suppose that v: R — R™ is a smooth path of
constant speed, i.e. |y’ (t)| is constant. Prove that ~'(t) and v”(t) are orthogonal
for all t. (This shows that the velocity and acceleration along a constant speed
path are always orthogonal.)

Solution. Since |y’ (t)|*> =7/ (t) @ ¥/(t) is constant, we have
0=(0/(t) e (1) = (Y"(t) o' (£)) + (' (1) 7" (%)) = 27" (t) @ 7' ()

since v”(t) @ 7’(t) is a real number. Therefore 0 = ~”(t) @ 7'(t) for every t € R. [ |

’_[ Question 7. ]

[From Statistics] Suppose that we have some data given as n pairs of real num-
bers (x1,Y1), -, (Z,,Y,).- The sample correlation coefficient is given by the
following formula:

I v ()
\/Z?=1<xi o 33)2\/2?:1(3/1 v 3?)27

where T = %Zyzl x, and Yy = %Z?zl Y,,- Prove that —1 <r <1. What can you
say about the value of r if:

a. A fized constant is added to all x values (or all y values)?

b. We scale each x value (or each y value) by a fixed positive constant?

7

Solution. Let x = [z1,...,2,]", v = [y1,-,¥,]" and u = [1,...,1]T be vectors in R".
Then - "
_ 1 Teu _ 1 yeou
== T, = and =— ;= .
n ; Y oueu Y n;yz ueu
Now, let
. Teu _ _ . yeou _ _
T=x— w=[r,—&,..,x, —x]' and §=y— u=1[y; — 7y, — 9"

ueu ueu

We therefore have o
Tey

Iz 71
By the Cauchy-Schwarz inequality we have |z e g| < |Z||7]|, that is: —1 <r < 1.
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a. Adding a fixed constant A to all x; is the same as replacing « by z + Au. But then
T+ Au =+ A and % is replaced by

Tra=[z,+A)—(Z+N),...,(z,+\)— (@ + )] =i

So r remains the same.

b. Scaling each value by a positiyf )\ is the same as replacing « by Az = [Azq, ..., A\z,,]".
We have Az = Az and thus Az = AZ. Therefore r becomes
_ ATey  ATey  Tey
S TR ET
So 7 remains the same (observe that it is crucial that A is positive).
|
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Tutorial Questions
For this tutorial, the field F is either R or C.

Question 1. ]

C’onsider the wvector space P(R), with the inner product given by (p,q) =
f p(x)q(z)dz. Apply the Gram-Schmidt procedure to (z,1,z%) to obtain an
orthonormal basis for P(R). (Note that the order matters.)

Solution. Let v; = x, vy = 1 and v3 = 2. Then u; = v; = z. We compute

! 1 ! 1
(ug,uqy) = / r?dr = 3 and (vy,uq) = / xdr = 7
0 0
This gives us
1 3
u2 2_<U27u1> 1_£m:1__x
(ug,uq) s 2
We now compute
1 1
1 3 1 31 1
(vs, uy) /0 333d$=17 <U3au2>—/0 $2_§$3d$=——51_ o1’
1
9 1 91 1
= 1-3 ~z2d :1—3— = —
(Ug, Us) /0 r+ —z°dx + 13- 1
We then have
1 —1 3 1
Uy = vy — <U37U1>u1 o <U3’U2>u2 — 2 ﬁw— /24(1_ —m) —22 g4 =
(ug,uq) (ug, uy) s 1/a 2 6
We compute a last inner product
1
4 1 1 1 41 11 1 1
= 423 4 2% — —d — 24— — = —
(g, u3) /Ox T T3 T T 1733732736 180
Finally, we normalize:
1
IIUI|1 ~ulz lulls 6

Question 2. ]

The conjugate transpose of an m x n matriz A is the n x m matric A* = AT =
—T
A

a. Show that u e v = v*u for vectors u and v in F".
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b. Prove that (col A)* = null A* for the standard dot product (where col A is
the column space of A).

Solution.  a. Let u = [uq,...,u,]" and v = [vy,...,v,]T be any two vectors in F". We
have

n Uq
_ = _ (s - . %
uov_g w;v; = [0y .. U] | =0
Jj=1

b. Recall that col(A) = {Av|v € F"}. Now, let u be any vector in F™. We have

u € col(A)t <= YveF":ueAv =0
= YweF":0=(Av)'u=v"A*u= A*uev
= A'u=0
< u € null(4¥). [ |

Question 3. ]

Let V' be an inner product space and suppose that P € £(V') is a projection onto
a subspace U. Prove that P is an orthogonal projection if and only if |Pv| < |v|
for all v € V. (Hint: Show that ker P must be orthogonal to U.)

Solution. “=" Suppose that P is an orthogonal projection, so P = F; ;.. Then for any v
in V the vectors Pv € U and v — Pv € U+ are orthogonal. By the Pythagorean theorem,
[v)? = |Pv|? + |v — Pv|?. Since |v — Pv||? is non-negative, we conclude |Pv|? < |Jv|?
and hence |Pv|? < |Jv]?.

v—PveUt

U

N/
</

/

Y/ __

/

Figure 3: An orthogonal projection of v onto U and the decomposition v = Pv+ (v — Pv)
with v — Pv € U*.

“«<” We will give a proof assuming that V is finite dimensional. For the general case,
see the “Infinite dimensional vector spaces” box below.
We claim:

If |Pv| < |lv| for all v € V, then ker(P)* is contained in Im(P).

Before proving this claim, let us see how it implies that P is an orthogonal projection (i.e.
that Im(P)* = ker(P) if V is finite dimensional. Since V is finite dimensional, so is ker(P).
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Therefore V = Im(P) @ ker(P) = ker(P) @ ker(P)*. Everything being finite dimensional,
we conclude dim(V) = dim(Im P) + dim(ker P) = dim(ker P) + dim(ker(P)*). So
dim(ker(P)*) = dim(Im P), which by the claim implies ker(P)* = Im(P).

Let us now prove the claim. Let v be any vector in ker(P)1. We have Pv = v+ (Pv—v)
with v € ker(P)%. One easily check P(Pv—v)) = P?v—Pv = 0 so Pv—v is in ker(P) and
hence orthogonal to v. By the Pythagorean Theorem we have |Pv|? = |v|? + |Pv — v|?.
By assumption, we also have |Pv||? < |[v|?. Altogether, this implies that |Pv —v|?> =0
and hence v = Pu is in the image of P as desired.

[ Infinite dimensional vector spaces L

The above proof works only for V finite dimensional. The result is still true for V'
infinite dimensional, but requires a different proof.

Since P is a projection onto U, we have U = Im(P) and V = Im(P) & ker(P). We
claim:

If |Pv| < |Jv| for all v € V, then ker(P) is contained in Im(P)* (and hence
P is the orthogonal projection onto Im(P)).

Let us prove this claim. Let v € Im(P) and w € ker(P). If w = 0, then it is

orthogonal to u. We can hence suppose that w # 0. We want to show that u and

w are orthogonal. The trick is to consider the orthogonal proje(ctio>n of u onto
u,w

span(w). More precisely, we will evaluate the norm of v := u — Toray - Since u

is in the image of P and w in the kernel, we have P(v) = u. So by assumption,
|ul| < |v|. We hence have

{u, w)

2
2
www"M

st (St — (thu)

0 < ol = Jlul® =

u —

)P fww), o ww),
=Tl e T e
)2

[o?

|(u,w)|?

We conclude that e < 0 and thus (u, w) = 0 as desired.

Question 4. ]

Prove that a m x m matriz A represents an orthogonal projection (with respect
to the standard dot product) if and only if A> = A = A*. (Hint: For the only if
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direction, show that A* represents a projection and has the same image and kernel
as A.

Solution. “<" Since A = A?, it represents a projection L 4 and F* = Im(L ,)@ker(L,) =
col(A) @ null(A). By Question 2 (col A)* = null(A*) = null(4). So A represents an
orthogonal projection since col(A) and null(A) are orthogonal.

“=" Suppose that L 4 is an orthogonal projection, so A2 = A and F" = col(A4)®null(A)
with col(A)* = null(A). We have

(4%)2 = (AT = (AT = (A = AT = 4,

so A* represents a projection and F™ = col(A4*) @ null(4*). By Question 2 (col A)* =
null(4*), and applying this to A* and (A*)* = A we also have (col A*)* = null(A),
or in other words col A* = (null A)!. Since A is an orthogonal projection, we have
null(A*) = (col A)* = null(A4) and col(A*) = (null A)* = col(A). That is, A* represents
the orthogonal projection onto col(A) with direction parallel to null(A). By unicity of
such a projection, we conclude A* = A. |

Further Questions

Question 5. ]

Let A and B be matrices satisfying ABA = A, BAB = B, (AB)* = AB and
(BA)* = BA. Prove that AB and BA are both orthogonal projection matrices.
What are their respective images? (Hint: see Tutorial 7 Question 7.)

Solution. By Tutorial 7 Question 7, AB represents a projection onto col(AB) along direc-
tion null(AB), col(AB) = col(A) and null(B) = null(AB). Altogether, AB represents a
projection onto col(A) along direction null(B). Finally, (AB)* = AB implies (Question 4)
that the projection represented by AB is orthogonal. |

'_[ Question 6. ]

J )

Let T € £L(V,W) be a linear map between finite-dimensional inner product spaces.

a. Show that for each w € Im(T) there exists a unique v € ker(T)* such that
Tv=w.

b. Prove that there is a unique linear map S € L(W,V) satisfying TST =T,
STS = S, and TS, ST are orthogonal projections to Im(T), ker(T)*:
respectively. (This S is called the pseudo-inverse of T'.)
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Solution. a. Since w is in the image of T', there exists u € V such that Tu = w.
Since V is finite dimensional, we have V = ker(T') @ ker(T)*. Therefore, there
exists (unique) z € ker(T) and v € ker(T)* such that u = z + v. We have
w=Tu=Tz+Tv =0+ Tv = Tv. This finishes the proof of existence. Now,
suppose that v” also satisfies Tv" = w and v’ € ker(T)*. Then T'(v—v’) = 0 implies
that v —v” belongs to ker(T') Nker(T)* = {0}. In other words, we necessarily have
v" = v, showing unicity.

b. By finite dimension, we have W = Im(7T") @ Im(T)*. Use this to define a function

S: W =Im(T) ®Im(T)* —V
w + z — the unique v € ker(T)* such that Tv = w.

The existence and unicity of v makes this is a well-defined function. We now need to
show it is linear. So let w; +2z; and w, + 2, be two vectors in W = Im(T") & Im(T')*
and let A\ be a scalar. Let v; and v, be the unique v, € ker(T)! such that
Tv; = w;. Then Av; + v, is in ker(T)* and T(Av; + vy) = Aw; + w,. It follows
that S(A(w; +21) + (wy +25)) = Ay +vy = AS(wq + 2;) + S(wy + 25). This shows
the linearity of S.

For any w+ 2z in W = Im(T) @ Im(T)* we have STS(w + z) = ST (v) = S(w) =
S(w + z). For any v € V, one has TSTv = T'Sw = Tv. It follows (Tutorial 7
Question 7) that 7'S is a projection onto Im(7") along direction ker(S), while ST
is a projection onto Im(S) along direction ker(7").

For orthogonality, we need to show that ker(S)* = Im(7T') and ker(7T)* = Im(S).
Let z be a vector in Im(7')*, therefore we have z = 0+ 2 € Im(T) @ Im(T)*. Then
S(z) is the unique w in ker T+ such that T'(w) = 0 and therefore w € ker T Nker T+
and S(z) = w = 0. This proves Im(T)* C ker(S5).

Now, let w+ z be any element in ker(S). So 0 = S(w+ z) = S(w) satisfies T0 = w.
So w+ 2z =0+ z is in Im(T)1. This proves the second inclusion ker(S) C Im(T)*.

We have Im(S) C ker(T)* by definition of S. Now, for v in ker(T)* we have Tv
in Im(T") and hence S(Tv) = v, so v belongs to Im(.S). This proves the inclusion
ker(T)t C Im(S).

We proved that there exists an S with the desired properties. To finish the proof,
we need to show that such an S is unique. Suppose that ) also satisfies the same
properties. Then both T'S and T'Q are orthogonal projections to Im(7") along
direction Im(7T")*. By unicity of orthogonal projections, TS = T'Q. One prove
similarly ST = QT'. Finally, S = STS = STQ = QTQ = Q.

|
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Tutorial Questions

'_[ Question 1. ]

Consider the matriz A = [COS 6 —sin 9] .

sinf  cosf
a. Find the eigenvalues of A in C.

b. For what values of 0 does A have real eigenvalues?

- 7

Solution. a. First we compute the characteristic polynomial:

—cosf sin 0

t
Xa(t) = det —sinf t—cos@

= (t —cos #)? +sin? § = t? — 2t cos 0 + cos? § + sin® 0
=12 —2tcos@+1=(t—A)(t—Ny).

Using Vieta’s formula, we conclude:

—(—2cosf) £ 1/(2cos0)2 —4-1-1
2-1

AL = = cos 6 &+ sin 6i.

b. A has real eigenvalues if and only if sinf = 0 if and only if § = kr for some k € Z.
[ |

’_[ Question 2. |

J )

Let V be a vector space and let P = By, € £(V') be a projection to a subspace U
along a complementary subspace W .

a. What are the possible eigenvalues of P?

b. What are the eigenspaces of P?

J

Solution.  a. By assumption V = Im(P) @ ker(P). Then Pv = \v and P?v = P)\v =
APv = \2v. Since P is a projection, P2 = P and so Pv = A\?v. We conclude that
A2y = \v and since v # 0 that A2 = \. Therefore A € {0,1}.

b. The possible eigenvalues of P are 0 and 1. We have E(0, P) = ker(P—01d) = ker(P)
and E(1, P) = ker(P — 11d) = Im(P).
[ |

Question 3. ]

Suppose that T € £(F*) is an operator such that dimE(3,T) = 3. Prove that at
least one of T —21d or T — 41d is invertible.
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Solution. Since F* is finite dimensional, the operator T'— \Id is not invertible if and
only if A is an eigenvalue of T, if and only if dimE(X,7") > 1. We also have that
4 =dimF* > Zfz L E(A;,T) where the sum is taken over all the distinct eigenvalues. We

already know that 3 is an eigenvalue, let us say A; = 3, so

k
4=dimF* >3+ > E(\,T).

=2

We conclude that 7" has at most one other eigenvalue A # 3 and thus 7" — A\1d is not
invertible for at most one A # 3. In particular, at least one of T'— 2Id or T'—41d is
invertible. |

Question 4. J

Define an operator T € L(P(R)s) by Tp(x) = xp’(z) for all z € R. Find all
etgenvalues and eigenvectors of T.

Solution. Trying to solve Ap(x) = xp’(z) to find an eigenvector p # 0 is a priori difficult.

So we will instead compute the characteristic polynomial of T. Let & = (1, z,z2,23) be

the standard basis of P(R);. We have T'(1) =0, T'(z) = x, T2? = 2z? and Tz3 = 3z3.

So
0
[T]g: [ 12 :
3

Since this is a diagonal matrix, we conclude that the eigenvalues of T are 0, 1, 2 and 3.

Eigenvalue A = 0 We have null([T]% — 01d) = null([T]2) = {[a,0,0,0]" |a € R}. So
the E(0,T) = ker(T'—0Id) = {a | a € R} (the constant polynomials). The eigenvectors
Eigenvalue A =1 We have

are E(0,7T) \ {0}.
—1 0
nuu([T]g—ud):nuu[ 0 ] = { H beR}.

So the E(1,T) = ker(T' — 11d) = {bx | b € R}. The eigenvectors are E(1,T") \ {0}.

Eigenvalues A = 2 and A =3 The same method as above gives E(2,T) = ker(T'—11d) =
{cz?|c € R} and E(3,T) = ker(T — 11d) = {dz3 | d € R}. [ |

Question 5. ]

Let V.= C>(R) be the space of smooth real functions and let D € £L(V') be the
differentiation operator. Show that every A € R is an eigenvalue for D, and find
a corresponding eigenvector.

Proposi-
tion 5.1.11
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Solution. For every A € R we have De*® = Xe*®. So e is an eigenvector with
eigenvalue A. |

Further Questions

Question 6. |

Le Ay, ..., A\, be distinct real numbers. Show that the list (e*?, ... e %) is linearly
independent in C*°(R). Hint: Consider the differentiation operator restricted to
the subpsace U = span(e*®, ..., e*?®) of C®(R).

Solution. Since Deli® = )\jeAJ‘“’, the subspace U is D invariant. Therefore, D| y 1s an
operator on U. The A, for j € {1,...,k} are all eigenvalues of D|U. This implies that U
has dimension at least k. Therefore, U has dimension exactly k and (e**, ... e*?) is a
basis for U (and hence linearly independent). [ |

Question 7. ]

J

Let V' be a finite dimensional vector space and suppose that T € £(V') has dim(V)
distinct eigenvalues. Let S € £(V) be an operator with the same eigenvectors as
T, but not necessarily the same eigenvalues. Prove that TS = ST.

Solution. Let m := dim(V') and let A, ..., \,,, be the eigenvalues of T" and vy, ..., v,, be
the corresponding eigenvectors. Since the v; correspond to distinct eigenvalues, they are
linearly independent and therefore & = (v, ...,v,,) is a basis of V.

By assumption, there exists uy, ..., y,, such that Sv; = p,v;. Now, T'Sv; = Tp;v; =
Ajpjv; while STv; = SA\v; = pAjv; = Ajuv; = T'Sv;. Since ST and T'S agree on a
basis, they are equal. |
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Tutorial Questions

'_[ Question 1. ]
Consider the operator map T € £(C3) given by T(z) = Az where

210
0 2 0f.

00 3

A=

Find the eigenvalues and the generalised eigenspaces of T .

\ y

Solution. We first compute the characteristic polynomial. Since A is a triangular
matrix,xr(t) = (t — 2)2(t — 3) and the eigenvalues are \; = 2 (of algebraic multiplicity
2) and A, = 3 (of algebraic multiplicity 1).

For \;, =2
0 -1 0 0 00
2Id-A=1(0 0 O and (2Id—A4)2= (0 0 Of.
0 0 -1 0 01

We conclude

G(2,7) = null((21d —A)?) = { [z; 21,29 € C}.

0]
For A\, =3
1 -1 0]
3l[d—A= 1|0 1 0f.
0 0 0]

‘We conclude

0
G(3,7) =null(3Id—A) = { {0 zg € C}.

Z3

Question 2. ]

Let T be an operator on C° whose eigenvalues are 3, 4, and 5. Prove that
(T —31d)*(T — 41d)3(T — 51d)3 = 0.

Solution. Since T is a complex operator with eigenvalues 3, 4 and 5, its characteristic
polynomial is X (t) = (t—3)™as3T) (t—4)as®T) (¢—5)mae(3T) with all the my, (A;,T) > 1
and 5 = m,,(3,T) + m,,(4,T) + m,,(5,T). We conclude that for A\ € {3,4,5} we have
m,;, (A, T) < 3.
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The minimal polynomial M. (¢) divides x,(t) which itself divides (t—3)3(t—4)3(t—5)3
by the above. Since M. (T') = 0 we conclude (T'— 31d)*(T —41d)3(T —51d)3 =0. H

Question 3. ]

Let V' be an m-dimensional complex vector space. Suppose that P is a projection
onto an l-dimensional subspace of V. Show that x p(t) = (t — 1)t™L.

Solution. We know (see Tutorial 10, Question 2) that the only possible eigenvalues
of P are 0 and 1 and that E(1, P) = Im(P) while E(0, P) = ker(P). Moreover, we
have V. = G(1,P) ® G(0,P) = Im P @ ker P = E(1, P) ® E(0, P) (we use that P is a
projection for the second equality). Therefore, we must have E(1, P) = G(1, P) and
E(0,P) = G(0, P).

We conclude that m,, (1, P) = dim G(1, P) = dimE(1, P) = [, while m,, (0, P) =
dimker(P) = dim V — dimIm P = m — I. This gives xp(t) = (t — 1)'¢™ as desired. W

Question 4. J

Let T € £(V) be an operator on a finite-dimensional complex vector space V.
Suppose that the characteristic and minimal polynomials of T are respectively
xr(2) = (2 —=2)(z + 1)*(2 — 3)3 and My (2) = (2 — 2)(2 + 1)3(z — 3). Write down
a Jordan form of T.

Solution. From the characteristic polynomial, the eigenvalues of T" are 2, —1 and 3.

The sum of the sizes of the Jordan blocks with eigenvalue 2 is 1 = m,)(2). So for
A = 2 we only have one block of size 1.

For A = —1, the sum of the sizes of the Jordan blocks is m,),(—1) = 4, while the size
of the biggest block is 3 (the exponent of (z+1) in the minimal polynomial). This means
that we have one block of size 3 and one of size 1.

Finally, for A = 3, the sum of the sizes of the Jordan blocks is m,,(3) = 3, while the
size of the biggest block is 1 (the exponent of (z — 3) in the minimal polynomial). This
means that we have 3 blocks of size 1.

Altogether, this gives us

B
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'_[ Question 5. ]

Consider the matriz

b. What is the Jordan form for A?

c. (Optional) Find a Jordan basis for A.

.

6 6 —15
A=1|1 5 —5]|.
1 2 =2

a. Find the characteristic polynomial and minimal polynomial of A

Solution. a. We start by computing the characteristic polynomial:
t—6 —6 15
Xa(t)=det| -1 t—-5 5
-1 -2 t+2
t—5 5 —6 15 —6 15
=(t—6)det[_2 t+2]+1det{_2 t+2]_1det[t—5 5]

=(t—6)((t—5)(t+2)+10) + (—6(t +2) + 30) — (—30 — 15(t — 5))
=3 — 9t + 27t — 27 = (t — 3)3.

So A has only one eigenvalue, 3, of algebraic multiplicity 3. The geometric multi-

plicity of 3 is therefore 1, 2 or 3. We test

3 6 —15
A—3Id:{1 2 —5]7“),
1 2 -5
and )
3 6 —15
(A—31d)2 = {1 2 —5] = 0.
1 2 -5

We conclude that m

geo (

3,A) =2 and M,(t) = (t — 3)2.

. The Jordan form for A has one Jordan block of size m
one more block of size 1. That is, the Jordan form is

Jz{ J.

3 1
3

geo (

3,A) =2, and therefore
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c. To start, we need to find a vector v; in null(A—31d)? = F3 but not in null(A—31d).
We can for example take v; = [8]. Then we compute
3
vy = (A—31d)v, — H € null(A — 31d).

Finally, we need to complete v, to a basis of null(A — 31d). That is, we need to
find a vector vg in null(A—31d) = { E] ‘ r+2y—5z= 0} but not in spanwv,. For

5
example, we can take v; = [(1)] A Jordan basis is then given by (v, vy, v3).

,.[ Remark o.2. ]
Let P be the matrix P = [v; vy v5]. We can easily verify that

31
AP - [A'Ul A'Uz AUS] == [31}1 ’Ul + 31)2 3'1)3] = ['Ul 'U2 '1)3]|: 3 3:| - PJ

That is, P"1AP = J.

Further Questions

'_[ Question 6. ]
Let N € £(V) be a nilpotent operator.

a. Prove that N can only have 0 as an eigenvalue.

b. Show that Idy, —N s invertible.

J

Solution. a. Let v # 0 be an eigenvector: Nv = Av. Since N is nilpotent, there exists
k with N* = 0 and so 0 = N*v = A\*v. Since v # 0 we necessarily have \* = 0,
which implies that A = 0.

b. Let k be an integer such that N¥ = 0, then the inverse of Id —N is Id + N +---4+ N*1,
This can easily be directly verified. The intuition to find it comes from the power
series ZZO gt = L for |z| < 1. .

Question 7. ]

Let V' be a finite-dimensional complex vector space. Suppose that T € £(V) is an
operator with only 0 as an eigenvalue.



MTHioy - Advanced Linear Algebra Tutorial 11 - Solutions

a. Show that T is nilpotent.

b. What is the characteristic polynomial of T ?

Solution.  a. The minimal polynomial of T" is M (t) = t* for some k € {1, ...,dim(V)}.
Then 0y, = M (T) = T* and so T is nilpotent.

b. Since V is a complex vector space, its characteristic polynomial is

Xr(t) = (t—=XAy) - (= Agimry) = 9V
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Tutorial Questions

Question 1. ]
J

Let V # {0} be a finite dimensional complex vector space, and let T € £L(V') be an
operator. Prove that there does not exist a direct sum decomposition of V into
two nonzero subspaces invariant under T if and only if Mp(2) = (z — A4V for
some A € C.

Solution. Firstly, remind that the exponent of z — X in M (2) is the size of the biggest
block of eigenvalue ) in a Jordan normal form of T. Therefore, My (2) = (z — \)3™V if
and only if the Jordan normal form of 7" has only one Jordan block (of eigenvalue A).
Suppose that V =V, @ V, with V; and V, nonzero and T-invariant. For j € {1, 2}, let
T; :=T|,, and let 9; be a Jordan basis for T; (so %, is a basis of V). Then % := %, U %,
is a basis of V for which 2
-3
0 [Tlg,

7% = [[

So [T)2 is a Jordan normal form for T, with at least two blocks.

For the other direction, suppose that the Jordan normal form of T has at least two
blocks and let & be a corresponding Jordan basis. Let 9%, be the first vectors of %
corresponding to the first block and let 9%, := 9% \ 9%B;. So we have

7|0

OJ2

B, By

where J; is a Jordan block and J, is composed of one or more Jordan blocks. Let
V; := span(%;). By construction, V =V, @ V,. Moreover, the dimension of V, # {0} is
equal to the size of J; and hence at least 1. Finally, the fact that [T']% is diagonal by
blocks, with diagonal blocks J; and J, is equivalent to the fact that V; and V, are T’
invariant. ]
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Question 2. ]
J

Let T € £L(V) be an operator. Suppose that A\ € F is not an eigenvalue of T.
Show that G(X\,T) = {0}.

Solution. [ |

Further Questions

Question 3. ]

Let T € £(V) be an operator and v € V be a vector such that T™ v # 0 but
Tky =0 for some k > 1. Prove that v, Tv,...,T* v are linearly independent.

Solution. [ |

'_[ Question 4. ]

Let T € £(V).
a. Show that V = Im(T°) D Im(T"') D --- D Im(T*) D Im((T**1)---.

b. Suppose that Im(T*) = Im(T**1) for some k > 0. Show that Im(T') =
Im(T") for all 1 > k.

c. Suppose that dimV = m. Prove that Im(T™) = Im(T™!) = Im(T™*?) =

\.

Solution. [ |

Question 5. ]

Let q(z) be a monic complex polynomial. Suppose that p(z) is a monic polynomial
multiple of q(z) with the same roots as q(z) (but not necessarily with the same
multiplicities). Show that there exists an operator T € £(C8P))  such that

xr(2) = p(2) and Mp(z) = q(2).

Solution. [ |

Question 6. ]

Let T be an invertible operator on an m-dimensional complex vector space V.
Prove that xp(z) = mzmxr_p(%).

Solution. [ |



