
MTH107 - Advanced Linear Algebra Tutorial 1 - Solutions

Exercise 1.
Let 𝑋 = {𝑎} and 𝑌 = {𝑏, 𝑐}.

a. List all possible functions from 𝑋 to 𝑌 (you may draw a diagram).
b. List all functions from 𝑌 to 𝑋.
c. Compose a function from the first list with a function from the second list

(in either order). What are all the different functions that arise in this way?

Solution. a. To specify a function 𝑓 ∶ 𝑋 → 𝑌 , we need to describe the image of each
element of 𝑋. Since 𝑋 has only one element 𝑎, any function 𝑓 ∶ 𝑋 → 𝑌 is uniquely
determined by 𝑓(𝑎) ∈ 𝑌 = {𝑏, 𝑐}. That is, there are exactly two functions 𝑓1 and𝑓2 in 𝑌 𝑋, which are defined by 𝑓1(𝑎) = 𝑏and 𝑓2(𝑎) = 𝑐.

b. To define a function 𝑔 ∶ 𝑌 → 𝑋 is equivalent to choose the value of 𝑔(𝑦) ∈ 𝑋 for all𝑦 ∈ 𝑌 . Since 𝑋 = {𝑎} has only one element, we are forced to choose 𝑔(𝑦) = 𝑎 for
all 𝑦 ∈ 𝑌 . So there exists a unique function 𝑔 ∶ 𝑌 → 𝑋, defined by 𝑔(𝑏) = 𝑔(𝑐) = 𝑎.

c. Let us give the details for 𝑓1 ∘ 𝑔:𝑓1 ∘ 𝑔 ∶ 𝑌 𝑔⟶ 𝑋 𝑓1⟶ 𝑌𝑏 ⟼ 𝑎 ⟼ 𝑏𝑐 ⟼ 𝑎 ⟼ 𝑏.
So 𝑓1 ∘ 𝑔 is the constant function 𝑏. That is: (𝑓1 ∘ 𝑔)(𝑦) = 𝑏 for all 𝑦 ∈ 𝑌 . Similarly,𝑓2 ∘ 𝑔 is the constant function 𝑐. Composing in the other direction we obtain that
both 𝑔 ∘ 𝑓1 and 𝑔 ∘ 𝑓2 are the constant function 𝑎.
Observe that we have 𝑔 ∘ 𝑓1 = 𝑔 ∘ 𝑓2 = Id𝑋 with 𝑓1 ≠ 𝑓2, but 𝑓1 ∘ 𝑔 ≠ 𝑓2 ∘ 𝑔 and
none of them is equal to 𝐼𝑑𝑌 . ■

Exercise 2 (Proposition 1.2.17).
Let 𝑋,𝑌 , 𝑍 be sets and suppose that 𝑓 ∶ 𝑋 → 𝑌 and 𝑔 ∶ 𝑌 → 𝑍 are functions.

a. Show that if 𝑓 and 𝑔 are injective then 𝑔 ∘ 𝑓 is injective.
b. Show that if 𝑓 and 𝑔 are surjective then 𝑔 ∘ 𝑓 is surjective.
c. If 𝑔 ∘ 𝑓 is injective then what can you say about 𝑓 or 𝑔? What if 𝑔 ∘ 𝑓 is

surjective?

Solution. a. Suppose that both 𝑓 and 𝑔 are injective and let 𝑎, 𝑏 ∈ 𝑋 be two elements
of 𝑋 such that (𝑔 ∘ 𝑓)(𝑎) = (𝑔 ∘ 𝑓)(𝑏). We need to prove that in this case one
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necessary have 𝑎 = 𝑏. From (𝑔 ∘ 𝑓)(𝑎) = (𝑔 ∘ 𝑓)(𝑏) one obtain 𝑔(𝑓(𝑎)) = 𝑔(𝑓(𝑏))
and so 𝑓(𝑎) = 𝑓(𝑏) by injectivity of 𝑔 and finally 𝑎 = 𝑏 by injectivity of 𝑓 .

b. Suppose that both 𝑓 and 𝑔 are surjective and let 𝑧 ∈ 𝑍 be any element of 𝑍.
By surjectivity of 𝑔, there exists 𝑦 ∈ 𝑌 such that 𝑔(𝑦) = 𝑧. By surjectivity of 𝑓 ,
there exists 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦. But then (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑦) = 𝑧, proving
surjectivity of 𝑔 ∘ 𝑓 .

c. We will show that 𝑔 ∘ 𝑓 injective implies 𝑓 injective, but 𝑔 might not be injective;
and that 𝑔 ∘ 𝑓 surjective implies 𝑔 surjective, but 𝑓 might not be surjective.
We start by providing a counterexample to the two incorrect implications. Let 𝑓1
and 𝑔 be the functions from the solution to Exercise 1.a. Then 𝑔 ∘ 𝑓1 = Id𝑋 is both
injective and surjective. However, 𝑔 is not injective as 𝑔(𝑏) = 𝑔(𝑐) even if 𝑏 ≠ 𝑐,
and 𝑓1 is not surjective as 𝑐 ∉ Im(𝑓1).
Suppose now that 𝑔 ∘ 𝑓 is injective. Let 𝑎, 𝑏 ∈ 𝑋 be any two elements with𝑓(𝑎) = 𝑓(𝑏). By applying 𝑔 on both sides we have (𝑔 ∘ 𝑓)(𝑎) = (𝑔 ∘ 𝑓)(𝑏) and hence𝑎 = 𝑏 by injectivity of 𝑔 ∘ 𝑓 . We have just proved injectivity of 𝑓 .
Finally, suppose that 𝑔 ∘ 𝑓 is surjective. Let 𝑧 ∈ 𝑍 be any element. Then, by
surjectivity of 𝑔 ∘ 𝑓 , there exists 𝑥 ∈ 𝑋 such that 𝑧 = (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)). Since𝑦 ≔ 𝑓(𝑥) is in 𝑌 , we have 𝑧 ∈ Im(𝑔), proving surjectivity of 𝑔. ■

Recall that the identity map on a set 𝑋 is the function Id𝑋 ∶ 𝑋 → 𝑋 given by
Id𝑋(𝑥) = 𝑥 for all 𝑥 ∈ 𝑋.

Exercise 3.
Let 𝑓 ∶ 𝑋 → 𝑌 and 𝑔 ∶ 𝑌 → 𝑋 be functions. Suppose that 𝑔 ∘ 𝑓 = Id𝑋. Does it
follow that 𝑓 ∘ 𝑔 = Id𝑌 ?

Solution. No. See the solution of Question 1 for a counterexample. ■
Exercise 4 (See Proposition 2.1.3).
Recall that 𝐅 stands for 𝐑 or 𝐂. Let 𝑚 be an integer. Prove that 𝐅𝑚 satisfies
the distributive properties, that is, for all 𝑎, 𝑏 ∈ 𝐅 and 𝑢, 𝑣 ∈ 𝐅𝑚 we have:

1. 𝑎(𝑢 + 𝑣) = 𝑎𝑢 + 𝑎𝑣;
2. (𝑎 + 𝑏)𝑣 = 𝑎𝑣 + 𝑏𝑣.

Solution. Let 𝑢 = [𝑢1,… , 𝑢𝑚]𝖳 and 𝑣 = [𝑣1,… , 𝑣𝑚]𝖳. Then

𝑎(𝑢 + 𝑣) = 𝑎⎛⎜⎝⎡⎢⎣𝑢1⋮𝑢𝑚⎤⎥⎦ + ⎡⎢⎣𝑢1⋮𝑢𝑚⎤⎥⎦⎞⎟⎠ = 𝑎⎡⎢⎣ 𝑢1 + 𝑣1⋮𝑢𝑚 + 𝑣𝑚⎤⎥⎦
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= ⎡⎢⎣ 𝑎(𝑢1 + 𝑣1)⋮𝑎(𝑢𝑚 + 𝑣𝑚)⎤⎥⎦ = ⎡⎢⎣ 𝑎𝑢1 + 𝑎𝑣1⋮𝑎𝑢𝑚 + 𝑎𝑣𝑚⎤⎥⎦= ⎡⎢⎣𝑎𝑢1⋮𝑎𝑢𝑚⎤⎥⎦ + ⎡⎢⎣𝑎𝑣1⋮𝑎𝑣𝑚⎤⎥⎦ = 𝑎𝑢 + 𝑎𝑣,
where we used the distributivity property 𝑎(𝑢1 + 𝑣1) = 𝑎𝑢1 + 𝑎𝑣1 in 𝐅. ■

Further Questions

Exercise 5 (Proposition 1.2.23).
Let 𝑋 and 𝑌 be finite sets and 𝑓 ∶ 𝑋 → 𝑌 be a function.

a. Assume that 𝑓 is injective. Find a function 𝑔 ∶ 𝑌 → 𝑋 such that 𝑔 ∘ 𝑓 = Id𝑋.
b. Assume that 𝑓 is surjective. Find a function 𝑔 ∶ 𝑌 → 𝑋 such that 𝑓 ∘𝑔 = Id𝑌 .

Solution. a. Suppose 𝑋 non-empty and let 𝑥0 be any element of 𝑋. Define 𝑔 ∶ 𝑌 → 𝑋
by: 𝑔(𝑦) ≔ {the unique 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦 if 𝑦 ∈ Im(𝑓)𝑥0 otherwise.
It is then straightforward that 𝑔 ∘ 𝑓 = Id𝑋.

To go further
If 𝑋 = ∅ there is a unique function from 𝑋 to 𝑌 : the empty function. So if𝑋 = ∅ = 𝑌 , the empty function is its own inverse. If 𝑌 is not empty, then
there is no function from 𝑌 to ∅.

Observe that we did not use that 𝑋 and 𝑌 are finite. That is, we actually proved a
bit more than what was stated. Moreover, one can check that the 𝑔 we constructed
is surjective. So we have proved: if 𝑓 ∶ 𝑋 → 𝑌 is an injective function between
arbitrary sets, there exists a surjective function 𝑔 ∶ 𝑌 → 𝑋 with 𝑔 ∘ 𝑓 = Id𝑋.

b. If 𝑓 is surjective, then 𝑌 = Im(𝑓). One can define 𝑔 ∶ 𝑌 → 𝑋 by for each𝑦 ∈ 𝑌 = Im(𝑓) choosing a 𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦. One can check that such a𝑔 is injective and 𝑓 ∘ 𝑔 = Id𝑌 . So we have proved: if 𝑓 ∶ 𝑋 → 𝑌 is an surjective
function with 𝑌 finite, there exists an injective function 𝑔 ∶ 𝑌 → 𝑋 with 𝑓 ∘𝑔 = Id𝑌 .
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To go further
If 𝑌 is infinite, we need the axiom of choice (AC) to be able to make infinitely
many simultaneous choices. So, if we assume (AC) we have: if 𝑓 ∶ 𝑋 → 𝑌
is an surjective function between arbitrary sets, there exists an injective
function 𝑔 ∶ 𝑌 → 𝑋 with 𝑓 ∘ 𝑔 = Id𝑌 . Actually, this statement is equivalent
to (AC). This is one of the reason to assume (AC): it implies that injective
and surjective functions behave “dually”. ■

The following questions are intended as revision for Year 1 Linear Algebra.
Exercise 6.
Solve the system of linear equations𝑥1 + 3𝑥2 − 5𝑥3 = 4𝑥1 + 4𝑥2 − 8𝑥3 = 7−3𝑥1 − 7𝑥2 + 9𝑥3 = −6.

Solution. By doing the row transformations 𝑟2 ↦ 𝑟2 − 𝑟1 and 𝑟3 ↦ 𝑟3 + 3𝑟1 we obtain
the equivalent system 𝑥1 + 3𝑥2 − 5𝑥3 = 4𝑥2 − 3𝑥3 = 32𝑥2 − 6𝑥3 = 6.
Doing one last row transformation 𝑟3 ↦ 𝑟3 − 2𝑟2 one have the, also equivalent, system𝑥1 + 3𝑥2 − 5𝑥3 = 4𝑥2 − 3𝑥3 = 30 = 0.
We conclude that 𝑥3 is free, 𝑥2 = 3 + 3𝑥3 and 𝑥1 = 4 − 3𝑥2 + 5𝑥3 = −5 − 4𝑥3. ■

Exercise 7.

Let 𝐴 = ⎡⎢⎣ 2 −2 13 5 0−1 3 4⎤⎥⎦. Compute det(𝐴) and 𝐴−1.
Solution. There are many ways to compute the determinant. We will compute it by
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developing the determinant according to the last column, giving:

det(𝐴) = 1 ⋅ det [ 3 5−1 3] + 0 + 4 ⋅ det [2 −23 5 ]= (9 + 5) + 4(10 + 6) = 78.
They are also many methods to compute the inverse of 𝐴. We will show to of them.

Firstly, we will use the formula 𝐴−1 = 1
det(𝐴)adj(𝐴),

where adj(𝐴) = ((−1)𝑖+𝑗 det(cofact𝑖𝑗))𝖳𝑖𝑗. Recall that cofact𝑖𝑗 is the matrix obtained
from 𝐴 by erasing the 𝑖-row and 𝑗-column. Let us unravel this for our specific example.
So we have

adj(𝐴)𝖳 = ((−1)𝑖+𝑗 det(cofact𝑖𝑗))𝑖𝑗 = ⎡⎢⎣𝑎 𝑏 𝑐𝑑 𝑒 𝑓𝑔 ℎ 𝑖⎤⎥⎦,
where we need to compute the coefficients 𝑎 to 𝑖. For example,𝑎 = 1 ⋅ det [5 03 4] = 20 𝑏 = −1 ⋅ det [ 3 0−1 4] = −12.
By computing all the coefficients, one obtain

adj(𝐴)𝖳 = ⎡⎢⎣20 −12 1411 9 −4−5 3 16⎤⎥⎦,
And finally 𝐴−1 = 178⎡⎢⎣ 20 11 −5−12 9 314 −4 16⎤⎥⎦.

While the above method always work, it is lengthy. Another way to compute the
inverse is to use operations on rows. The idea is to start with [𝐴 | Id] and to do raw
transformations to obtain [Id | 𝐵]. The matrix 𝐵 obtained with this process is 𝐴−1. If
we apply that to our concrete example, we obtain

𝐴−1 = ⎡⎢⎣
1039 1178 − 578− 213 326 126739 − 239 839

⎤⎥⎦ = 178⎡⎢⎣ 20 11 −5−12 9 314 −4 16⎤⎥⎦,
which is identical to the answer obtained via the cofactors method. The details are shown
on the next page.
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⎡⎢⎣ 2 −2 1 1 0 03 5 0 0 1 0−1 3 4 0 0 1⎤⎥⎦ ⎡⎢⎣1 −1 12 12 0 00 8 −32 −32 1 00 2 92 12 0 1⎤⎥⎦
⎡⎢⎣1 −1 12 12 0 00 1 − 316 − 316 18 00 0 398 78 −14 1⎤⎥⎦ ⎡⎢⎣1 −1 12 12 0 00 1 − 316 − 316 18 00 0 1 739 − 239 839

⎤⎥⎦
⎡⎢⎣1 −1 0 1639 139 − 4390 1 0 − 213 326 1260 0 1 739 − 239 839

⎤⎥⎦ ⎡⎢⎣1 0 0 1039 1178 − 5780 1 0 − 213 326 1260 0 1 739 − 239 839
⎤⎥⎦.

𝑟1 ↦ 12 𝑟1𝑟2 ↦ 𝑟2 − 32 𝑟1𝑟3 ↦ 𝑟3 + 12 𝑟1
𝑟2↦18𝑟2𝑟3↦ 𝑟3−14𝑟2

𝑟3 ↦ 839 𝑟3
𝑟1↦ 𝑟1−12𝑟3

𝑟2↦ 𝑟2+ 316𝑟3
𝑟1 ↦ 𝑟1 + 𝑟2

■
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Exercise 1 (Lemma 2.2.19).
Let 𝑉 be a vector space. Prove that (−1)𝑣 = −𝑣 for all 𝑣 ∈ 𝑉 . (Before starting,
think about what the minus sign on each side means.)

Solution. The left hand side of the equation is −1𝐅 ⋅𝐅 𝑣. That is: the scalar multiplication
of −1 ∈ 𝐅 and 𝑣 ∈ 𝑉 , where −1 is the additive inverse of 1 in 𝐅. The right hand side of
the equation is −𝑉 𝑣, that is the additive inverse of 𝑣.

We have 𝑣 + (−1) ⋅ 𝑣 = 1 ⋅ 𝑣 + (−1) ⋅ 𝑣 = (1 + (−1))𝑣 = 0 ⋅ 𝑣 = 0.
We conclude that (−1)𝑣 is an additive inverse of 𝑣 and hence (−1)𝑣 = −𝑣 by unicity of
the additive inverse. ■

Exercise 2.
Determine if the following subsets of 𝐑3 are subspaces. Give reasons.

a. 𝑈 = ⎧{⎨{⎩⎡⎢⎣𝑥𝑦𝑧⎤⎥⎦ ∈ 𝐑3 ∣ 2𝑥 − 3𝑦 + 𝑧 = 0⎫}⎬}⎭.

b. 𝑊 = ⎧{⎨{⎩⎡⎢⎣𝑥𝑦𝑧⎤⎥⎦ ∈ 𝐑3 ∣ 𝑥𝑦𝑧 = 0⎫}⎬}⎭.

Solution. a. 𝑈 is a subspace of 𝐑3. Firstly, 2 ⋅ 0 − 3 ⋅ 0 + 0 = 0 so [0, 0, 0]𝖳 is in 𝑈 .
Secondly, let 𝑢1 = [𝑥1, 𝑦1, 𝑧1]𝖳 and 𝑢2 = [𝑥2, 𝑦2, 𝑧2]𝖳 be two elements of 𝑈 and let𝜆 ∈ 𝐑 be a scalar. By assumption, we have2𝑥1 − 3𝑦1 + 𝑧1 = 0 and 2𝑥2 − 3𝑦2 + 𝑧2 = 0.
By multiplying the first equation by 𝜆 and adding the result to the second equation,
we obtain 0 = 𝜆(2𝑥1 − 3𝑦1 + 𝑧1) + (2𝑥2 − 3𝑦2 + 𝑧2)= 2(𝜆𝑥1 + 𝑥2) − 3(𝜆𝑦1 + 𝑦2) + (𝜆𝑧1 + 𝑧2).
Therefore, 𝜆𝑢1 + 𝑢2 is in 𝑈 , finishing the proof that 𝑈 is a subspace.
One can show that 𝑈 is in a plane containing the origin in 𝐑3.

b. 𝑊 is not a subspace of 𝐑3. Indeed, both [1, 1, 0]𝖳 and [0, 0, 1]𝖳 belong to 𝑊 , but
there sum [1, 1, 0]𝖳 + [0, 0, 1]𝖳 = [1, 1, 1]𝖳 is not in 𝑊 .
Geometrically, 𝑊 is the union of the three coordinates planes (the 𝑥𝑦-plane, the𝑥𝑧-plane and the 𝑦𝑧 plane), see Figure 1.

Observe that the fact that 𝑈 is a subspace of 𝐅3 but 𝑊 is not remains true for an
arbitrary field 𝐅. ■

7



MTH107 - Advanced Linear Algebra Tutorial 2 - Solutions

𝑦
𝑧

𝑥
Figure 1: The union of the three coordinates planes.

Exercise 3.
A sequence (𝑥0, 𝑥1, 𝑥2,… ) ∈ 𝐑𝐍 is increasing if 𝑥𝑚 ⩽ 𝑥𝑚+1 for all 𝑚 ∈ 𝐍. Does
the set 𝑋 of all increasing sequences form a subspace of 𝐑𝐍? Give reasons.

Solution. No, because 𝑋 is not closed under scalar multiplication. For example (0, 1, 1,…)
is in 𝑋, but −1 ⋅ (0, 1, 1,…) = (0,−1,−1,…) is not. ■

Exercise 4.
Let 𝑉 be a vector space and 𝑈 ⊆ 𝑉 be a subspace. Suppose that 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝑉 .
Prove that 𝑣 ∈ 𝑈 if and only if 𝑢 + 𝑣 ∈ 𝑈 .

Solution. If 𝑣 is in 𝑈 , then 𝑢 + 𝑣 is also in 𝑈 because 𝑈 is a subspace.
If 𝑢 + 𝑣 is in 𝑈 , then 𝑣 = −1 ⋅ 𝑢 + (𝑢 + 𝑣) is also in 𝑈 because 𝑈 is a subspace. ■
Exercise 5.
Let 𝑈 be the 𝑥𝑦-plane in 𝐑3. Find distinct subspaces 𝑊1,𝑊2 of 𝐑3 such that𝑈 ⊕𝑊1 = 𝑈 ⊕𝑊2 = 𝐑3.

Solution. Let 𝑊1 ≔ {[0, 0, 𝑧]𝖳 | 𝑧 ∈ 𝐑} and let 𝑊2 ≔ {[0, 𝑧, 𝑧]𝖳 | 𝑧 ∈ 𝐑}. Then 𝑈 ⊕𝑊1 =𝑈 ⊕𝑊2 = 𝐑3.
For each 𝑊𝑖, we need to prove three things: 1. that it is a subspace of 𝐑3, 2. that𝑈 +𝑊𝑖 = 𝐑3, 3. and finally that 𝑈 +𝑊𝑖 is a direct sum. We will only check the last

two properties, and only do it for 𝑊2. The proof for 𝑊1 is similar (and even simpler)
and the proof that the 𝑊𝑖 are subspaces of 𝐑3 is elementary.

Let [𝑥, 𝑦, 𝑧]𝖳 be any vector of 𝐑3. Then [𝑥, 𝑦, 𝑧]𝖳 = [𝑥, 𝑦−𝑧, 0]𝖳+[0, 𝑧, 𝑧]𝖳 is in 𝑈 +𝑊2
and so 𝑈 + 𝑊2 = 𝐑3. Finally, suppose that 0 = 𝑢 + 𝑤 with 𝑢 ∈ 𝑈 and 𝑤 ∈ 𝑊2. So
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[0, 0, 0]𝖳 = [𝑥, 𝑦, 0]𝖳 + [0, 𝑧, 𝑧]𝖳 for some 𝑥, 𝑦, 𝑧 ∈ 𝐑. But this implies⎧{⎨{⎩
0 = 𝑥0 = 𝑦 + 𝑧0 = 𝑧

and we hence conclude that both 𝑢 and 𝑤 are the 0 vector. This shows that the sum𝑈 +𝑊2 is direct.
Observe that a similar proof shows that 𝑈 ⊕𝑊 = 𝐑3 if 𝑊 is any line containing the

origin and not included in 𝑈 .
To go further

The above statement remains true if we replace 𝐑 by 𝐅, in which case a line
simply means a subspace of dimension 1. That is, a line containing the origin
is any subspace of the form {[𝜆1𝑧, 𝜆2𝑧, 𝜆3𝑧]𝖳 | 𝑧 ∈ 𝐅} for some 𝜆1, 𝜆2, 𝜆3 with at
least one 𝜆𝑖 ≠ 0 . ■

Further Questions

Exercise 6 (See Lemma 2.3.28).
Is addition of subspaces commutative? That is, for subspaces 𝑈,𝑊 of 𝑉 , is it true
that 𝑈 +𝑊 = 𝑊 +𝑈? Explain.

Solution. Addition of subspaces is commutative, because addition of vectors is. Indeed,
a vector 𝑣 ∈ 𝑉 belongs to 𝑈 +𝑊 if and only if there exists 𝑢 ∈ 𝑈 and 𝑤 ∈ 𝑊 such that𝑣 = 𝑢 + 𝑤. By commutativity of vectors addition: 𝑢 + 𝑤 = 𝑤+ 𝑢. So 𝑣 ∈ 𝑉 belongs to𝑈 +𝑊 if and only if there exists 𝑢 ∈ 𝑈 and 𝑤 ∈ 𝑊 such that 𝑣 = 𝑤 + 𝑢, that is if and
only if 𝑣 belongs to 𝑊 +𝑈 .

Observe that we did not used the fact that 𝑈 and 𝑊 are subspaces. Therefore, addition
of subsets (of a vector space) is commutative. ■

Exercise 7.
Does every subspace of 𝑉 have an additive inverse? That is, for each subspace 𝑈
of 𝑉 , does there exist a subspace 𝑊 such that 𝑈 +𝑊 = {0}?

Solution. No. This is the case if and only if 𝑈 = {0}, in which case 𝑊 = {0}. Indeed,
we always have 𝑈 ⊆ 𝑈 +𝑊 . So if 𝑈 +𝑊 = {0} for some 𝑊 , then 𝑈 = {0}. ■

9
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Exercise 8.
Recall that a function 𝑓 ∶ 𝐑 → 𝐑 is even if 𝑓(−𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝐑; and odd
if 𝑓(−𝑥) = −𝑓(𝑥) for all 𝑥 ∈ 𝐑. Let 𝑈𝑒 and 𝑈𝑜 respectively denote the set of even
and odd functions in 𝐑𝐑. Prove that 𝐑𝐑 = 𝑈𝑒 ⊕ 𝑈𝑜.

Solution. Once again, we need to prove 3 things: 1. that both 𝑈𝑒 and 𝑈𝑜 are subspaces
of 𝐑𝐑, 2. that 𝑈𝑒 + 𝑈𝑜 = 𝐑𝐑, 3. and finally that 𝑈𝑒 + 𝑈𝑜 is a direct sum.

Firstly, the constant function 0 is both even and odd. Moreover, if 𝑓 and 𝑔 are two even
functions (respectively odd functions) and 𝜆 ∈ 𝐑 a scalar, one easily verify that 𝜆𝑓 + 𝑔 is
still even (respectively odd). Indeed, this directly follows from (𝜆𝑓 +𝑔)(𝑥) = 𝜆𝑓(𝑥)+𝑔(𝑥).
We conclude that both 𝑈𝑒 and 𝑈𝑜 are subspaces of 𝐑𝐑.

Then, let 𝑓 be any function of 𝐑𝐑. Define two functions 𝑓𝑒 and 𝑓𝑜 by:𝑓𝑒(𝑥) ≔ 𝑓(𝑥) + 𝑓(−𝑥)2 , 𝑓𝑜(𝑥) ≔ 𝑓(𝑥) − 𝑓(−𝑥)2 .
On directly have (𝑓𝑒 + 𝑓𝑜)(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝐑 and so 𝑓𝑒 + 𝑓𝑜 = 𝑓 . We also have𝑓𝑒(−𝑥) = 𝑓(−𝑥) + 𝑓(𝑥)2 = 𝑓(𝑥) + 𝑓(−𝑥)2 = 𝑓𝑒(𝑥)
and 𝑓𝑜(−𝑥) = 𝑓(−𝑥) − 𝑓(𝑥)2 = −𝑓(𝑥) − 𝑓(−𝑥)2 = −𝑓𝑜(𝑥).
So 𝑓𝑒 is even and 𝑓𝑜 is odd, showing that 𝑓 is in 𝑈𝑒 + 𝑈𝑜. This finishes the proof that𝑈𝑒 + 𝑈𝑜 = 𝐑𝐑.

Finally, let 𝑓 be in 𝑈𝑒 ∩ 𝑈𝑜. Then for every 𝑥 ∈ 𝐑, let 𝑦 = −𝑥. We have:𝑓(−𝑦) = 𝑓(−𝑦) = −𝑓(−𝑦).
But this implies that 𝑓(𝑥) = 𝑓(−𝑦) = −𝑓(−𝑦) = −𝑓(𝑥) and so 𝑓(𝑥) = 0. Therefore, 𝑓 is
the zero function, 𝑈𝑒 ∩ 𝑈𝑜 = {0} and the sum is direct. ■

10
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Exercise 1.
Let (𝑢1, 𝑢2, 𝑢3) be a list of vectors of a vector space 𝑉 .

a. Show that if (𝑢1, 𝑢2, 𝑢3) span 𝑉 then so does the list (𝑢1 − 𝑢2, 𝑢2 − 𝑢3, 𝑢3).
b. Show that if (𝑢1, 𝑢2, 𝑢3) is linearly independent then so is the list (𝑢1 −𝑢2, 𝑢2 − 𝑢3, 𝑢3).

Solution. a. We will show that span(𝑢1, 𝑢2, 𝑢3) = span(𝑢1 − 𝑢2, 𝑢2 − 𝑢3, 𝑢3), even
they are not necessarily equal to 𝑉 . The ⊇ inclusion is clear, so let us prove
span(𝑢1, 𝑢2, 𝑢3) ⊆ span(𝑢1 − 𝑢2, 𝑢2 − 𝑢3, 𝑢3). Let 𝑣 ∈ span(𝑢1, 𝑢2, 𝑢3). There
exists scalars 𝜆1, 𝜆2 and 𝜆3 such that𝑣 = 𝜆1𝑢1 + 𝜆2𝑢2 + 𝜆3𝑢3= 𝜆1(𝑢1 − 𝑢2) + (𝜆2 + 𝜆1)(𝑢2 − 𝑢3) + (𝜆3 + 𝜆2)𝑢3.
Since all of 𝜆1, 𝜆2 +𝜆1 and 𝜆3 +𝜆2 are in 𝐅, we have just shown that 𝑣 belongs to
span(𝑢1 − 𝑢2, 𝑢2 − 𝑢3, 𝑢3), which finishes the proof.

b. Suppose that (𝑢1, 𝑢2, 𝑢3) is linearly independent and let 𝜆1, 𝜆2 and 𝜆3 be scalars
such that 0 = 𝜆1(𝑢1 − 𝑢2) + 𝜆2(𝑢2 − 𝑢3) + 𝜆3𝑢3.
We have to show that this implies that all the 𝜆𝑖 are zeros. We have0 = 𝜆1𝑢1 + (𝜆2 − 𝜆1)𝑢2 + (𝜆3 − 𝜆2)𝑢3.
By linear independence of (𝑢1, 𝑢2, 𝑢3), all the coefficients 𝜆1, 𝜆2 − 𝜆1 and 𝜆3 − 𝜆2
are zeros. This directly implies that all the 𝜆𝑖 are 0, as required. ■

Exercise 2.
Consider the subspace 𝑈 = {𝑝 ∈ 𝒫(𝐑)2 | 𝑝(1) = 0} of 𝒫(𝐑)2.

a. Find a basis for 𝑈 . (Hint: if a polynomial 𝑝 satisfies 𝑝(𝑎) = 0 then (𝑥 − 𝑎)
is a factor of 𝑝(𝑥).)

b. Extend the basis you found to a basis of 𝒫(𝐑)2.
c. Find a subspace 𝑊 of 𝒫(𝐑)2 such that 𝑈 ⊕𝑊 = 𝒫(𝐑)2.

Solution. We will show the result for a general field 𝐅.
a. On one hand, we know that 𝒫(𝐅)2 is of dimension 3 (with basis (1, 𝑥, 𝑥2)). On the

other hand, 𝑈 ≠ 𝒫(𝐅)2 (for example, because 𝑥 ∉ 𝑈). By Question 3, this implies
that 𝑈 is of dimension at most 2. So if we find a linearly independent family of

11
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length 2 we are done. For example, one can take the family (𝑝1 = 𝑥−1, 𝑝2 = 𝑥2−1).
We claim that this family is linearly independent. Indeed, if 0 = 𝜆𝑝1 + 𝜇𝑝2, then0 = 𝜇𝑥2 + 𝜆𝑥 + (−𝜆 − 𝜇)
and therefore 𝜇 = 0 = 𝜆, which proves the claim.

b. We already have a length 2 linearly independent family. So for any 𝑞 ∈ 𝒫(𝐅)2
not in span(𝑝1, 𝑝2) = 𝑈 , the family (𝑝1, 𝑝2, 𝑞) is linearly independent by the linear
dependence lemma. Since it is a length 3 linear independent family in a dimension3 vector space, it is linearly independent.
For a concrete example, one can take 𝑞 = 1 the constant polynomial 1. But 𝑞 = 𝑥
or 𝑞 = 𝑥2 also work.

c. Let 𝑞 ∉ 𝑈 be any polynomial in 𝒫(𝐅)2 but not in 𝑈 . We claim that for 𝑊 ≔ span(𝑞)
we have 𝑈 ⊕𝑊 = 𝒫(𝐅)2. It is clear from above that 𝑈 +𝑊 = 𝒫(𝐅)2. It remains
to prove that the sum is direct. Let 𝑝 be in 𝑈 ∩𝑊 . We need to show that 𝑝 = 0.
We have 𝑝 = 𝜆𝑞 ∈ 𝑈 . If 𝑝 ≠ 0, then 𝑞 = 𝜆−1𝑝 ∈ 𝑈 ; a contradiction. ■

Exercise 3 (Corollary 2.4.45).
Let 𝑉 be a finite dimensional vector space and suppose that 𝑈 ⊆ 𝑉 is a subspace.
Prove that if dim(𝑈) = dim(𝑉 ) then 𝑈 = 𝑉 .

Solution. By assumption, dim(𝑈) = dim(𝑉 ). So there exists a finite basis ℬ =(𝑢1,… , 𝑢𝑛) of 𝑈 , where 𝑛 = dim(𝑉 ). Then ℬ is a linearly independent family of
vectors of 𝑈 , hence also of vectors of 𝑉 . Since it has dim(𝑉 ) elements it is spanning in𝑉 . So 𝑈 = span(ℬ) = 𝑉 . ■

Exercise 4.
Let 𝑈 and 𝑊 be 3-dimensional subspaces of 𝐑5. What are the possible values of
dim(𝑈 ∩𝑊)? Can 𝑈 +𝑊 be a direct sum?

Solution. Once again, we will prove the statement for a general 𝐅.
We have

dim(𝑈 +𝑊) = dim(𝑈) + dim(𝑊) − dim(𝑈 +𝑊) ⩽ dim(𝐑5) = 5.
In other words, dim(𝑈 ∩𝑊) = dim(𝑈) + dim(𝑉 ) − dim(𝑈 +𝑊) ⩾ 3 + 3 − 5 = 1. But
we also have dim(𝑈 +𝑊) ⩽ dim(𝑈) = 3. So, dim(𝑈 +𝑊) belongs to {1, 2, 3}. We now
show that all this value can happens.

If 𝑈 = 𝑊1, for example 𝑈 = 𝑊1 = {[𝑥1, 𝑥2, 𝑥3, 0, 0]𝖳 | 𝑥𝑖 ∈ 𝐅}, then dim(𝑈 ∩𝑊1) = 3.
For 𝑈 as above and 𝑊2 = {[0, 𝑥2, 𝑥3, 𝑥4, 0]𝖳 | 𝑥𝑖 ∈ 𝐅} the subspace 𝑈 ∩ 𝑊2 ={[0, 𝑥2, 𝑥3, 0, 0]𝖳 | 𝑥𝑖 ∈ 𝐅} is of dimension 2.
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Finally, for 𝑈 as above and 𝑊3 = {[0, 0, 𝑥3, 𝑥4, 𝑥5]𝖳 | 𝑥𝑖 ∈ 𝐅} the subspace 𝑈 ∩𝑊3 ={[0, 0, 𝑥3, 0, 0]𝖳 | 𝑥𝑖 ∈ 𝐅} is of dimension 1.
Since dim(𝑈 ∩ 𝑊) ⩾ 1, the sum 𝑈 +𝑊 is never direct. Indeed, the sum 𝑈 +𝑊 is

direct if and only if 𝑈 ∩𝑊 = {0}, if and only if dim(𝑈 ∩𝑊) = 0. ■
Exercise 5.
Let 𝑉 be a vector space. Suppose that for each integer 𝑚 > 0, there exists a list
of 𝑚 linearly independent vectors in 𝑉 . Prove that 𝑉 is infinite dimensional.

Solution. By Grassman’s exchange lemma, if 𝑉 has a linearly independent family of
length 𝑚, then any spanning family has length at least 𝑚. In particular, any base of 𝑉
has at least 𝑚 elements, for all 𝑚 ∈ 𝐍. We conclude that a basis cannot be finite. ■
Further Questions

Exercise 6.
Prove that 𝐑𝐍 is infinite dimensional. (More generally, if 𝑆 is an infinite set then𝐅(𝑆) and 𝐅𝑆 are infinite dimensional.)

Solution. By Question 5, it is enough to exhibit arbitrary long linearly independent lists.
For any 𝑖 ∈ 𝐍⩾1, define 𝑒𝑖 = (0,… , 0, 1, 0,… ) to be list with a 1 in coordinate 𝑖 and 0
everywhere else. We claim that for any 𝑚, the family (𝑒1,… , 𝑒𝑚) is linearly independent.
Indeed, let 𝜆𝑖 be scalars such that 0 = 𝑚∑𝑖=1 𝜆𝑖𝑒𝑖.
Then (0, 0,… ) = (𝜆1,… , 𝜆𝑚, 0,… )
forcing all the 𝜆𝑖 to be 0.

A similar proof shows that 𝐅(𝑆) (and thus also 𝐅𝑆) are infinite dimensional as soon as𝑆 is infinite. Indeed, for 𝑠 ∈ 𝑆 one can define a map 𝜒𝑆 ∶ 𝑆 → 𝐅 by𝜒𝑠(𝑡) = {1 if𝑡 = 𝑠0 otherwise.
We now claim that for any finite subset 𝐴 ⊆ 𝑆, the family (𝜒𝑎)𝑎∈𝐴 is linearly independent.
Indeed, let (𝜆𝑎)𝑎∈𝐴 be a family of scalars such that0 = ∑𝑎∈𝐴𝜆𝑎𝜒𝑎.
Then, for 𝑎 ∈ 𝐴 one can evaluate both sides of the above equality on 𝑎 to obtain 0 = 𝜆𝑎 ⋅1,
and thus 𝜆𝑎 = 0.
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To go further
It is in fact possible to show that for any 𝑆, finite or infinite, we have dim(𝐅(𝑆)) =#𝑆. Recall that for finites 𝑆, one has 𝐅(𝑆) = 𝐅𝑆. ■
Exercise 7.
Explain why all the subspaces of 𝐑3 are precisely {0}, all straight lines through
the origin, all planes through the origin, and 𝐑3.

Solution. First of all, let us remind that a line in 𝐑3 is a subset of the form𝐿𝑢,𝑣 = {𝜆𝑢 + 𝑣 | 𝜆 ∈ 𝐑}
for some vectors 𝑣 and 𝑢 ≠ 0. A line 𝐿𝑢,𝑣 goes through the origin if and only if 𝑣 = 0.
Let us fix 𝑢 ∈ 𝐑3. One easily check that 0 ∈ 𝐿𝑢,0 and that 𝐿𝑢,0 is closed under addition
and scalar multiplication. In consequence 𝐿𝑢,0 is a subspace of 𝐑3, of dimension 1 ((𝑢)
is a basis).

Similarly, a plane in 𝐑3 is a subset of the form𝑃𝑢1,𝑢2,𝑣 = {𝜆1𝑢1 + 𝜆2𝑢2 + 𝑣 | 𝜆1, 𝜆2 ∈ 𝐑}
for some vectors 𝑣 and non-collinear (that is linearly independent) 𝑢1 and 𝑢2. Once again,
a plane 𝑃𝑢1,𝑢2,𝑣 goes through the origin if and only if 𝑣 = 0 and 𝑃𝑢1,𝑢2,0 is a subspace of𝐑3, of dimension 2 ((𝑢1, 𝑢2) is a basis).

Finally, it is clear that both {0} and 𝐑3 are subspaces of 𝐑3 (of respective dimension0 and 3). We will now prove that any subspace 𝑈 of 𝐑3 is of the form {0}, 𝐿𝑢,0 (for
some non-zero 𝑢), 𝑃𝑢1,𝑢2,0 (for some linearly independent 𝑢1 and 𝑢2) or 𝐑3. To do this,
we will do a case-by-case analysis depending on dim(𝑈) ∈ {0,… , 3}.

If dim(𝑈) = 0, then 𝑈 = {0}.
If dim(𝑈) = 3 = dim(𝐑3), then 𝑈 = 𝐑3 by Question 3.
Suppose now that dim(𝑈 = 1) and take any 𝑢 ≠ 0 in 𝑈 . Then dim(span(𝑢)) = 1 =

dim(𝑈) and thus 𝑈 = span(𝑢) = {𝜆𝑢 | 𝜆 ∈ 𝐑} = 𝐿𝑢,0 is a line through the origin. We
also have the converse: any line through the origin is a subspace of dimension 1.

Suppose finally that dim(𝑈) = 2. Take any 𝑢1 ≠ 0 in 𝑈 . Since dim(span(𝑢)) = 1 <2 = dim(𝑈), there exists 𝑢2 ∈ 𝑈 ∖ span(𝑢1). By the linear dependence lemma, the
family (𝑢1, 𝑢2) is linearly independent and hence a basis of 𝑈 . So 𝑈 = span(𝑢1, 𝑢2) ={𝜆1𝑢1 + 𝜆2𝑢2 | 𝜆𝑖 ∈ 𝐑} = 𝑃𝑢1,𝑢2,0 is a plane containing the origin. We also have the
converse: any plane containing the origin is a subspace of dimension 2. ■
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𝑦
𝑧
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𝑢2

Figure 2: Subspaces of dimension 0 (the origin), 1 (line through the origin) and 2 (plane
through the origin) of 𝐑3. The last kind of subspace is 𝐑3 itself.
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Exercise 1.
Determine whether the following functions are linear maps.

a. 𝑇1 ∶ 𝐑2 → 𝐑 given by 𝑇1([𝑥𝑦]) = 𝑥𝑦.
b. 𝑇2 ∶ 𝐂 → 𝐂 given by 𝑇2(𝑧) = ̄𝑧, where 𝐂 is regarded as a real vector space

(𝑎 + 𝑏𝑖 = 𝑎 − 𝑏𝑖 is the complex conjugation).
c. 𝑇2 ∶ 𝐂 → 𝐂 given by 𝑇2(𝑧) = ̄𝑧, where 𝐂 is regarded as a complex vector

space.
d. 𝑇3 ∶ 𝒫(𝐑) → 𝐑 given by 𝑇3(𝑝) = 𝑝(2).

Solution. a. 𝑇1 is not linear. Indeed, 𝑇1 ([10] + [01]) = 𝑇1 ([11]) = 1 ⋅ 1 = 1 while𝑇1 ([10]) + 𝑇1 ([01]) = 1 ⋅ 0 + 0 ⋅ 1 = 0 ≠ 1.
To go further

We have actually showed for any 𝐅 the map 𝑇1 ∶ 𝐅2 → 𝐅, [𝑥𝑦] ↦ 𝑥𝑦 is not
linear.

b. 𝑇2 is 𝐑-linear. Indeed, for 𝑧, 𝑤 ∈ 𝐂 and 𝜆 ∈ 𝐑 we have 𝑇2(𝜆𝑧 + 𝑤) = 𝜆𝑧 + 𝑤 =𝜆𝑧 + 𝑤 = 𝜆𝑧 + 𝑤 = 𝜆𝑇2(𝑧) + 𝑇2(𝑤). The above equalities can be verified explicitly
by writing 𝑧 = 𝑎 + 𝑏𝑖 and 𝑤 = 𝑐 + 𝑑𝑖.

c. 𝑇2 is not 𝐂-linear. Indeed, 𝑖𝑇2(1) = 𝑖1 = 𝑖, but 𝑇2(𝑖1) = 𝑖 = −𝑖 ≠ 𝑖.
d. 𝑇3 is linear. Indeed, let 𝑝 and 𝑞 by two polynomials in 𝒫(𝐑) and 𝜆 ∈ 𝐑. Then𝑇3(𝜆𝑝 + 𝑞) = (𝜆𝑝 + 𝑞)(2) = 𝜆𝑝(2) + 𝑞(2) = 𝜆𝑇 (𝑝) + 𝑇 (𝑞).

To go further
The same proof shows that for any field 𝐅, and any element 𝑎 ∈ 𝐅, the map𝒫(𝐅) → 𝐅, 𝑝 ↦ 𝑝(𝑎) is linear. Even more generally, if 𝑆 is any set then the
map 𝐅𝑆 → 𝐅, 𝑓 ↦ 𝑓(𝑎) is linear. This map is called the evaluation at 𝑎. ■

For a linear map 𝑇 ∈ ℒ(𝑈, 𝑉 ), we write ker(𝑇 ) = null(𝑇 ) for its kernel (also called
nullspace): ker(𝑇 ) = {𝑢 ∈ 𝑈 | 𝑇 (𝑢) = 0}. We write Im(𝑇 ) = range(𝑇 ) for the image of𝑇 (also called range): Im(𝑇 ) = {𝑣 ∈ 𝑉 | ∃𝑢 ∈ 𝑈 ∶ 𝑇 (𝑢) = 𝑣}.

Exercise 2.
Let 𝑈 , 𝑉 , and 𝑊 be vector spaces, and suppose 𝑇 ∈ ℒ(𝑈, 𝑉 ) and 𝑆 ∈ ℒ(𝑉 ,𝑊)
are linear maps.

a. Prove that ker(𝑇 ) is a subspace of ker(𝑆𝑇 ).
16
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b. Prove that Im(𝑆𝑇 ) is a subspace of Im(𝑆).
Solution. We have 𝑈 𝑉 𝑊.𝑇

𝑆𝑇
𝑆

a. Both 𝑇 and 𝑆𝑇 have domain 𝑈 , so both ker(𝑇 ) and ker(𝑆𝑇 ) are subspaces of 𝑈 .
It is thus enough to prove that ker(𝑇 ) is a subset of ker(𝑆𝑇 ). Let 𝑢 be any element
of ker(𝑇 ), so 𝑇 (𝑢) = 0. Then (𝑆𝑇 )(𝑢) = 𝑆(𝑇 (𝑢)) = 𝑆(0) = 0 and hence 𝑢 is in
ker(𝑆𝑇 ) as desired.

b. Both 𝑆 and 𝑆𝑇 have codomain 𝑊 , so both Im(𝑆) and Im(𝑆𝑇 ) are subspaces of𝑊 . It is thus enough to prove that Im(𝑆𝑇 ) is a subset of Im(𝑆). Let 𝑤 be any
element in Im(𝑆𝑇 ). So there exists 𝑢 ∈ 𝑈 with (𝑆𝑇 )𝑢 = 𝑤. In particular, there
exists 𝑣 = 𝑇(𝑢) in 𝑉 (the domain of 𝑆) such that 𝑆(𝑣) = 𝑆(𝑇 (𝑢)) = (𝑆𝑇 )(𝑢) = 𝑤
and hence 𝑤 is in Im(𝑆) as desired.

Remark 0.1.
The inclusion ker(𝑇 ) ⊆ ker(𝑆𝑇 ) might be interpreted as 𝑆𝑇 is less injective than𝑇 . We recover the particular case: if 𝑆𝑇 is injective then so is 𝑇 .
The inclusion Im(𝑆𝑇 ) ⊆ Im(𝑆) might be interpreted as 𝑆𝑇 is less surjective than𝑆. We recover the particular case: if 𝑆𝑇 is surjective then so is 𝑆. ■
Exercise 3.
Let 𝑇 ∈ ℒ(𝑉 ,𝑊) be an injective linear map. Suppose that (𝑣1,… , 𝑣𝑘) is a linearly
independent list of vectors in 𝑉 . Prove that (𝑇 𝑣1,… , 𝑇 𝑣𝑘) is a linearly independent
list in 𝑊 .

Solution. Let 𝜆1,…, 𝜆𝑘 be scalars such that0 = 𝑘∑𝑗=1 𝜆𝑗𝑇𝑣𝑗.
We need to prove that all the 𝜆𝑗 are 0. By linearity of 𝑇 we have 0 = 𝑇(∑𝑘𝑗=1 𝜆𝑗𝑣𝑗).
By injectivity of 𝑇 one obtains 0 = 𝑘∑𝑗=1 𝜆𝑗𝑣𝑗.
By linear independence of the (𝑣1,… , 𝑣𝑘) we conclude that all the 𝜆𝑗 are 0. ■
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Exercise 4.
Let 𝑉 ,𝑊 be vector spaces such that 𝑊 is finite-dimensional. Let 𝑇 ∈ ℒ(𝑉 ,𝑊)
be a linear map.

a. Prove that 𝑇 is surjective if and only if there exists a linear map 𝑆 ∈ ℒ(𝑊, 𝑉 )
such that 𝑇𝑆 = Id𝑊 . (Hint: Define 𝑆 on any basis of𝑊 then extend linearly.)

b. Prove that 𝑇 is injective if and only if there exists a linear map 𝑆 ∈ ℒ(𝑊, 𝑉 )
such that 𝑆𝑇 = Id𝑉 . (Hint: Similar to the above, but choose a basis of 𝑊
carefully.)

Solution. First of all, we know that for functions 𝑓 ∶ 𝑋 → 𝑌 and 𝑔 ∶ 𝑌 → 𝑍 we have:
• if 𝑔 ∘ 𝑓 is injective then 𝑓 is injective;
• if 𝑔 ∘ 𝑓 is surjective then 𝑔 is surjective.

Since Id𝑋 is bijective, this directly shows:
a. if 𝑆𝑇 = Id𝑉 then 𝑇 is injective;
b. if 𝑇𝑆 = Id𝑊 then 𝑇 is surjective.

Observe that we don’t need to suppose that 𝑊 is finite dimensional, or that 𝑆 is a linear
map (𝑆 a function is enough).

For the other direction, we will use bases to translate our problem for linear maps on
vector spaces to a problem about functions on sets. We can do this, because a linear map𝑇 ∶ 𝑉 → 𝑊 is uniquely determined by what it does on a given basis ℬ of 𝑉 .

a. Let 𝑛 = dim𝑊 . Suppose that 𝑇 is surjective and let 𝒞 = (𝑤1,… ,𝑤𝑛) be any basis
of 𝑊 . For any 𝑤𝑗 ∈ 𝒞, choose a preimage 𝑣𝑗 ∈ 𝑉 so 𝑇 (𝑣𝑗) = 𝑤𝑗. There exists at
least one such 𝑣𝑗 by surjectivity. We define 𝑆 ∶ 𝒞 → 𝑉 by 𝑆(𝑤𝑗) = 𝑣𝑗 and extend
it to a linear map 𝑆 ∈ ℒ(𝑊, 𝑉 ). Then for any 𝑤𝑗 we have 𝑇𝑆𝑤𝑗 = 𝑤𝑗. Since 𝑇𝑆
is the identity on the basis 𝒞, it is the identity everywhere: 𝑇𝑆 = Id𝑊 .

b. Suppose that 𝑇 is injective and let 𝒟 = (𝑤1,… ,𝑤𝑘) be a basis of Im(𝑇 ). Since𝑇 is injective, for every 𝑗 ∈ {1,… , 𝑘} there exists a unique 𝑣𝑗 ∈ 𝑉 with 𝑇𝑣𝑗 = 𝑤𝑗.
We claim that 𝒜 = (𝑣1,… , 𝑣𝑘) is a basis of 𝑉 .
First, we prove that 𝒜 is a spanning family for 𝑉 . Let 𝑣 be any vector in 𝑉 . Then𝑇𝑣 ∈ Im(𝑇 ) = span(𝒟) so there exists 𝜆𝑗, 𝑗 ∈ {1,… , 𝑘} such that𝑇 (𝑣) = 𝑘∑𝑗=1 𝜆𝑗𝑤𝑗 = 𝑘∑𝑗=1 𝜆𝑗𝑇𝑣𝑗 = 𝑇( 𝑘∑𝑗=1 𝜆𝑗𝑣𝑗).
By injectivity, 𝑣 = ∑𝑘𝑗=1 𝜆𝑗𝑣𝑗 is in span(𝒜).
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We now prove that 𝒜 is linearly independent. Suppose that0 = 𝑘∑𝑗=1 𝜆𝑗𝑣𝑗
for some 𝜆𝑗. Applying 𝑇 on both sides, one obtain 0 = ∑𝑘𝑗=1 𝜆𝑗𝑤𝑗 and conclude
that all the 𝜆𝑗 are 0, proving linear independence of 𝒜.
Now, since 𝒟 is a basis of Im(𝑇 ) ⊆ 𝑊 , we can extend it to a basis 𝒞 =(𝑤1,… ,𝑤𝑘, 𝑤𝑘+1,… ,𝑤𝑚) of 𝑊 . We define 𝑆 on 𝒞 by:𝑆(𝑤𝑗) = {𝑣𝑗 if 𝑗 ∈ {1,… , 𝑘}0 otherwise
and then extend it to a linear map 𝑆 ∈ ℒ(𝑊, 𝑉 ). One have 𝑆𝑇(𝑣𝑗) = 𝑣𝑗 for all𝑗 ∈ {1,… , 𝑘} and so 𝑆𝑇 = Id𝑉 .

Infinite dimensional vector spaces
The statements remain true for a general, not necessarily finite dimensional, vector
space 𝑊 if we assume (AC). We use (AC) in two different places. Firstly, for
the existence of a basis of 𝑊 , and secondly when 𝑇 is injective and we choose a
preimage of 𝑤𝑗. ■
Exercise 5.
Rephrase the following problems in terms of linear maps between vector spaces.
(Do not solve the problems.)

a. Find all smooth functions 𝑓 ∶ 𝐑 → 𝐑 that satisfy 𝑓″ − 3𝑓 ′ + 2𝑓 = 0.
b. Find all real sequences (𝑥0, 𝑥1,… ) that satisfy 𝑥𝑛+2 = 𝑥𝑛+1 + 𝑥𝑛 + 1 for all𝑛 ∈ 𝐍.

Solution. a. The space of smooth functions is 𝒞∞(𝐑) = {𝑓 ∶ 𝐑 → 𝐑 | 𝑓 smooth} ={𝑓 ∶ 𝐑 → 𝐑 |∀𝑛 ∶ 𝑓 (𝑛) exists}. Let 𝐷∶ 𝒞∞(𝐑) → 𝒞∞(𝐑), 𝑓 ↦ 𝑓 ′ be the differentia-
tion operator. This is a linear map. Define 𝑇 ≔ 𝐷2 −3𝐷+2 Id, where 𝐷2 = 𝐷∘𝐷.
This is also a linear map from 𝒞∞(𝐑) to itself and 𝑇 (𝑓) = 𝑓″ −3𝑓 ′ +2𝑓 . We have𝑓″ − 3𝑓 ′ + 2𝑓 = 0 if and only if 𝑓 ∈ ker(𝑇 ).

b. The space of real sequences is 𝐑𝐍 = {(𝑥0, 𝑥1, 𝑥2,… ) | ∀𝑗 ∶ 𝑥𝑗 ∈ 𝐑}. Let 𝑆 ∶ 𝐑𝐍 →𝐑𝐍 be the backward shift: 𝑆(𝑥0, 𝑥1,… ) = (𝑥1, 𝑥2,… ). Finally, let 𝑐 = (1, 1,… )
be the constant sequence 1. We want to find all sequences 𝑥 ∈ 𝐑𝐍 such that𝑆2(𝑥) = 𝑆(𝑥) + 𝑥 + 𝑐. So if we define 𝑇 = 𝑆2 − 𝑆 − Id, a sequence 𝑥 satisfies the
questions if and only if 𝑇 (𝑥) = 𝑐. ■
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Further Questions

Exercise 6.
Let 𝑈 , 𝑉 , and 𝑊 be vector spaces, and suppose 𝑆1, 𝑆2 ∈ ℒ(𝑈, 𝑉 ) and 𝑇 ∈ ℒ(𝑉 ,𝑊)
are linear maps. Prove that the following distributive property holds: 𝑇 (𝑆1+𝑆2) =𝑇𝑆1 + 𝑇𝑆2.

Solution. This is similar to the proof of (𝑇1 + 𝑇2)𝑆 = 𝑇1𝑆 + 𝑇2𝑆 viewed in class. Let 𝑢
be any vector in 𝑈 . Then(𝑇 (𝑆1 + 𝑆2))𝑢 = 𝑇((𝑆1 + 𝑆2)𝑢)= 𝑇(𝑆1𝑢 + 𝑆2𝑢)= 𝑇(𝑆1𝑢) + 𝑇(𝑆2𝑢)= (𝑇𝑆1)𝑢 + (𝑇𝑆2)𝑢 = (𝑇𝑆1 + 𝑇𝑆2)𝑢
and thus 𝑇 (𝑆1 + 𝑆2) = 𝑇𝑆1 + 𝑇𝑆2. ■

Exercise 7.
Let 𝑇 ∈ ℒ(𝑈, 𝑉 ) and 𝑆 ∈ ℒ(𝑉 ,𝑊) be linear maps. Show that 𝑆𝑇 = 0 ∈ ℒ(𝑈,𝑊)
(the zero map) if and only if Im(𝑇 ) is a subspace of ker𝑆.

Solution. “⇒” Suppose 𝑆𝑇 = 0. Let 𝑣 be any element in Im(𝑇 ). By assumption, there
exists 𝑢 ∈ 𝑈 such that 𝑇𝑢 = 𝑣. But then, 𝑆𝑣 = 𝑆(𝑇𝑢) = (𝑆𝑇 )𝑢 = 0𝑢 = 0 and thus 𝑣 is
in ker(𝑆) as desired.

“⇐” Suppose that Im(𝑇 ) ⊆ ker(𝑆). Then for any 𝑢 ∈ 𝑈 we have (𝑆𝑇 )(𝑢) = 𝑆(𝑇𝑢) = 0,
showing that 𝑆𝑇 is the 0 map. ■
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Exercise 1.
Let 𝐷∶ 𝒫(𝐑) → 𝒫(𝐑) be the differentiation operator. Is 𝐷 invertible?

Solution. The operator 𝐷 is not injective and hence not invertible. Indeed, both the
constant polynomial 0 and the constant polynomial 1 are sent onto 0. ■

Exercise 2.
Let 𝑈 be the subspace of 𝒞∞(𝐑) spanned by the basis ℬ given by (e𝑥, 𝑥e𝑥, 𝑥2e𝑥).
Let 𝐷 ∈ ℒ(𝑈) be the differentiation operator. Find the matrix [𝐷]ℬℬ.

Solution. We compute each column of [𝐷]ℬℬ.
Firstly, 𝐷(e𝑥) = e𝑥 = 1 ⋅ e𝑥 + 0 ⋅ 𝑥e𝑥 + 0 ⋅ 𝑥2e𝑥 so [𝐷(e𝑥)]ℬ = [100]. Then, 𝐷(𝑥e𝑥) =e𝑥 + 𝑥e𝑥 and therefore [𝐷(𝑥e𝑥)]ℬ = [110]. Finally, 𝐷(𝑥2e𝑥) = 2𝑥e𝑥 + 𝑥2e𝑥 and therefore[𝐷(𝑥e𝑥)]ℬ = [021].
Altogether, we have [𝐷]ℬℬ = ⎡⎢⎣1 1 00 1 20 0 1⎤⎥⎦ . ■
Exercise 3.
Let 𝑇 ∈ ℒ(𝑉 ,𝑊) be a linear map and suppose 𝑆1, 𝑆2 ∈ ℒ(𝑊, 𝑉 ) satisfy 𝑆1𝑇 = Id𝑉
and 𝑇𝑆2 = Id𝑊 . Prove that 𝑇 is invertible. What is the inverse of 𝑇 ?

Solution. We have 𝑆1 = 𝑆1 Id𝑊 = 𝑆1𝑇𝑆2 = 𝐼𝑑𝑉 𝑆2 = 𝑆2.
Therefore 𝑆1 = 𝑆2 is the inverse of 𝑇 , which is therefore invertible. ■

Exercise 4.
Let 𝑇 ∈ ℒ(𝑉 ,𝑊) be a surjective linear map. Suppose that 𝑈 is a subspace of𝑉 such that ker(𝑇 ) ⊕ 𝑈 = 𝑉 . Prove that the restriction 𝑇 |𝑈 ∶ 𝑈 → 𝑊 is an
isomorphism (recall that the restriction is defined by 𝑇 |𝑈(𝑢) = 𝑇𝑢 for all 𝑢 ∈ 𝑈).

Solution. The map 𝑇 |𝑈 is the restriction of a linear map, and thus linear. It remains to
show that it is injective and surjective.
We first prove injectivity. We both have ker(𝑇 |𝑈) ⊆ 𝑈 and ker(𝑇 |𝑈) ⊆ ker(𝑇 ). We

conclude ker(𝑇 |𝑈) ⊆ 𝑈 ∩ ker(𝑇 ). But since the sum 𝑈 ⊕ ker(𝑇 ) is direct, we have𝑈 ∩ ker(𝑇 ) = {0}, proving that 𝑇 |𝑈 is injective.
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We now prove surjectivity. Let 𝑤 ∈ 𝑊 be any vector. By surjectivity of 𝑇 , there exists𝑣 ∈ 𝑉 such that 𝑇 (𝑣) = 𝑤. Since 𝑉 = ker(𝑇 ) ⊕ 𝑈 , there exist (unique) 𝑢1 ∈ ker(𝑇 )
and 𝑢2 ∈ 𝑈 such that 𝑣 = 𝑢1 + 𝑢2. So 𝑤 = 𝑇(𝑣) = 𝑇(𝑢1 + 𝑢2) = 𝑇 (𝑢1) + 𝑇 (𝑢2) =0 + 𝑇(𝑢2) = 𝑇 |𝑈(𝑢2), proving surjectivity of 𝑇 |𝑈 . ■

Exercise 5.
Let 𝑥1,… , 𝑥𝑛+1 ∈ 𝐑 be distinct. Define a linear map 𝑇 ∶ 𝒫(𝐑)𝑛 → 𝐑𝑛+1 by𝑇 (𝑝) ≔ [𝑝(𝑥1),… , 𝑝(𝑥𝑛+1)]𝖳.

a. Prove that 𝑇 is injective. (Hint: By the division algorithm, any non-zero
degree 𝑛 polynomial has at most 𝑛 distinct roots.)

b. Show that for any 𝑦1,… , 𝑦𝑛+1 ∈ 𝐑, there exists a unique polynomial 𝑝 of
degree at most 𝑛 such that 𝑝(𝑥𝑖) = 𝑦𝑖 for all 1 ⩽ 𝑖 ⩽ 𝑛 + 1. (Hint: Show
that 𝑇 is an isomorphism.)

Solution. a. Let 𝑝 be any polynomial in ker(𝑇 ). So 𝑝(𝑥1) = ⋯ = 𝑝(𝑥𝑛+1) = 0. That
is, 𝑝 is a polynomial of degree at most 𝑛 with (at least) 𝑛 + 1 distinct roots. We
conclude that 𝑝 is the zero polynomial and so that ker(𝑇 ) = {0}.

b. Both 𝒫(𝐑)𝑛 and 𝐑𝑛+1 have dimension 𝑛 + 1. Therefore 𝑇 being injective is also
surjective, and hence bijective. In particular, for any 𝑦1,… , 𝑦𝑛+1 ∈ 𝐑 there exists
a unique polynomial 𝑝 ∈ 𝒫(𝐑)𝑛 such that 𝑇 (𝑝) = [𝑦1,… , 𝑦𝑛+1]𝖳. ■

Further Questions

Exercise 6 (Continuing from Question 5, if you want to solve it explicitly).
Let (𝑒1,… , 𝑒𝑛+1) be the standard basis for 𝐑𝑛+1 and 𝑝𝑖 = 𝑇−1(𝑒𝑖) ∈ 𝒫(𝐑)𝑛. In
other words, 𝑝𝑖 is the unique polynomial of degree at most 𝑛 satisfying 𝑝𝑖(𝑥𝑖) = 1
and 𝑝𝑖(𝑥𝑗) = 0 for 𝑖 ≠ 𝑗.

a. Find an explicit formula for 𝑝𝑖(𝑥). (Hint: a non-zero polynomial 𝑝 satisfies𝑝(𝑎) = 0 if and only if (𝑥 − 𝑎) is a factor of 𝑝.)
b. Write down 𝑇−1[𝑦1,… , 𝑦𝑛+1]𝖳 in terms of the 𝑝𝑖’s and 𝑦𝑖’s. (This is known

as Lagrange’s Interpolation Formula.)

Solution. a. We first construct polynomials that satisfy 𝑞𝑖(𝑥𝑗) = 0 if 𝑖 ≠ 𝑗, but might
not have the correct value for 𝑞𝑖(𝑥𝑖) = 0. This is quite easy.
Let 𝑞1(𝑥) ≔ (𝑥−𝑥2)⋯ (𝑥−𝑥𝑛+1) and define similarly 𝑞2 ≔ (𝑥−𝑥1)(𝑥−𝑥3)⋯ (𝑥−𝑥𝑛+1) and 𝑞3,… , 𝑞𝑛 up to 𝑞𝑛+1(𝑥) ≔ (𝑥 − 𝑥1)(𝑥 − 𝑥2)⋯ (𝑥 − 𝑥𝑛+1 + 1). In other
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words, 𝑞𝑖 = ∏1⩽𝑘⩽𝑛+1𝑘≠𝑖 (𝑥 − 𝑥𝑘).
Then for any 1 ⩽ 𝑗 ⩽ 𝑛 + 1 one have

𝑞𝑖(𝑥𝑗) = ⎧{⎨{⎩0 if 𝑖 ≠ 𝑗,∏1⩽𝑘⩽𝑛+1𝑘≠𝑖 (𝑥𝑖 − 𝑥𝑘) ≠ 0 if 𝑖 = 𝑗.
It is now easy to construct the 𝑝𝑖, by normalising their value at 𝑥𝑖:

𝑝𝑖 = ∏1⩽𝑘⩽𝑛+1𝑘≠𝑖 (𝑥 − 𝑥𝑘)∏1⩽𝑘⩽𝑛+1𝑘≠𝑖 (𝑥𝑖 − 𝑥𝑘) = ∏1⩽𝑘⩽𝑛+1𝑘≠𝑖
(𝑥 − 𝑥𝑘)(𝑥𝑖 − 𝑥𝑘) .

b. We have [𝑦1,… , 𝑦𝑛+1]𝖳 = 𝑦1𝑒1 +⋯𝑦𝑛+1𝑒𝑛+1. By linearity𝑇−1[𝑦1,… , 𝑦𝑛+1]𝖳 = 𝑛+1∑𝑖=1 𝑦𝑖𝑇−1(𝑒𝑖) = 𝑛+1∑𝑖=1 𝑦𝑖𝑝𝑖 = 𝑛+1∑𝑖=1 𝑦𝑖 ∏1⩽𝑘⩽𝑛+1𝑘≠𝑖
(𝑥 − 𝑥𝑘)(𝑥𝑖 − 𝑥𝑘) . ■

Exercise 7.
Prove that 𝑉 is isomorphic to ℒ(𝐅, 𝑉 ). (Hint: consider the function 𝐹 ∶ ℒ(𝐅, 𝑉 ) →𝑉 defined by 𝐹(𝑇 ) = 𝑇(1). This function is called evaluation at 1.)

Solution. We need to prove that 𝐹 is a bijective linear map.
We first prove injectivity. Let 𝑇 be an element of the kernel of 𝐹 . That is: 𝑇 ∶ 𝐅 → 𝑉

is a linear map such that 𝑇 (1) = 0. But then, for every 𝜆 ∈ 𝐅 we have 𝑇 (𝜆) = 𝑇(𝜆 ⋅ 1) =𝜆𝑇 (1) = 𝜆 ⋅ 0 = 0. This proves that ker(𝐹) = {0} and so 𝐹 is injective.
For surjectivity, let 𝑣 be any vector in 𝑉 . Since 1 is a basis of 𝐅, there exists a unique

linear map 𝑇 ∶ 𝐅 → 𝑉 satisfying 𝑇 (1) = 𝑣. We have 𝐹(𝑇 ) = 𝑣 as desired.
Alternatively, one can prove bijectivity of 𝐹 by finding an inverse. Let 𝐺∶ 𝑉 → ℒ(𝐅, 𝑉 )

be the map defined by 𝐺(𝑣)∶ 𝐅 → 𝑉 , 𝜆 ↦ 𝜆.𝑣. That is, each 𝑣 is send by 𝐺 onto the
map 𝐺(𝑣) = 𝑇 from the surjectivity proof. One easily verify that (𝐺 ∘ 𝐹)(𝑇 ) = 𝑇 and(𝐹 ∘ 𝐺)(𝑣) = 𝑣, proving that 𝐺 is the inverse of 𝐹 .

Finally, we show that 𝐹 is linear. Let 𝑆, 𝑇ℒ(𝐅, 𝑉 ) be two linear maps and let 𝜆 ∈ 𝐅
be a scalar. Then 𝐹(𝜆𝑆 + 𝑇) = (𝜆𝑆 + 𝑇)(1) = 𝜆 ⋅ 𝑆(1) + 𝑇 (1) = 𝜆𝐹(𝑆) + 𝐹(𝑇 ) as
desired. ■
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Exercise 1.
Let 𝑅𝜃 ∶ 𝐑2 → 𝐑2 be a rotation about the origin through an angle of 𝜃. Find
the matrix [𝑅𝜃]ℰℰ, where ℰ is the standard basis for 𝐑2. Use this to prove
that 𝑅𝜃 ∘ 𝑅𝜙 = 𝑅𝜃+𝜙. (Hint: use the trigonometric formulas cos(𝑎 + 𝑏) =
cos(𝑎) cos(𝑏) − sin(𝑎) sin(𝑏) and sin(𝑎 + 𝑏) = sin(𝑎) cos(𝑏) + cos(𝑎) sin(𝑏).)

Solution. We have ℰ = ([10], [01]). Simple trigonometry allows us to compute the
coordinates of 𝑅𝜃[10] and 𝑅𝜃[01].

𝑥

𝑦

𝑅𝜃
𝑅𝜃

cos 𝜃
sin 𝜃 cos 𝜃

− sin 𝜃
𝑅𝜃[10]𝑅𝜃[01]

[10]
[01]

So we have 𝑅𝜃[10] = [cos 𝜃sin 𝜃] and 𝑅𝜃[01] = [− sin 𝜃
cos 𝜃],

which implies [𝑅𝜃]ℰℰ = [cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃].

We then compute[𝑅𝜃 ∘ 𝑅𝜙]ℰℰ = [𝑅𝜃]ℰℰ[𝑅𝜙]ℰℰ= [cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃][cos𝜙 − sin𝜙

sin𝜙 cos𝜙]= [cos 𝜃 cos𝜙 − sin 𝜃 sin𝜙 − cos 𝜃 sin𝜙 − sin 𝜃 cos𝜙
sin 𝜃 cos𝜙 + cos 𝜃 sin𝜙 − sin 𝜃 sin𝜙 + cos 𝜃 cos𝜙]= [cos(𝜃 + 𝜙) − sin(𝜃 + 𝜙)
sin(𝜃 + 𝜙) cos(𝜃 + 𝜙)] = [𝑅𝜃+𝜙]ℰℰ.

We conclude 𝑅𝜃 ∘ 𝑅𝜙 = 𝑅𝜃+𝜙 as desired. ■
Exercise 2.
Let 𝑆𝜃 ∶ 𝐑2 → 𝐑2 be a reflection across the line through the origin which makes an
angle of 𝜃 with the positive 𝑥-axis. Let ℬ be the basis of 𝐑2 given by 𝑣1 = [cos 𝜃sin 𝜃]
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and 𝑣2 = [− sin 𝜃
cos 𝜃]. Find [𝑆𝜃]ℬℬ. Then find [𝑆𝜃]ℰℰ by applying the change of basis

formula, where ℰ is the standard basis of 𝐑2.
Solution.

𝑥

𝑦
𝑙

𝑆𝜃
𝜃𝜃

cos 𝜃
sin 𝜃 cos 𝜃

− sin 𝜃
𝑣1 = 𝑆𝜃𝑣1𝑣2

𝑆𝜃𝑣2
Since 𝑆𝜃 is a reflection along 𝑙 = span(𝑣1) and 𝑣2 ⟂ 𝑣1 we have 𝑆𝜃(𝑣1) = 𝑣1 and𝑆𝜃(𝑣2) = 𝑣2. Therefore, [𝑆𝜃(𝑣1)]ℬ = [10] and [𝑆𝜃(𝑣2)]ℬ = [ 0−1]. Altogether we obtain[𝑆𝜃]ℬℬ = [1 00 −1].
The change of basis formula gives us:[𝑆𝜃]ℰℰ = [Id]ℰℬ[𝑅𝜃]ℬℬ[Id]ℬℰ .
So we need to compute [Id]ℰℬ and [Id]ℬℰ = [Id]ℰℬ−1. We have Id 𝑣1 = cos 𝜃𝑒1+ sin 𝜃𝑒2 and
Id 𝑣2 = − sin 𝜃𝑒1 + cos 𝜃𝑒2. This gives us[Id]ℰℬ = [cos 𝜃 − sin 𝜃

sin 𝜃 cos 𝜃] and [Id]ℬℰ = ([Id]ℰℬ)−1 = [ cos 𝜃 sin 𝜃− sin 𝜃 cos 𝜃].
Finally, one have[𝑆𝜃]ℰℰ = [cos 𝜃 − sin 𝜃

sin 𝜃 cos 𝜃][1 00 −1][ cos 𝜃 sin 𝜃− sin 𝜃 cos 𝜃]= [cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃][cos 𝜃 sin 𝜃

sin 𝜃 − cos 𝜃]= [cos2 𝜃 − sin2 𝜃 2 cos 𝜃 sin 𝜃2 cos 𝜃 sin 𝜃 sin2 𝜃 − cos2 𝜃] = [cos 2𝜃 sin 2𝜃
sin 2𝜃 − cos 2𝜃]. ■
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Exercise 3.
Consider a basis ℬ of 𝐑2 given by 𝑣1 = [34] and 𝑣2 = [−43]. Let 𝑇 be a transfor-
mation that stretches in the 𝑣1-direction by a factor of 2, and in the 𝑣2-direction
by a factor of 3. Compute [𝑇 ]ℰℰ.

Solution. We have 𝑇𝑣1 = 2𝑣1 and 𝑇𝑣2 = 3𝑣2, which gives [𝑇 ]ℬℬ = [2 00 3]. The change
of basis matrices are given by[Id]ℰℬ = [3 −44 3] and [Id]ℬℰ = ([Id]ℰℬ)−1 = 125[ 3 4−4 3].
Finally,[𝑇 ]ℰℰ = [3 −44 3][2 00 3] 125[ 3 4−4 3] = 125[3 −44 3][ 6 8−12 9] = 125[ 66 −12−12 59]. ■

Exercise 4.
Let 𝑈 be the subspace of 𝒞∞(𝐑) spanned by the basis ℬ given by (e𝑥, 𝑥e𝑥, 𝑥2e𝑥).
Let 𝐷 ∈ ℒ(𝑈) be the differentiation operator. Recall from Tutorial 5 that

[𝐷]ℬℬ = ⎡⎢⎣1 1 00 1 20 0 1⎤⎥⎦.
Is 𝐷 invertible? If so, compute [𝐷−1]ℬℬ and use this to find the unique function𝑓 ∈ 𝑈 satisfying 𝑓 ′ = 𝑥2e𝑥.

Solution. Since det([𝐷]ℬℬ) = 1, the matrix [𝐷]ℬℬ is invertible and so 𝐷 is invertible. We
compute ⎡⎢⎣1 1 0 1 0 00 1 2 0 1 00 0 1 0 0 1⎤⎥⎦⏟⏟⏟⏟⏟[𝐷]ℬℬ ⏟⏟⏟⏟⏟

Id

⎡⎢⎣1 0 0 1 −1 20 1 0 0 1 −20 0 1 0 0 1⎤⎥⎦⏟⏟⏟⏟⏟
Id

⏟⏟⏟⏟⏟⏟⏟([𝐷]ℬℬ)−1
.𝑟1 ↦ 𝑟1 − 𝑟2 + 2𝑟3𝑟2 ↦ 𝑟2 − 2𝑟3

So ([𝐷]ℬℬ)−1 = ⎡⎢⎣1 −1 20 1 −20 0 1⎤⎥⎦
and 𝑓 is given by

[𝑓]ℬ = ([𝐷]ℬℬ)−1[𝑥2e𝑥]ℬ = ⎡⎢⎣1 −1 20 1 −20 0 1⎤⎥⎦⎡⎢⎣001⎤⎥⎦ = ⎡⎢⎣ 2−21⎤⎥⎦.
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In other words, 𝑓 = 2e𝑥 − 2𝑥e𝑥 + 𝑥2e𝑥. ■
Further Questions

Exercise 5 (Continuing from Question 2).
Compute [𝑆𝜃 ∘ 𝑆𝜙]ℰℰ. Explain what the transformation 𝑆𝜃 ∘ 𝑆𝜙 does geometrically.

Solution.[𝑆𝜃 ∘ 𝑆𝜙]ℰℰ = [𝑆𝜃]ℰℰ[𝑆𝜙]ℰℰ= [cos 2𝜃 sin 2𝜃
sin 2𝜃 − cos 2𝜃][cos 2𝜙 sin 2𝜙

sin 2𝜙 − cos 2𝜙]= [cos 2𝜃 cos 2𝜙 + sin 2𝜃 sin 2𝜙 cos 2𝜃 sin 2𝜙 − sin 2𝜃 cos 2𝜙
sin 2𝜃 cos 2𝜙 − cos 2𝜃 sin 2𝜙 sin 2𝜃 sin 2𝜙 + cos 2𝜃 cos 2𝜙]= [cos(2𝜃 − 2𝜙) − sin(2𝜃 − 2𝜙)
sin(2𝜃 − 2𝜙) cos(2𝜃 − 2𝜙)] = [𝑅2𝜃−2𝜙]ℰℰ.

We conclude that the linear map 𝑆𝜃 ∘ 𝑆𝜙 is the rotation of angle 2𝜃 − 2𝜙. ■
Exercise 6.
Let 𝐵 and 𝐷 be invertible 𝑛 × 𝑛 matrices over 𝐅. Let ℬ = (𝑏1,… , 𝑏𝑛) and𝒟 = (𝑑1,… , 𝑑𝑛) be bases of 𝐅𝑛, where 𝑏𝑗 and 𝑑𝑗 are respectively the 𝑗th column
of 𝐵 and 𝐷. Explain how you can compute [Id𝐅𝑛 ]𝒟ℬ from 𝐵 and 𝐷.

Solution. Let ℰ be the standard basis of 𝐅𝑛. Since the 𝑏𝑗s and 𝑑𝑗s are column vectors
in 𝐅𝑛 we have 𝑏𝑗 = [𝑏𝑗]ℰ and 𝑑𝑗 = [𝑑𝑖]ℰ. So𝐵 = [𝑏1 𝑏2 …𝑏𝑛] = [[𝑏1]ℰ [𝑏2]ℰ … [𝑏𝑛]ℰ] = [Id]ℰℬ and 𝐷 = [Id]ℰ𝒟.
Since 𝐷 is invertible, we obtain[Id𝐅𝑛 ]𝒟ℬ = [Id]𝒟ℰ [Id]ℰℬ = 𝐷−1𝐵. ■
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Exercise 1.
Let 𝑃 ∈ ℒ(𝑉 ) be a projection, i.e. 𝑃 2 = 𝑃 . Let 𝑏 ∈ 𝑉 . Show that there exists a
solution 𝑥 ∈ 𝑉 to 𝑃𝑥 = 𝑏 if and only if 𝑃𝑏 = 𝑏.

Solution. If 𝑃𝑏 = 𝑏, then 𝑥 = 𝑏 is a solution to 𝑃𝑥 = 𝑏.
Suppose that 𝑥 is a solution to 𝑏 = 𝑃𝑥. Then applying 𝑃 to both sides we have𝑃𝑏 = 𝑃 2𝑥 = 𝑃𝑥 = 𝑏. ■
Exercise 2.
Suppose that 𝑃 ∈ ℒ(𝑉 ) is a projection. Prove that Id−𝑃 ∈ ℒ(𝑉 ) is also a
projection (it is sometimes called the complementary projection to 𝑃 ). What is
the relationship between the image and kernel of 𝑃 and Id−𝑃?

Solution. The identity function Id = Id𝑉 is in ℒ(𝑉 ). So 𝑃 is in ℒ(𝑉 ) if and only if Id−𝑃
is in ℒ(𝑉 ), which proves that Id−𝑃 is linear. We have(Id−𝑃)2 = Id2 − Id𝑃 − 𝑃 Id+𝑃 2 = Id−2𝑃 + 𝑃 = Id−𝑃,
showing that Id−𝑃 is a projection.

A vector 𝑣 is in ker(𝑃 ) if and only if 𝑃(𝑣) = 0, if and only if (Id−𝑃)𝑣 = 𝑣, if and only
if (by Question 1) 𝑣 is in the image of Id−𝑃 . We conclude that ker(𝑃 ) = Im(Id−𝑃).

Since Id−𝑃 is a projection, we have ker(Id−𝑃) = Im(Id−(Id−𝑃)) = Im(𝑃 ). ■
Exercise 3.
Show that the matrix 𝐴 = 13⎡⎢⎣2 1 11 2 −11 −1 2 ⎤⎥⎦
represents a projection map on 𝐅3. Use this to determine whether the equations𝐴𝑥 = 𝑏 and 𝐴𝑥 = 𝑐 are consistent, where 𝑏 = [1, 1, 0]𝖳 and 𝑐 = [1,−1,−1]𝖳. Write𝑏 and 𝑐 in the form 𝑢 + 𝑢′ where 𝑢 ∈ col𝐴 and 𝑢′ ∈ null𝐴.

Solution. Recall that a 𝑚 × 𝑛 matrix 𝐴, represents the linear map L𝐴 ∈ ℒ(𝐅𝑛, 𝐅𝑚)
defined by L𝐴(𝑣) = 𝐴𝑣. The linear map L𝐴 is a projection if and only if 𝐴2 = 𝐴.

We need to show that 𝐴2 = 𝐴. A simple computation gives us

𝐴2 = 19⎡⎢⎣6 3 33 6 −33 −3 6⎤⎥⎦ = 𝐴.
We verify 𝐴𝑏 = 13⎡⎢⎣330⎤⎥⎦ = ⎡⎢⎣110⎤⎥⎦ = 𝑏 and 𝐴𝑐 = 13⎡⎢⎣000⎤⎥⎦ ≠ 𝑐.
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By Question 1, 𝐴𝑥 = 𝑏 is consistent, but 𝐴𝑥 = 𝑐 is not.
We have col(𝐴) = Im(L𝐴) and null𝐴 = ker(L𝐴). It immediately follows that 𝑏 = 𝑏+0

and 𝑐 = 0 + 𝑐 as 𝑏 belongs to Im(L𝐴) and 𝑐 belongs to ker(L𝐴). ■
Exercise 4.
Let 𝐅 be either 𝐑 or 𝐂 and let 𝑉 be an 𝐅-vector space. Suppose that 𝑃 ∈ ℒ(𝑉 )
is an operator. Let 𝑇 = 2𝑃 − Id ∈ ℒ(𝑉 ).

a. Prove that 𝑃 is a projection if and only if 𝑇 2 = Id.
b. Suppose that 𝑃 is an orthogonal projection to a line 𝐿 through the origin in𝐑2. Give a geometric description of the operator 𝑇 .

Solution. a. We have 𝑇 2 = (2𝑃 − Id)2 = 4𝑃 2 − 4𝑃 + Id = Id+4(𝑃 2 −𝑃). Therefore,𝑇 2 = Id if and only if 𝑃 2 = 𝑃 .
To go further

In any field 𝐅, if 𝑃 is a projection, then (2𝑃 − Id)2 = Id. The converse is
not true in general. Indeed, it might happens that 4 = 0 in 𝐅. This is the
case in 𝐅2 = {0, 1} for example. If 4 = 0 in 𝐅 then one can show that 2 = 0
and thus −1 = 1. This implies 𝑇 = Id is independent of 𝑃 .
For a concrete example, let 𝑉 = (𝐅2)2. This is a 𝐅2-vector space with 4
elements: [00], [01], [10] and [11]. Then the map 𝑆[𝑥𝑦] = [𝑦𝑥] is a linear map
but not a projection as 𝑆2 = Id ≠ 𝑆. However, (2𝑆 − Id)[𝑥𝑦] = [2𝑦−𝑥2𝑥−𝑦] =[−𝑥−𝑦] = [𝑥𝑦].

b. 𝑇 is the orthogonal reflection across 𝐿 as demonstrated in the following pictures.

𝑥

𝑦 𝑙
𝑣 𝑃𝑣

2𝑃𝑣𝑃
𝑥

𝑦 𝑙
𝑣 2𝑃𝑣 −𝑣𝑇

𝑇𝑣
■
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Exercise 5.
Let 𝑇 ∈ ℒ(𝑉 ,𝑊) and 𝑆 ∈ ℒ(𝑊, 𝑉 ). Given 𝑏 ∈ 𝑊 , consider the linear problem𝑇𝑥 = 𝑏. Prove the following:

a. If 𝑇𝑆 = Id𝑊 then 𝑥 = 𝑆𝑏 is a solution to 𝑇𝑥 = 𝑏 (in particular, the problem
is consistent for all 𝑏 ∈ 𝑊 ).

b. If 𝑆𝑇 = Id𝑉 then 𝑇𝑥 = 𝑏 is consistent if and only if 𝑇𝑆𝑏 = 𝑏; in which case
there is a unique solution 𝑥 = 𝑆𝑏.

Solution. a. We have 𝑇 (𝑆𝑏) = (𝑇𝑆)𝑏 = Id 𝑏 = 𝑏.
b. If 𝑏 = 𝑇𝑆𝑏 = 𝑇(𝑆𝑏), the system is consistent.

If the system is consistent, then 𝑇𝑥 = 𝑏 for some 𝑥. Applying 𝑆 on both sides we
obtain 𝑆𝑏 = 𝑆𝑇𝑥 = 𝑥. This shows both that 𝑆𝑏 is a solution and also that it is the
unique solution. ■

Further Questions

Exercise 6.
Let 𝐷 ∈ ℒ(𝒫(𝐑)) be the differentiation operator. Find a right-inverse for 𝐷. Does𝐷 have a left-inverse?

Solution. Intuitively, we want the right inverse to be the integration map ∫𝑝(𝑥) d𝑥.
Integration is defined up to an additive constant only. Since we want our map to be linear
we probably want to impose 𝑇0 = 0 and more generally that the constant coefficient of𝑇𝑝 is 0 for all polynomial.

Formally, let 𝑇 ∶ 𝒫(𝐑) → 𝒫(𝐑) be the unique linear map such that 𝑇 (𝑥𝑛) = 1𝑛+1𝑥𝑛+1.
We have 𝑇 (𝑎0 + ⋯ + 𝑎𝑛𝑥𝑛) = 𝑎0𝑥 + ⋯ + 1𝑛+1𝑥𝑛+1. One easily verify that we have𝐷𝑇(𝑝) = 𝑝 for any polynomial.

The map 𝐷 has no left-inverse, as the equality 𝑆𝐷 = Id would implies that 𝐷 is
injective, which is absurd. ■

Exercise 7.
Suppose 𝑇 ∈ ℒ(𝑉 ,𝑊) and 𝑆 ∈ ℒ(𝑊, 𝑉 ) satisfy 𝑇𝑆𝑇 = 𝑇 and 𝑆𝑇𝑆 = 𝑆. Show
that 𝑇𝑆 and 𝑆𝑇 are both projections. What are their images/kernel? (Hint: The
answers can be chosen from ker(𝑆), Im(𝑆), ker(𝑇 ), Im(𝑇 ).)

Solution. We always have ker(𝑇 ) ⊆ ker(𝑆𝑇 ) and Im(𝑆𝑇 ) ⊆ Im(𝑆) (Tutorial 4, Ques-
tion 2).
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Suppose that 𝑇𝑆𝑇 = 𝑇 . Then (𝑆𝑇 )2 = 𝑆𝑇𝑆𝑇 = 𝑆(𝑇𝑆𝑇 ) = 𝑆𝑇 and so 𝑆𝑇 is a
projection. A vector 𝑣 is in ker(𝑆𝑇 ) if and only if 𝑆𝑇𝑣 = 0. This implies 0 = 𝑇𝑆𝑇𝑣 = 𝑇𝑣.
We conclude that ker(𝑆𝑇 ) ⊆ ker(𝑇 ) as soon as 𝑇𝑆𝑇 = 𝑇 .

Suppose now that 𝑆𝑇𝑆 = 𝑆. Then (𝑆𝑇 )2 = 𝑆𝑇𝑆𝑇 = (𝑆𝑇𝑆)𝑇 = 𝑆𝑇 is a projection.
Finally, let 𝑣 ∈ Im(𝑆). Then there exists 𝑤 such that 𝑣 = 𝑆𝑤. But then 𝑆𝑇𝑣 = 𝑆𝑇𝑆𝑤 =𝑆𝑤 = 𝑣 and therefore Im(𝑆) = Im(𝑆𝑇 ).

The proofs for 𝑇𝑆 are similar. ■
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Exercise 1.
Let 𝑉 be an inner product space. Suppose that 𝑢, 𝑣 ∈ 𝑉 are vectors satisfying⟨𝑢, 𝑢⟩ = 4, ⟨𝑣, 𝑣⟩ = 6 and ⟨𝑢, 𝑣⟩ = −2. What is ‖3𝑢 − 2𝑣‖?

Solution. We have‖3𝑢 − 2𝑣‖2 = ⟨3𝑢 − 2𝑣, 3𝑢 − 2𝑣⟩ = 9⟨𝑢, 𝑢⟩ − 6⟨𝑢, 𝑣⟩ − 6⟨𝑣, 𝑢⟩ + 4⟨𝑣, 𝑣⟩= 9 ⋅ 4 − 6 ⋅ (−2) − 6 ⋅ −2 + 4 ⋅ 6 = 84.
So ‖3𝑢 − 2𝑣‖ = √84 = 2√21. ■

Exercise 2.
Consider the vector space 𝒫(𝐑) equipped with the inner product ⟨𝑝, 𝑞⟩ =∫10 𝑝(𝑥)𝑞(𝑥) d𝑥. Write the polynomial 𝑥 as a sum 𝑝 + 𝑞, where 𝑝 is a scalar
multiple of 1 and 𝑞 is orthogonal to 1.

Solution. Recall that if 𝑉 is an inner product space and 𝑢 and 𝑣 are two vectors with𝑣 ≠ 0 we have 𝑢 = ⟨𝑢,𝑣⟩⟨𝑣,𝑣⟩ 𝑣 + 𝑤 with 𝑤 orthogonal to 𝑣. In our case, we have 𝑝 = ⟨𝑥,1⟩⟨1,1⟩1
and 𝑞 = 𝑥 − 𝑝. To find 𝑝 we compute⟨𝑥, 1⟩ = ∫10 𝑥d𝑥 = [12𝑥2]10 = 12 and ⟨1, 1⟩ = ∫10 1 d𝑥 = [𝑥]10 = 1.
So 𝑝 = 12 and 𝑞 = 𝑥 − 12 . ■

Exercise 3.
Prove the converse of the Pythagorean Theorem:

If 𝑢 and 𝑣 are vectors in a real inner product space 𝑉 satisfying ‖𝑢‖2+‖𝑣‖2 =‖𝑢 + 𝑣‖2 then 𝑢 and 𝑣 must be orthogonal.
Explain why the assumption that 𝑉 is a real inner product space is necessary.

Solution. We have‖𝑢 + 𝑣‖2 = ⟨𝑢 + 𝑣, 𝑢 + 𝑣⟩ = ⟨𝑢, 𝑢⟩ + ⟨𝑢, 𝑣⟩ + ⟨𝑣, 𝑢⟩ + ⟨𝑣, 𝑣⟩= ‖𝑢‖2 + ‖𝑣‖2 + ⟨𝑢, 𝑣⟩ + ⟨𝑣, 𝑢⟩.
Therefore, the equality ‖𝑢‖2 + ‖𝑣‖2 = ‖𝑢 + 𝑣‖2 implies (in fact is equivalent to) 0 =⟨𝑢, 𝑣⟩ + ⟨𝑣, 𝑢⟩ = ⟨𝑢, 𝑣⟩ + ⟨𝑢, 𝑣⟩. If 𝑉 is a real inner product space we conclude 0 = ⟨𝑢, 𝑣⟩.
In other words, 𝑢 and 𝑣 are orthogonal.

The above proof does not work for complex inner product spaces. But what about
the conclusion? It also fails for any complex inner product space 𝑉 ≠ {0}. Indeed,
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let 𝑣 ≠ 0 be a non-zero vector and let 𝑢 = i𝑣. Then 𝑢 and 𝑣 are not orthogonal since⟨𝑢, 𝑣⟩ = i ⋅ ⟨𝑣, 𝑣⟩ =≠ 0. However, we have ⟨𝑢, 𝑣⟩ + ⟨𝑣, 𝑢⟩ = i⟨𝑣, 𝑣⟩ + i⟨𝑣, 𝑣⟩ = 0 and thus‖𝑢‖2 + ‖𝑣‖2 = ‖𝑢 + 𝑣‖2. ■
Exercise 4.
Recall that the mean of 𝑛 real numbers 𝑥1,… , 𝑥𝑛 is equal to 1𝑛 ∑𝑛𝑗=1 𝑥𝑗. Prove
that the square of the mean of 𝑥1,… , 𝑥𝑛 is less than or equal to the mean of𝑥21,… , 𝑥2𝑛.

Solution. We want to prove that(1𝑛 𝑛∑𝑗=1 𝑥𝑛)2 ⩽ 1𝑛 𝑛∑𝑗=1 𝑥2𝑛,
or equivalently that ( 𝑛∑𝑗=1 𝑥𝑛)2 ⩽ 𝑛 𝑛∑𝑗=1 𝑥2𝑛.
In order to do that, we will use the Cauchy-Schwarz inequality: |⟨𝑢, 𝑣⟩|2 ⩽ ‖𝑢‖2‖𝑣‖2
for 𝑢 = [𝑥1,… , 𝑥𝑛]𝖳 and 𝑣 = [1,… , 1]𝖳 in 𝐑𝑛 and the standard dot product and the
corresponding norm ‖𝑣‖ = √𝑣 ∙ 𝑣. One easily check(𝑢 ∙ 𝑣)2 = (𝑥1 +⋯+ 𝑥𝑛)2,‖𝑢‖2 = 𝑥21 +⋯+ 𝑥2𝑛,‖𝑣‖2 = 𝑛
and thus the desired formula follows. ■

Exercise 5.
[From Calculus] Let 𝛾 ∶ 𝐑 → 𝐑𝑛 be a smooth path, i.e., 𝛾(𝑡) = [𝛾1(𝑡),… , 𝛾𝑛(𝑡)]𝖳
where each 𝛾𝑖 ∶ 𝐑 → 𝐑 is a smooth function. Its derivative is given by 𝛾′(𝑡) =[𝛾′1(𝑡),… , 𝛾′𝑛(𝑡)]𝖳. Prove that if 𝛾 and 𝛿 are smooth paths in 𝐑𝑛, then for any 𝑡
we have (𝛾(𝑡) ∙ 𝛿(𝑡))′ = (𝛾′(𝑡) ∙ 𝛿(𝑡)) + (𝛾(𝑡) ∙ 𝛿′(𝑡)) for the standard dot product
on 𝐑𝑛.

Solution. For a fixed 𝑡, the dot product is 𝛾(𝑡) ∙ 𝛿(𝑡) = ∑𝑛𝑖=1 𝛾𝑖(𝑡)𝛿𝑖(𝑡). So the function𝑡 ↦ (𝛾(𝑡) ∙ 𝛿(𝑡)) is a smooth function from 𝐑 to 𝐑 and(𝛾(𝑡) ∙ 𝛿(𝑡))′ = ( 𝑛∑𝑖=1 𝛾𝑖(𝑡)𝛿𝑖(𝑡))′ = 𝑛∑𝑖=1(𝛾𝑖(𝑡)𝛿𝑖(𝑡))′= 𝑛∑𝑖=1(𝛾′𝑖(𝑡)𝛿𝑖(𝑡) + 𝛾𝑖(𝑡)𝛿′𝑖(𝑡)) = 𝑛∑𝑖=1 𝛾′𝑖(𝑡)𝛿𝑖(𝑡) + 𝑛∑𝑖=1 𝛾𝑖(𝑡)𝛿′𝑖(𝑡)= (𝛾′(𝑡) ∙ 𝛿(𝑡)) + (𝛾(𝑡) ∙ 𝛿′(𝑡)). ■
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Further Questions

Exercise 6 (Continuing from Question 5).
Suppose that 𝛾 ∶ 𝐑 → 𝐑𝑛 is a smooth path of constant speed, i.e. ‖𝛾′(𝑡)‖ is
constant. Prove that 𝛾′(𝑡) and 𝛾″(𝑡) are orthogonal for all 𝑡. (This shows that the
velocity and acceleration along a constant speed path are always orthogonal.)

Solution. Since ‖𝛾′(𝑡)‖2 = 𝛾′(𝑡) ∙ 𝛾′(𝑡) is constant, we have0 = (𝛾′(𝑡) ∙ 𝛾′(𝑡))′ = (𝛾″(𝑡) ∙ 𝛾′(𝑡)) + (𝛾′(𝑡) ∙ 𝛾″(𝑡)) = 2𝛾″(𝑡) ∙ 𝛾′(𝑡)
since 𝛾″(𝑡) ∙ 𝛾′(𝑡) is a real number. Therefore 0 = 𝛾″(𝑡) ∙ 𝛾′(𝑡) for every 𝑡 ∈ 𝐑. ■

Exercise 7 (From Statistics).
Suppose that we have some data given as 𝑛 pairs of real numbers(𝑥1, 𝑦1),… , (𝑥𝑛, 𝑦𝑛). The sample correlation coefficient is given by the follow-
ing formula: 𝑟 = ∑𝑛𝑖=1(𝑥𝑖 − ̄𝑥)(𝑦𝑖 − ̄𝑦)√∑𝑛𝑖=1(𝑥𝑖 − ̄𝑥)2√∑𝑛𝑖=1(𝑦𝑖 − ̄𝑦)2 ,
where ̄𝑥 = 1𝑛 ∑𝑛𝑖=1 𝑥𝑛 and ̄𝑦 = 1𝑛 ∑𝑛𝑖=1 𝑦𝑛. Prove that −1 ⩽ 𝑟 ⩽ 1. What can you
say about the value of 𝑟 if:

a. A fixed constant is added to all 𝑥 values (or all 𝑦 values)?
b. We scale each 𝑥 value (or each 𝑦 value) by a fixed positive constant?

Solution. Let 𝑥 = [𝑥1,… , 𝑥𝑛]𝖳, 𝑦 = [𝑦1,… , 𝑦𝑛]𝖳 and 𝑢 = [1,… , 1]𝖳 be vectors in 𝐑𝑛.
Then ̄𝑥 = 1𝑛 𝑛∑𝑖=1 𝑥𝑖 = 𝑥 ∙ 𝑢𝑢 ∙ 𝑢 and ̄𝑦 = 1𝑛 𝑛∑𝑖=1 𝑦𝑖 = 𝑦 ∙ 𝑢𝑢 ∙ 𝑢.
Now, let𝑥̃ = 𝑥 − 𝑥 ∙ 𝑢𝑢 ∙ 𝑢𝑢 = [𝑥1 − ̄𝑥,… , 𝑥𝑛 − ̄𝑥]𝖳 and 𝑦 = 𝑦 − 𝑦 ∙ 𝑢𝑢 ∙ 𝑢𝑢 = [𝑦1 − ̄𝑦,… , 𝑦𝑛 − ̄𝑦]𝖳.
We therefore have 𝑟 = 𝑥̃ ∙ 𝑦‖𝑥̃‖‖𝑦‖ .
By the Cauchy-Schwarz inequality we have |𝑥̃ ∙ 𝑦| ⩽ ‖𝑥̃‖‖𝑦‖, that is: −1 ⩽ 𝑟 ⩽ 1.

a. Adding a fixed constant 𝜆 to all 𝑥𝑖 is the same as replacing 𝑥 by 𝑥 + 𝜆𝑢. But then𝑥 + 𝜆𝑢 = ̄𝑥 + 𝜆 and 𝑥̃ is replaced bỹ𝑥+𝜆𝑢 = [(𝑥1 + 𝜆) − ( ̄𝑥 + 𝜆),… , (𝑥𝑛 + 𝜆) − ( ̄𝑥 + 𝜆)]𝖳 = 𝑥̃.
So 𝑟 remains the same.
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b. Scaling each value by a positive 𝜆 is the same as replacing 𝑥 by 𝜆𝑥 = [𝜆𝑥1,… , 𝜆𝑥𝑛]𝖳.
We have 𝜆𝑥 = 𝜆 ̄𝑥 and thus 𝜆𝑥 = 𝜆𝑥̃. Therefore 𝑟 becomes𝑟 = 𝜆𝑥̃ ∙ 𝑦‖𝜆𝑥̃‖‖𝑦‖ = 𝜆𝑥̃ ∙ 𝑦|𝜆|‖𝑥̃‖‖𝑦‖ = 𝑥̃ ∙ 𝑦‖𝑥̃‖‖𝑦‖ .
So 𝑟 remains the same (observe that it is crucial that 𝜆 is positive). ■

35



MTH107 - Advanced Linear Algebra Tutorial 9 - Solutions

For this tutorial, the field 𝐅 is either 𝐑 or 𝐂.
Exercise 1.
Consider the vector space 𝒫(𝐑)2 with the inner product given by ⟨𝑝, 𝑞⟩ =∫10 𝑝(𝑥)𝑞(𝑥) d𝑥. Apply the Gram-Schmidt procedure to (𝑥, 1, 𝑥2) to obtain an
orthonormal basis for 𝒫(𝐑). (Note that the order matters.)

Solution. Let 𝑣1 = 𝑥, 𝑣2 = 1 and 𝑣3 = 𝑥2. Then 𝑢1 = 𝑣1 = 𝑥. We compute⟨𝑢1, 𝑢1⟩ = ∫10 𝑥2 d𝑥 = 13 and ⟨𝑣2, 𝑢1⟩ = ∫10 𝑥d𝑥 = 12.
This gives us 𝑢2 = 𝑣2 − ⟨𝑣2, 𝑢1⟩⟨𝑢1, 𝑢1⟩𝑢1 = 1 − 1213 𝑥 = 1 − 32𝑥.
We now compute⟨𝑣3, 𝑢1⟩ = ∫10 𝑥3 d𝑥 = 14, ⟨𝑣3, 𝑢2⟩ = ∫10 𝑥2 − 32𝑥3 d𝑥 = 13 − 32 14 = − 124,⟨𝑢2, 𝑢2⟩ = ∫10 1 − 3𝑥 + 94𝑥2 d𝑥 = 1 − 312 + 94 13 = 14.
We then have𝑢3 = 𝑣3 − ⟨𝑣3, 𝑢1⟩⟨𝑢1, 𝑢1⟩𝑢1 − ⟨𝑣3, 𝑢2⟩⟨𝑢2, 𝑢2⟩𝑢2 = 𝑥2 − 1413 𝑥 − − 12414 (1 − 32𝑥) = 𝑥2 − 𝑥 + 16.
We compute a last inner product⟨𝑢3, 𝑢3⟩ = ∫10 𝑥4 − 2𝑥3 + 43𝑥2 − 13𝑥 + 136 d𝑥 = 15 − 214 + 43 13 − 13 12 + 136 = 1180.
Finally, we normalize:𝑒1 = 𝑢1‖𝑢‖1 = √3𝑥, 𝑒2 = 𝑢2‖𝑢‖2 = 2 − 3𝑥, 𝑒3 = 𝑢3‖𝑢‖3 = 6√5(𝑥2 − 𝑥 + 16). ■

Exercise 2.
The conjugate transpose of an𝑚×𝑛matrix 𝐴 is the 𝑛×𝑚matrix 𝐴∗ = 𝐴𝖳 = 𝐴𝖳.

a. Show that 𝑢 ∙ 𝑣 = 𝑣∗𝑢 for vectors 𝑢 and 𝑣 in 𝐅𝑛.
b. Prove that (col𝐴)⟂ = null𝐴∗ for the standard dot product (where col𝐴 is

36



MTH107 - Advanced Linear Algebra Tutorial 9 - Solutions

the column space of 𝐴).

Solution. a. Let 𝑢 = [𝑢1,… , 𝑢𝑛]𝖳 and 𝑣 = [𝑣1,… , 𝑣𝑛]𝖳 be any two vectors in 𝐅𝑛. We
have 𝑢 ∙ 𝑣 = 𝑛∑𝑗=1 𝑢𝑗 ̄𝑣𝑗 = [ ̄𝑣1 … ̄𝑣𝑛]⎡⎢⎣𝑢1⋮𝑢𝑛⎤⎥⎦ = 𝑣∗𝑢.

b. Recall that col(𝐴) = {𝐴𝑣 | 𝑣 ∈ 𝐅𝑛}. Now, let 𝑢 be any vector in 𝐅𝑚. We have𝑢 ∈ col(𝐴)⟂ ⟺ ∀𝑣 ∈ 𝐅𝑛 ∶ 𝑢 ∙ 𝐴𝑣 = 0⟺ ∀𝑣 ∈ 𝐅𝑛 ∶ 0 = (𝐴𝑣)∗𝑢 = 𝑣∗𝐴∗𝑢 = 𝐴∗𝑢 ∙ 𝑣⟺ 𝐴∗𝑢 = 0⟺ 𝑢 ∈ null(𝐴∗). ■
Exercise 3.
Let 𝑉 be an inner product space and suppose that 𝑃 ∈ ℒ(𝑉 ) is a projection onto
a subspace 𝑈 . Prove that 𝑃 is an orthogonal projection if and only if ‖𝑃𝑣‖ ⩽ ‖𝑣‖
for all 𝑣 ∈ 𝑉 . (Hint: Show that ker𝑃 must be orthogonal to 𝑈 .)

Solution. “⇒” Suppose that 𝑃 is an orthogonal projection, so 𝑃 = 𝑃𝑈,𝑈⟂ . Then for any 𝑣
in 𝑉 the vectors 𝑃𝑣 ∈ 𝑈 and 𝑣 − 𝑃𝑣 ∈ 𝑈⟂ are orthogonal. By the Pythagorean theorem,‖𝑣‖2 = ‖𝑃𝑣‖2 + ‖𝑣 − 𝑃𝑣‖2. Since ‖𝑣 − 𝑃𝑣‖2 is non-negative, we conclude ‖𝑃𝑣‖2 ⩽ ‖𝑣‖2
and hence ‖𝑃𝑣‖2 ⩽ ‖𝑣‖2.

𝑈𝑣
𝑃𝑣

𝑣 − 𝑃𝑣 ∈ 𝑈⟂

Figure 3: An orthogonal projection of 𝑣 onto 𝑈 and the decomposition 𝑣 = 𝑃𝑣+(𝑣−𝑃𝑣)
with 𝑣 − 𝑃𝑣 ∈ 𝑈⟂.

“⇐” We will give a proof assuming that 𝑉 is finite dimensional. For the general case,
see the “Infinite dimensional vector spaces” box below.

We claim:
If ‖𝑃𝑣‖ ⩽ ‖𝑣‖ for all 𝑣 ∈ 𝑉 , then ker(𝑃 )⟂ is contained in Im(𝑃 ).

Before proving this claim, let us see how it implies that 𝑃 is an orthogonal projection (i.e.
that Im(𝑃 )⟂ = ker(𝑃 ) if 𝑉 is finite dimensional. Since 𝑉 is finite dimensional, so is ker(𝑃 ).
Therefore 𝑉 = Im(𝑃 )⊕ker(𝑃 ) = ker(𝑃 )⊕ker(𝑃 )⟂. Everything being finite dimensional,
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we conclude dim(𝑉 ) = dim(Im𝑃) + dim(ker𝑃) = dim(ker𝑃) + dim(ker(𝑃 )⟂). So
dim(ker(𝑃 )⟂) = dim(Im𝑃), which by the claim implies ker(𝑃 )⟂ = Im(𝑃 ).

Let us now prove the claim. Let 𝑣 be any vector in ker(𝑃 )⟂. We have 𝑃𝑣 = 𝑣+(𝑃𝑣−𝑣)
with 𝑣 ∈ ker(𝑃 )⟂. One easily check 𝑃(𝑃𝑣−𝑣)) = 𝑃 2𝑣−𝑃𝑣 = 0 so 𝑃𝑣−𝑣 is in ker(𝑃 ) and
hence orthogonal to 𝑣. By the Pythagorean Theorem we have ‖𝑃𝑣‖2 = ‖𝑣‖2 + ‖𝑃𝑣 − 𝑣‖2.
By assumption, we also have ‖𝑃𝑣‖2 ⩽ ‖𝑣‖2. Altogether, this implies that ‖𝑃𝑣 − 𝑣‖2 = 0
and hence 𝑣 = 𝑃𝑣 is in the image of 𝑃 as desired.

Infinite dimensional vector spaces
The above proof works only for 𝑉 finite dimensional. The result is still true for 𝑉
infinite dimensional, but requires a different proof.
Since 𝑃 is a projection onto 𝑈 , we have 𝑈 = Im(𝑃 ) and 𝑉 = Im(𝑃 )⊕ ker(𝑃 ). We
claim:

If ‖𝑃𝑣‖ ⩽ ‖𝑣‖ for all 𝑣 ∈ 𝑉 , then ker(𝑃 ) is contained in Im(𝑃 )⟂ (and hence𝑃 is the orthogonal projection onto Im(𝑃 )).
Let us prove this claim. Let 𝑢 ∈ Im(𝑃 ) and 𝑤 ∈ ker(𝑃 ). If 𝑤 = 0, then it is
orthogonal to 𝑢. We can hence suppose that 𝑤 ≠ 0. We want to show that 𝑢 and𝑤 are orthogonal. The trick is to consider the orthogonal projection of 𝑢 onto
span(𝑤). More precisely, we will evaluate the norm of 𝑣 ≔ 𝑢 − ⟨𝑢,𝑤⟩⟨𝑤,𝑤⟩𝑤. Since 𝑢
is in the image of 𝑃 and 𝑤 in the kernel, we have 𝑃(𝑣) = 𝑢. So by assumption,‖𝑢‖ ⩽ ‖𝑣‖. We hence have0 ⩽ ‖𝑣‖2 − ‖𝑢‖2 = ∥𝑢 − ⟨𝑢,𝑤⟩‖𝑤‖2 𝑤∥2 − ‖𝑢‖2= ∥⟨𝑢,𝑤⟩‖𝑤‖2 𝑤∥2 −⟨𝑢, ⟨𝑢, 𝑤⟩‖𝑤‖2 𝑤⟩−⟨⟨𝑢,𝑤⟩‖𝑤‖2 𝑤, 𝑢⟩= |⟨𝑢,𝑤⟩|2‖𝑤‖2 − ⟨𝑢,𝑤⟩‖𝑤‖2 ⟨𝑢, 𝑤⟩ − ⟨𝑢,𝑤⟩‖𝑤‖2 ⟨𝑤, 𝑢⟩= −|⟨𝑢,𝑤⟩|2‖𝑤‖2 .
We conclude that |⟨𝑢,𝑤⟩|2‖𝑤‖2 ⩽ 0 and thus ⟨𝑢, 𝑤⟩ = 0 as desired. ■
Exercise 4.
Prove that a 𝑚×𝑚 matrix 𝐴 represents an orthogonal projection (with respect
to the standard dot product) if and only if 𝐴2 = 𝐴 = 𝐴∗. (Hint: For the only if
direction, show that 𝐴∗ represents a projection and has the same image and kernel
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as 𝐴.

Solution. “⇐” Since 𝐴 = 𝐴2, it represents a projection L𝐴 and 𝐅𝑛 = Im(L𝐴)⊕ker(L𝐴) =
col(𝐴) ⊕ null(𝐴). By Question 2 (col𝐴)⟂ = null(𝐴∗) = null(𝐴). So 𝐴 represents an
orthogonal projection since col(𝐴) and null(𝐴) are orthogonal.

“⇒” Suppose that L𝐴 is an orthogonal projection, so 𝐴2 = 𝐴 and 𝐅𝑛 = col(𝐴)⊕null(𝐴)
with col(𝐴)⟂ = null(𝐴). We have(𝐴∗)2 = (𝐴𝖳)2 = (𝐴𝖳)2 = (𝐴2)𝖳 = 𝐴𝖳 = 𝐴∗,
so 𝐴∗ represents a projection and 𝐅𝑛 = col(𝐴∗) ⊕ null(𝐴∗). By Question 2 (col𝐴)⟂ =
null(𝐴∗), and applying this to 𝐴∗ and (𝐴∗)∗ = 𝐴 we also have (col𝐴∗)⟂ = null(𝐴),
or in other words col𝐴∗ = (null𝐴)⟂. Since 𝐴 is an orthogonal projection, we have
null(𝐴∗) = (col𝐴)⟂ = null(𝐴) and col(𝐴∗) = (null𝐴)⟂ = col(𝐴). That is, 𝐴∗ represents
the orthogonal projection onto col(𝐴) with direction parallel to null(𝐴). By unicity of
such a projection, we conclude 𝐴∗ = 𝐴. ■
Further Questions

Exercise 5.
Let 𝐴 and 𝐵 be matrices satisfying 𝐴𝐵𝐴 = 𝐴, 𝐵𝐴𝐵 = 𝐵, (𝐴𝐵)∗ = 𝐴𝐵 and(𝐵𝐴)∗ = 𝐵𝐴. Prove that 𝐴𝐵 and 𝐵𝐴 are both orthogonal projection matrices.
What are their respective images? (Hint: see Tutorial 7 Question 7.)

Solution. By Tutorial 7 Question 7, 𝐴𝐵 represents a projection onto col(𝐴𝐵) along direc-
tion null(𝐴𝐵), col(𝐴𝐵) = col(𝐴) and null(𝐵) = null(𝐴𝐵). Altogether, 𝐴𝐵 represents a
projection onto col(𝐴) along direction null(𝐵). Finally, (𝐴𝐵)∗ = 𝐴𝐵 implies (Question 4)
that the projection represented by 𝐴𝐵 is orthogonal. ■

Exercise 6.
Let 𝑇 ∈ ℒ(𝑉 ,𝑊) be a linear map between finite-dimensional inner product spaces.

a. Show that for each 𝑤 ∈ Im(𝑇 ) there exists a unique 𝑣 ∈ ker(𝑇 )⟂ such that𝑇𝑣 = 𝑤.
b. Prove that there is a unique linear map 𝑆 ∈ ℒ(𝑊, 𝑉 ) satisfying 𝑇𝑆𝑇 =𝑇 , 𝑆𝑇𝑆 = 𝑆, and 𝑇𝑆, 𝑆𝑇 are orthogonal projections to Im(𝑇 ), ker(𝑇 )⟂

respectively. (This 𝑆 is called the pseudo-inverse of 𝑇 .)

Solution. a. Since 𝑤 is in the image of 𝑇 , there exists 𝑢 ∈ 𝑉 such that 𝑇𝑢 = 𝑤.
Since 𝑉 is finite dimensional, we have 𝑉 = ker(𝑇 ) ⊕ ker(𝑇 )⟂. Therefore, there
exists (unique) 𝑧 ∈ ker(𝑇 ) and 𝑣 ∈ ker(𝑇 )⟂ such that 𝑢 = 𝑧 + 𝑣. We have
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𝑤 = 𝑇𝑢 = 𝑇𝑧 + 𝑇𝑣 = 0 + 𝑇𝑣 = 𝑇𝑣. This finishes the proof of existence. Now,
suppose that 𝑣′ also satisfies 𝑇𝑣′ = 𝑤 and 𝑣′ ∈ ker(𝑇 )⟂. Then 𝑇 (𝑣−𝑣′) = 0 implies
that 𝑣 − 𝑣′ belongs to ker(𝑇 ) ∩ ker(𝑇 )⟂ = {0}. In other words, we necessarily have𝑣′ = 𝑣, showing unicity.

b. By finite dimension, we have 𝑊 = Im(𝑇 ) ⊕ Im(𝑇 )⟂. Use this to define a function𝑆 ∶ 𝑊 = Im(𝑇 ) ⊕ Im(𝑇 )⟂ ⟶ 𝑉𝑤+ 𝑧 ⟼ the unique 𝑣 ∈ ker(𝑇 )⟂ such that 𝑇𝑣 = 𝑤.
The existence and unicity of 𝑣 makes this is a well-defined function. We now need to
show it is linear. So let 𝑤1+𝑧1 and 𝑤2+𝑧2 be two vectors in 𝑊 = Im(𝑇 )⊕ Im(𝑇 )⟂
and let 𝜆 be a scalar. Let 𝑣1 and 𝑣2 be the unique 𝑣𝑖 ∈ ker(𝑇 )⟂ such that𝑇𝑣𝑖 = 𝑤𝑖. Then 𝜆𝑣1 + 𝑣2 is in ker(𝑇 )⟂ and 𝑇 (𝜆𝑣1 + 𝑣2) = 𝜆𝑤1 + 𝑤2. It follows
that 𝑆(𝜆(𝑤1+𝑧1)+(𝑤2+𝑧2)) = 𝜆𝑣1+𝑣2 = 𝜆𝑆(𝑤1+𝑧1)+𝑆(𝑤2+𝑧2). This shows
the linearity of 𝑆.
For any 𝑤 + 𝑧 in 𝑊 = Im(𝑇 ) ⊕ Im(𝑇 )⟂ we have 𝑆𝑇𝑆(𝑤 + 𝑧) = 𝑆𝑇(𝑣) = 𝑆(𝑤) =𝑆(𝑤 + 𝑧). For any 𝑣 ∈ 𝑉 , one has 𝑇𝑆𝑇𝑣 = 𝑇𝑆𝑤 = 𝑇𝑣. It follows (Tutorial 7
Question 7) that 𝑇𝑆 is a projection onto Im(𝑇 ) along direction ker(𝑆), while 𝑆𝑇
is a projection onto Im(𝑆) along direction ker(𝑇 ).
For orthogonality, we need to show that ker(𝑆)⟂ = Im(𝑇 ) and ker(𝑇 )⟂ = Im(𝑆).
Let 𝑧 be a vector in Im(𝑇 )⟂, therefore we have 𝑧 = 0+𝑧 ∈ 𝐼𝑚(𝑇 )⊕𝐼𝑚(𝑇 )⟂. Then𝑆(𝑧) is the unique 𝑤 in ker𝑇⟂ such that 𝑇 (𝑤) = 0 and therefore 𝑤 ∈ ker𝑇 ∩ker𝑇⟂
and 𝑆(𝑧) = 𝑤 = 0. This proves Im(𝑇 )⟂ ⊆ ker(𝑆).
Now, let 𝑤+𝑧 be any element in ker(𝑆). So 0 = 𝑆(𝑤+ 𝑧) = 𝑆(𝑤) satisfies 𝑇0 = 𝑤.
So 𝑤 + 𝑧 = 0 + 𝑧 is in Im(𝑇 )⟂. This proves the second inclusion ker(𝑆) ⊆ Im(𝑇 )⟂.
We have Im(𝑆) ⊆ ker(𝑇 )⟂ by definition of 𝑆. Now, for 𝑣 in ker(𝑇 )⟂ we have 𝑇𝑣
in Im(𝑇 ) and hence 𝑆(𝑇𝑣) = 𝑣, so 𝑣 belongs to Im(𝑆). This proves the inclusion
ker(𝑇 )⟂ ⊆ Im(𝑆).
We proved that there exists an 𝑆 with the desired properties. To finish the proof,
we need to show that such an 𝑆 is unique. Suppose that 𝑄 also satisfies the same
properties. Then both 𝑇𝑆 and 𝑇𝑄 are orthogonal projections to Im(𝑇 ) along
direction Im(𝑇 )⟂. By unicity of orthogonal projections, 𝑇𝑆 = 𝑇𝑄. One prove
similarly 𝑆𝑇 = 𝑄𝑇 . Finally, 𝑆 = 𝑆𝑇𝑆 = 𝑆𝑇𝑄 = 𝑄𝑇𝑄 = 𝑄. ■
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Exercise 1.

Consider the matrix 𝐴 = [cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃].

a. Find the eigenvalues of 𝐴 in 𝐂.
b. For what values of 𝜃 does 𝐴 have real eigenvalues?

Solution. a. First we compute the characteristic polynomial:𝜒𝐴(𝑡) = det [𝑡 − cos 𝜃 sin 𝜃− sin 𝜃 𝑡 − cos 𝜃]= (𝑡 − cos 𝜃)2 + sin2 𝜃 = 𝑡2 − 2𝑡 cos 𝜃 + cos2 𝜃 + sin2 𝜃= 𝑡2 − 2𝑡 cos 𝜃 + 1 = (𝑡 − 𝜆1)(𝑡 − 𝜆2).
Using Vieta’s formula, we conclude:𝜆± = −(−2 cos 𝜃) ±√(2 cos 𝜃)2 − 4 ⋅ 1 ⋅ 12 ⋅ 1 = cos 𝜃 ± sin 𝜃i.

b. 𝐴 has real eigenvalues if and only if sin 𝜃 = 0 if and only if 𝜃 = 𝑘π for some 𝑘 ∈ 𝐙.■
Exercise 2.
Let 𝑉 be a vector space and let 𝑃 = 𝑃𝑈,𝑊 ∈ ℒ(𝑉 ) be a projection to a subspace𝑈 along a complementary subspace 𝑊 .

a. What are the possible eigenvalues of 𝑃?
b. What are the eigenspaces of 𝑃?

Solution. a. By assumption 𝑉 = Im(𝑃 ) ⊕ ker(𝑃 ). Then 𝑃𝑣 = 𝜆𝑣 and 𝑃 2𝑣 = 𝑃𝜆𝑣 =𝜆𝑃𝑣 = 𝜆2𝑣. Since 𝑃 is a projection, 𝑃 2 = 𝑃 and so 𝑃𝑣 = 𝜆2𝑣. We conclude that𝜆2𝑣 = 𝜆𝑣 and since 𝑣 ≠ 0 that 𝜆2 = 𝜆. Therefore 𝜆 ∈ {0, 1}.
b. The possible eigenvalues of 𝑃 are 0 and 1. We have E(0, 𝑃 ) = ker(𝑃−0 Id) = ker(𝑃 )

and E(1, 𝑃 ) = ker(𝑃 − 1 Id) = Im(𝑃 ). ■
Exercise 3.
Suppose that 𝑇 ∈ ℒ(𝐅4) is an operator such that dimE(3, 𝑇 ) = 3. Prove that at
least one of 𝑇 − 2 Id or 𝑇 − 4 Id is invertible.

Solution. Since 𝐅4 is finite dimensional, the operator 𝑇 − 𝜆 Id is not invertible if and
only if 𝜆 is an eigenvalue of 𝑇 , if and only if dimE(𝜆, 𝑇 ) ⩾ 1. We also have that Proposi-

tion 5.1.11
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4 = dim𝐅4 ⩾ ∑𝑘𝑗=1 E(𝜆𝑗, 𝑇 ) where the sum is taken over all the distinct eigenvalues.
We already know that 3 is an eigenvalue, let us say 𝜆1 = 3, so4 = dim𝐅4 ⩾ 3 + 𝑘∑𝑗=2 E(𝜆𝑗, 𝑇 ).
We conclude that 𝑇 has at most one other eigenvalue 𝜆 ≠ 3 and thus 𝑇 − 𝜆 Id is not
invertible for at most one 𝜆 ≠ 3. In particular, at least one of 𝑇 − 2 Id or 𝑇 − 4 Id is
invertible. ■

Exercise 4.
Define an operator 𝑇 ∈ ℒ(𝒫(𝐑)3) by 𝑇𝑝(𝑥) = 𝑥𝑝′(𝑥) for all 𝑥 ∈ 𝐑. Find all
eigenvalues and eigenvectors of 𝑇 .

Solution. Trying to solve 𝜆𝑝(𝑥) = 𝑥𝑝′(𝑥) to find an eigenvector 𝑝 ≠ 0 is a priori difficult.
So we will instead compute the characteristic polynomial of 𝑇 . Let ℬ = (1, 𝑥, 𝑥2, 𝑥3) be
the standard basis of 𝒫(𝐑)3. We have 𝑇 (1) = 0, 𝑇 (𝑥) = 𝑥, 𝑇𝑥2 = 2𝑥2 and 𝑇𝑥3 = 3𝑥3.
So [𝑇 ]ℬℬ = [0 1 2 3].
Since this is a diagonal matrix, we conclude that the eigenvalues of 𝑇 are 0, 1, 2 and 3.
Eigenvalue 𝜆 = 0 We have null([𝑇 ]ℬℬ − 0 Id) = null([𝑇 ]ℬℬ) = {[𝑎, 0, 0, 0]𝖳 | 𝑎 ∈ 𝐑}. So
the E(0, 𝑇 ) = ker(𝑇 − 0 Id) = {𝑎 | 𝑎 ∈ 𝐑} (the constant polynomials). The eigenvectors
are E(0, 𝑇 ) ∖ {0}.
Eigenvalue 𝜆 = 1 We have

null([𝑇 ]ℬℬ − 1 Id) = null[−1 0 1 2] = {[0𝑏00] ∣ 𝑏 ∈ 𝐑}.
So the E(1, 𝑇 ) = ker(𝑇 − 1 Id) = {𝑏𝑥 | 𝑏 ∈ 𝐑}. The eigenvectors are E(1, 𝑇 ) ∖ {0}.
Eigenvalues 𝜆 = 2 and 𝜆 = 3 The same method as above gives E(2, 𝑇 ) = ker(𝑇 −1 Id) ={𝑐𝑥2 | 𝑐 ∈ 𝐑} and E(3, 𝑇 ) = ker(𝑇 − 1 Id) = {𝑑𝑥3 | 𝑑 ∈ 𝐑}. ■

Exercise 5.
Let 𝑉 = 𝒞∞(𝐑) be the space of smooth real functions and let 𝐷 ∈ ℒ(𝑉 ) be the
differentiation operator. Show that every 𝜆 ∈ 𝐑 is an eigenvalue for 𝐷, and find a
corresponding eigenvector.

Solution. For every 𝜆 ∈ 𝐑 we have 𝐷e𝜆𝑥 = 𝜆e𝜆𝑥. So e𝜆𝑥 is an eigenvector with
eigenvalue 𝜆. ■
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Further Questions

Exercise 6.
Le 𝜆1,… , 𝜆𝑘 be distinct real numbers. Show that the list (e𝜆1𝑥,… , e𝜆𝑘𝑥) is linearly
independent in 𝒞∞(𝐑). Hint: Consider the differentiation operator restricted to
the subpsace 𝑈 = span(e𝜆1𝑥,… , e𝜆𝑘𝑥) of 𝒞∞(𝐑).

Solution. Since 𝐷e𝜆𝑗𝑥 = 𝜆𝑗e𝜆𝑗𝑥, the subspace 𝑈 is 𝐷 invariant. Therefore, 𝐷|𝑈 is an
operator on 𝑈 . The 𝜆𝑗 for 𝑗 ∈ {1,… , 𝑘} are all eigenvalues of 𝐷|𝑈 . This implies that 𝑈
has dimension at least 𝑘. Therefore, 𝑈 has dimension exactly 𝑘 and (e𝜆1𝑥,… , e𝜆𝑘𝑥) is a
basis for 𝑈 (and hence linearly independent). ■

Exercise 7.
Let 𝑉 be a finite dimensional vector space and suppose that 𝑇 ∈ ℒ(𝑉 ) has dim(𝑉 )
distinct eigenvalues. Let 𝑆 ∈ ℒ(𝑉 ) be an operator with the same eigenvectors as𝑇 , but not necessarily the same eigenvalues. Prove that 𝑇𝑆 = 𝑆𝑇 .

Solution. Let 𝑚 ≔ dim(𝑉 ) and let 𝜆1,… , 𝜆𝑚 be the eigenvalues of 𝑇 and 𝑣1,… , 𝑣𝑚 be
the corresponding eigenvectors. Since the 𝑣𝑗 correspond to distinct eigenvalues, they are
linearly independent and therefore ℬ = (𝑣1,… , 𝑣𝑚) is a basis of 𝑉 .

By assumption, there exists 𝜇1,… , 𝜇𝑚 such that 𝑆𝑣𝑗 = 𝜇𝑗𝑣𝑗. Now, 𝑇𝑆𝑣𝑗 = 𝑇𝜇𝑗𝑣𝑗 =𝜆𝑗𝜇𝑗𝑣𝑗 while 𝑆𝑇𝑣𝑗 = 𝑆𝜆𝑗𝑣𝑗 = 𝜇𝑗𝜆𝑗𝑣𝑗 = 𝜆𝑗𝜇𝑗𝑣𝑗 = 𝑇𝑆𝑣𝑗. Since 𝑆𝑇 and 𝑇𝑆 agree on a
basis, they are equal. ■
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Exercise 1.
Consider the operator map 𝑇 ∈ ℒ(𝐂3) given by 𝑇 (𝑥) = 𝐴𝑥 where

𝐴 = ⎡⎢⎣2 1 00 2 00 0 3⎤⎥⎦.
Find the eigenvalues and the generalised eigenspaces of 𝑇 .

Solution. We first compute the characteristic polynomial. Since 𝐴 is a triangular
matrix,𝜒𝑇 (𝑡) = (𝑡 − 2)2(𝑡 − 3) and the eigenvalues are 𝜆1 = 2 (of algebraic multiplicity2) and 𝜆2 = 3 (of algebraic multiplicity 1).
For 𝜆1 = 2 2 Id−𝐴 = ⎡⎢⎣0 −1 00 0 00 0 −1⎤⎥⎦ and (2 Id−𝐴)2 = ⎡⎢⎣0 0 00 0 00 0 1⎤⎥⎦.
We conclude

G(2, 𝑇 ) = null((2 Id−𝐴)2) = ⎧{⎨{⎩⎡⎢⎣𝑧1𝑧20 ⎤⎥⎦ ∣ 𝑧1, 𝑧2 ∈ 𝐂⎫}⎬}⎭.
For 𝜆2 = 3 3 Id−𝐴 = ⎡⎢⎣1 −1 00 1 00 0 0⎤⎥⎦.
We conclude

G(3, 𝑇 ) = null(3 Id−𝐴) = ⎧{⎨{⎩⎡⎢⎣ 00𝑧3⎤⎥⎦ ∣ 𝑧3 ∈ 𝐂⎫}⎬}⎭. ■
Exercise 2.
Let 𝑇 be an operator on 𝐂5 whose eigenvalues are 3, 4, and 5. Prove that(𝑇 − 3 Id)3(𝑇 − 4 Id)3(𝑇 − 5 Id)3 = 0.

Solution. Since 𝑇 is a complex operator with eigenvalues 3, 4 and 5, its characteristic
polynomial is 𝜒𝑇 (𝑡) = (𝑡−3)malg(3,𝑇 )(𝑡−4)malg(4,𝑇 )(𝑡−5)malg(3,𝑇 ) with all the malg(𝜆𝑗, 𝑇 ) ⩾1 and 5 = malg(3, 𝑇 ) + malg(4, 𝑇 ) + malg(5, 𝑇 ). We conclude that for 𝜆 ∈ {3, 4, 5} we
have malg(𝜆, 𝑇 ) ⩽ 3.

The minimal polynomial M𝑇 (𝑡) divides 𝜒𝑇 (𝑡) which itself divides (𝑡−3)3(𝑡−4)3(𝑡−5)3
by the above. Since M𝑇 (𝑇 ) = 0 we conclude (𝑇 − 3 Id)3(𝑇 − 4 Id)3(𝑇 − 5 Id)3 = 0. ■
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Exercise 3.
Let 𝑉 be an 𝑚-dimensional complex vector space. Suppose that 𝑃 is a projection
onto an 𝑙-dimensional subspace of 𝑉 . Show that 𝜒𝑃 (𝑡) = (𝑡 − 1)𝑙𝑡𝑚−𝑙.

Solution. We know (see Tutorial 10, Question 2) that the only possible eigenvalues
of 𝑃 are 0 and 1 and that E(1, 𝑃 ) = Im(𝑃 ) while E(0, 𝑃 ) = ker(𝑃 ). Moreover, we
have 𝑉 = G(1, 𝑃 ) ⊕ G(0, 𝑃 ) = Im𝑃 ⊕ ker𝑃 = E(1, 𝑃 ) ⊕ E(0, 𝑃 ) (we use that 𝑃 is a
projection for the second equality). Therefore, we must have E(1, 𝑃 ) = G(1, 𝑃 ) and
E(0, 𝑃 ) = G(0, 𝑃 ).
We conclude that malg(1, 𝑃 ) = dimG(1, 𝑃 ) = dimE(1, 𝑃 ) = 𝑙, while malg(0, 𝑃 ) =

dimker(𝑃 ) = dim𝑉 − dim Im𝑃 = 𝑚− 𝑙. This gives 𝜒𝑃 (𝑡) = (𝑡− 1)𝑙𝑡𝑚−𝑙 as desired. ■
Exercise 4.
Let 𝑇 ∈ ℒ(𝑉 ) be an operator on a finite-dimensional complex vector space 𝑉 .
Suppose that the characteristic and minimal polynomials of 𝑇 are respectively𝜒𝑇 (𝑧) = (𝑧 − 2)(𝑧 + 1)4(𝑧 − 3)3 and M𝑇 (𝑧) = (𝑧 − 2)(𝑧 + 1)3(𝑧 − 3). Write down
a Jordan form of 𝑇 .

Solution. From the characteristic polynomial, the eigenvalues of 𝑇 are 2, −1 and 3.
The sum of the sizes of the Jordan blocks with eigenvalue 2 is 1 = malg(2). So for𝜆 = 2 we only have one block of size 1.
For 𝜆 = −1, the sum of the sizes of the Jordan blocks is malg(−1) = 4, while the size

of the biggest block is 3 (the exponent of (𝑧 +1) in the minimal polynomial). This means
that we have one block of size 3 and one of size 1.

Finally, for 𝜆 = 3, the sum of the sizes of the Jordan blocks is malg(3) = 3, while the
size of the biggest block is 1 (the exponent of (𝑧 − 3) in the minimal polynomial). This
means that we have 3 blocks of size 1.

Altogether, this gives us⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 1−1 1−1 −1 3 3 3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ■
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Exercise 5.
Consider the matrix 𝐴 = ⎡⎢⎣6 6 −151 5 −51 2 −2⎤⎥⎦.

a. Find the characteristic polynomial and minimal polynomial of 𝐴
b. What is the Jordan form for 𝐴?
c. (Optional) Find a Jordan basis for 𝐴.

Solution. a. We start by computing the characteristic polynomial:𝜒𝐴(𝑡) = det⎡⎢⎣𝑡 − 6 −6 15−1 𝑡 − 5 5−1 −2 𝑡 + 2⎤⎥⎦= (𝑡 − 6) det [𝑡 − 5 5−2 𝑡 + 2] + 1 det [−6 15−2 𝑡 + 2] − 1 det [ −6 15𝑡 − 5 5 ]= (𝑡 − 6)((𝑡 − 5)(𝑡 + 2) + 10) + (−6(𝑡 + 2) + 30) − (−30 − 15(𝑡 − 5))= 𝑡3 − 9𝑡2 + 27𝑡 − 27 = (𝑡 − 3)3.
So 𝐴 has only one eigenvalue, 3, of algebraic multiplicity 3. The geometric multi-
plicity of 3 is therefore 1, 2 or 3. We test𝐴− 3 Id = ⎡⎢⎣3 6 −151 2 −51 2 −5⎤⎥⎦ ≠ 0,
and (𝐴 − 3 Id)2 = ⎡⎢⎣3 6 −151 2 −51 2 −5⎤⎥⎦

2 = 0.
We conclude that mgeo(3,𝐴) = 2 and M𝐴(𝑡) = (𝑡 − 3)2.

b. The Jordan form for 𝐴 has one Jordan block of size mgeo(3,𝐴) = 2, and therefore
one more block of size 1. That is, the Jordan form is𝐽 = ⎡⎢⎣3 13 3⎤⎥⎦.

c. To start, we need to find a vector 𝑣1 in null(𝐴−3 Id)2 = 𝐅3 but not in null(𝐴−3 Id).
We can for example take 𝑣1 = [100]. Then we compute𝑣2 ≔ (𝐴 − 3 Id)𝑣1 = [311] ∈ null(𝐴 − 3 Id).
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Finally, we need to complete 𝑣2 to a basis of null(𝐴 − 3 Id). That is, we need to
find a vector 𝑣3 in null(𝐴−3 Id) = {[𝑥𝑦𝑧] ∣ 𝑥 + 2𝑦 − 5𝑧 = 0} but not in span 𝑣2. For
example, we can take 𝑣3 = [501]. A Jordan basis is then given by (𝑣1, 𝑣2, 𝑣3).

Remark 0.2.
Let 𝑃 be the matrix 𝑃 = [𝑣1 𝑣2 𝑣3]. We can easily verify that𝐴𝑃 = [𝐴𝑣1 𝐴𝑣2 𝐴𝑣3] = [3𝑣1 𝑣1 + 3𝑣2 3𝑣3] = [𝑣1 𝑣2 𝑣3][3 13 3] = 𝑃𝐽.
That is, 𝑃−1𝐴𝑃 = 𝐽 . ■

Further Questions

Exercise 6.
Let 𝑁 ∈ ℒ(𝑉 ) be a nilpotent operator.

a. Prove that 𝑁 can only have 0 as an eigenvalue.
b. Show that Id𝑉 −𝑁 is invertible.

Solution. a. Let 𝑣 ≠ 0 be an eigenvector: 𝑁𝑣 = 𝜆𝑣. Since 𝑁 is nilpotent, there exists𝑘 with 𝑁𝑘 = 0 and so 0 = 𝑁𝑘𝑣 = 𝜆𝑘𝑣. Since 𝑣 ≠ 0 we necessarily have 𝜆𝑘 = 0,
which implies that 𝜆 = 0.

b. Let 𝑘 be an integer such that 𝑁𝑘 = 0, then the inverse of Id−𝑁 is Id+𝑁+⋯+𝑁𝑘−1.
This can easily be directly verified. The intuition to find it comes from the power
series ∑∞𝑖=0 𝑥𝑖 = 11−𝑥 for |𝑥| < 1. ■

Exercise 7.
Let 𝑉 be a finite-dimensional complex vector space. Suppose that 𝑇 ∈ ℒ(𝑉 ) is an
operator with only 0 as an eigenvalue.

a. Show that 𝑇 is nilpotent.
b. What is the characteristic polynomial of 𝑇 ?

Solution. a. The minimal polynomial of 𝑇 is M𝑇 (𝑡) = 𝑡𝑘 for some 𝑘 ∈ {1,… , dim(𝑉 )}.
Then 0𝑉 = M𝑇 (𝑇 ) = 𝑇 𝑘 and so 𝑇 is nilpotent.
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b. Since 𝑉 is a complex vector space, its characteristic polynomial is𝜒𝑇 (𝑡) = (𝑡 − 𝜆1)⋯ (𝑡 − 𝜆dim(𝑉 )) = 𝑡dim(𝑉 ). ■
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Exercise 1.
Let 𝑉 ≠ {0} be a finite dimensional complex vector space, and let 𝑇 ∈ ℒ(𝑉 ) be
an operator. Prove that there does not exist a direct sum decomposition of 𝑉 into
two nonzero subspaces invariant under 𝑇 if and only if M𝑇 (𝑧) = (𝑧 − 𝜆)dim𝑉 for
some 𝜆 ∈ 𝐂.

Solution. Firstly, remind that the exponent of 𝑧 − 𝜆 in M𝑇 (𝑧) is the size of the biggest
block of eigenvalue 𝜆 in a Jordan normal form of 𝑇 . Therefore, M𝑇 (𝑧) = (𝑧 − 𝜆)dim𝑉 if
and only if the Jordan normal form of 𝑇 has only one Jordan block (of eigenvalue 𝜆).

Suppose that 𝑉 = 𝑉1 ⊕ 𝑉2 with 𝑉1 and 𝑉2 nonzero and 𝑇 -invariant. For 𝑗 ∈ {1, 2}, let𝑇𝑖 ≔ 𝑇|𝑉𝑖 and let ℬ𝑖 be a Jordan basis for 𝑇𝑖 (so ℬ𝑖 is a basis of 𝑉𝑖). Then ℬ ≔ ℬ1∪ℬ2
is a basis of 𝑉 for which [𝑇 ]ℬℬ = ⎡⎢⎣[𝑇1]ℬ1ℬ1 00 [𝑇2]ℬ2ℬ2⎤⎥⎦.
So [𝑇 ]ℬℬ is a Jordan normal form for 𝑇 , with at least two blocks.

For the other direction, suppose that the Jordan normal form of 𝑇 has at least two
blocks and let ℬ be a corresponding Jordan basis. Let ℬ1 be the first vectors of ℬ
corresponding to the first block and let ℬ2 ≔ ℬ∖ℬ1. So we have

[𝑇 ]ℬℬ = ⎡⎢⎢⎢⎣
𝐽1 00 𝐽2 ⎤⎥⎥⎥⎦ℬ1 ℬ2

.
where 𝐽1 is a Jordan block and 𝐽2 is composed of one or more Jordan blocks. Let𝑉𝑖 ≔ span(ℬ𝑖). By construction, 𝑉 = 𝑉1 ⊕ 𝑉2. Moreover, the dimension of 𝑉𝑖 ≠ {0} is
equal to the size of 𝐽𝑖 and hence at least 1. Finally, the fact that [𝑇 ]ℬℬ is diagonal by
blocks, with diagonal blocks 𝐽1 and 𝐽2 is equivalent to the fact that 𝑉1 and 𝑉2 are 𝑇
invariant. ■
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